
Pensieve header: The Benkart-Witherspoon representation; continues pensieve://2017-06/.

ρ = 0; σ = β; ℏ =
σ - ρ

γ β
, q = ⅇ

ℏ γ β, -ℏ γ, -ℏ β


1

γ
, ⅇβ, -1, -

β

γ


y = 
0 0

-ⅇρ 0
; a =

γ

ρ - σ

ρ 0
0 σ

; x =
ⅇ-σ - ⅇ-ρ

ℏ

0 1
0 0

; b =
β

σ - ρ

σ 0
0 ρ

;

ME = MatrixExp; MF = MatrixForm;

MF /@ {y, a, x, b, t = Simplify[β a - γ b], A = ME[-ℏ β a], B = ME[-ℏ γ b], T = ME[ℏ t]}


0 0
-1 0

, 
0 0
0 -γ

,
0 -1 + ⅇ-β γ

0 0
, 

β 0
0 0

, 
-β γ 0
0 -β γ

, 
1 0

0 ⅇβ
, 

ⅇ-β 0
0 1

,
ⅇ-β 0

0 ⅇ-β


a.x - x.a ⩵ γ x, x.A ⩵ q A.x, a.y - y.a ⩵ -γ y,

b.y - y.b ⩵ -β y, x.y - q y.x ⩵
1

ℏ


1 0
0 1

 - T.A.A // Simplify

{True, True, True, True, True}

ME[ξ x].ME[η y] // Simplify // MF

1 + ⅇ-β -1 + ⅇβ γ η ξ -1 + ⅇ-β γ ξ

-η 1

ME[η y].ME[ξ x] // Simplify // MF

1 -1 + ⅇ-β γ ξ

-η 1 + ⅇ-β -1 + ⅇβ γ η ξ

ME[ξ x].ME[η y].ME[-ξ x].ME[-η y] // Simplify // MF

1 + ⅇ-β -1 + ⅇβ γ η ξ + ⅇ-2 β -1 + ⅇβ
2
γ2 η2 ξ2 ⅇ-2 β -1 + ⅇβ

2
γ2 η ξ2

-ⅇ-β -1 + ⅇβ γ η2 ξ 1 + -1 + ⅇ-β γ η ξ

x.y - y.x // MF

--1 + ⅇ-β γ 0

0 -1 + ⅇ-β γ

eqn0 = ME[ξ0 x].ME[η0 y] ⩵ ME[η y].ME[α a].ME[ξ x].ME[τ t]

1 + ⅇ-β -1 + ⅇβ γ η0 ξ0, -ⅇ-β -1 + ⅇβ γ ξ0, {-η0, 1} ⩵

ⅇ-β γ τ, -ⅇ-β-β γ τ -1 + ⅇβ γ ξ, -ⅇ-β γ τ η, ⅇ-β γ τ ⅇ-α γ + ⅇ-β -1 + ⅇβ γ η ξ

MF /@ eqn0

1 + ⅇ-β -1 + ⅇβ γ η0 ξ0 -ⅇ-β -1 + ⅇβ γ ξ0

-η0 1
⩵

ⅇ-β γ τ -ⅇ-β-β γ τ -1 + ⅇβ γ ξ

-ⅇ-β γ τ η ⅇ-β γ τ ⅇ-α γ + ⅇ-β -1 + ⅇβ γ η ξ

{sol0} = Solve1 + ⅇ
-β

-1 + ⅇ
β
 γ η0 ξ0 == ⅇ

-β γ τ, τ /. C[1] → 0

τ →

Log ⅇβ

ⅇβ-γ η0 ξ0+ⅇβ γ η0 ξ0


β γ
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MF /@ eqn1 = Simplify /@ eqn0 /. sol0

1 + ⅇ-β -1 + ⅇβ γ η0 ξ0 -1 + ⅇ-β γ ξ0

-η0 1
⩵

1 + ⅇ-β -1 + ⅇβ γ η0 ξ0 -ⅇ-2 β -1 + ⅇβ γ ξ -γ η0 ξ0 + ⅇβ 1 + γ η0 ξ0

η -1 + -1 + ⅇ-β γ η0 ξ0 ⅇ-β ⅇ-α γ + γ η ξ - ⅇ-β γ η ξ -γ η0 ξ0 + ⅇβ 1 + γ η0 ξ0

{sol1} = Solve[Thread[Flatten /@ eqn1], {η, α, ξ}]

Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

η →
ⅇβ η0

ⅇβ - γ η0 ξ0 + ⅇβ γ η0 ξ0
,

α →
Logⅇ-2 β ⅇβ - γ η0 ξ0 + ⅇβ γ η0 ξ02

γ
, ξ →

ⅇβ ξ0

ⅇβ - γ η0 ξ0 + ⅇβ γ η0 ξ0


Column@Series[{η, α, ξ, τ} /. sol1 /. sol0, {β, 0, 2}]

η0 - γ η02 ξ0 β + 
1

2
γ η02 ξ0 + γ2 η03 ξ02 β2 + O[β]3

2 η0 ξ0 β + -η0 ξ0 - γ η02 ξ02 β2 + O[β]3

ξ0 - γ η0 ξ02 β + 
1

2
γ η0 ξ02 + γ2 η02 ξ03 β2 + O[β]3

-η0 ξ0 +
1

2
η0 ξ0 + γ η02 ξ02 β +

1

6
-η0 ξ0 - 3 γ η02 ξ02 - 2 γ2 η03 ξ03 β2 + O[β]3
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