
ϕ0[x_] := ⅇ
x;

ϕk_[x_] := Module{t}, Simplify
1

tk
ⅇ

t
- Normal@Seriesⅇt, {t, 0, k - 1} /. t → x;

Table[ϕk[x], {k, 0, 3}]

ⅇx,
-1 + ⅇx

x
,

-1 + ⅇx - x

x2
, -

2 - 2 ⅇx + 2 x + x2

2 x3


ser = Series

μ t

ℏ
A-1 ϕ1μ q - 1 x - 1 -

μ

ℏ
A ϕ1μ q-1 - 1 x - 1 /. A → ⅇ

-ℏ β a, q → ⅇ
ℏ α β

, {β, 0, 5}

1

2
2 a μ + 2 a t μ + x α μ2 + t x α μ2 β +

-
1

12
μ 6 a2 + 6 a x α μ + 3 x α2 μ + 2 x2 α2 μ2 ℏ +

1

12
t μ 6 a2 + 6 a x α μ + 3 x α2 μ + 2 x2 α2 μ2 ℏ β2 +

1

24
μ 4 a3 + 6 a2 x α μ + 6 a x α2 μ + 2 x α3 μ + 4 a x2 α2 μ2 + 4 x2 α3 μ2 + x3 α3 μ3 ℏ2 +

1

24
t μ 4 a3 + 6 a2 x α μ + 6 a x α2 μ + 2 x α3 μ + 4 a x2 α2 μ2 + 4 x2 α3 μ2 + x3 α3 μ3 ℏ2 β3 +

-
1

720
μ 30 a4 + 60 a3 x α μ + 90 a2 x α2 μ + 60 a x α3 μ + 15 x α4 μ + 60 a2 x2 α2 μ2 +

120 a x2 α3 μ2 + 70 x2 α4 μ2 + 30 a x3 α3 μ3 + 45 x3 α4 μ3 + 6 x4 α4 μ4 ℏ3 +

1

720
t μ 30 a4 + 60 a3 x α μ + 90 a2 x α2 μ + 60 a x α3 μ + 15 x α4 μ + 60 a2 x2 α2 μ2 +

120 a x2 α3 μ2 + 70 x2 α4 μ2 + 30 a x3 α3 μ3 + 45 x3 α4 μ3 + 6 x4 α4 μ4 ℏ3 β4 +

1

1440
μ 12 a5 + 30 a4 x α μ + 60 a3 x α2 μ + 60 a2 x α3 μ + 30 a x α4 μ + 6 x α5 μ +

40 a3 x2 α2 μ2 + 120 a2 x2 α3 μ2 + 140 a x2 α4 μ2 + 60 x2 α5 μ2 + 30 a2 x3 α3 μ3 +

90 a x3 α4 μ3 + 75 x3 α5 μ3 + 12 a x4 α4 μ4 + 24 x4 α5 μ4 + 2 x5 α5 μ5 ℏ4 +

1

1440
t μ 12 a5 + 30 a4 x α μ + 60 a3 x α2 μ + 60 a2 x α3 μ + 30 a x α4 μ + 6 x α5 μ +

40 a3 x2 α2 μ2 + 120 a2 x2 α3 μ2 + 140 a x2 α4 μ2 + 60 x2 α5 μ2 + 30 a2 x3 α3 μ3 +

90 a x3 α4 μ3 + 75 x3 α5 μ3 + 12 a x4 α4 μ4 + 24 x4 α5 μ4 + 2 x5 α5 μ5 ℏ4 β5 + O[β]6
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Collect[Normal@ser, β, Factor]

1

2
1 + t β μ 2 a + x α μ +

1

12
-1 + t β2 μ 6 a2 + 6 a x α μ + 3 x α2 μ + 2 x2 α2 μ2 ℏ +

1

24
1 + t β3 μ 4 a3 + 6 a2 x α μ + 6 a x α2 μ + 2 x α3 μ + 4 a x2 α2 μ2 + 4 x2 α3 μ2 + x3 α3 μ3 ℏ2 +

1

720
-1 + t β4 μ 30 a4 + 60 a3 x α μ + 90 a2 x α2 μ + 60 a x α3 μ + 15 x α4 μ +

60 a2 x2 α2 μ2 + 120 a x2 α3 μ2 + 70 x2 α4 μ2 + 30 a x3 α3 μ3 + 45 x3 α4 μ3 + 6 x4 α4 μ4 ℏ3 +

1

1440
1 + t β5 μ 12 a5 + 30 a4 x α μ + 60 a3 x α2 μ + 60 a2 x α3 μ + 30 a x α4 μ + 6 x α5 μ +

40 a3 x2 α2 μ2 + 120 a2 x2 α3 μ2 + 140 a x2 α4 μ2 + 60 x2 α5 μ2 + 30 a2 x3 α3 μ3 +

90 a x3 α4 μ3 + 75 x3 α5 μ3 + 12 a x4 α4 μ4 + 24 x4 α5 μ4 + 2 x5 α5 μ5 ℏ4

GS1 = -μ -1 +
ⅇ-a β ℏ -1 + ⅇ-1+ⅇ-α β ℏ x μ ℏ

-1 + ⅇ-α β ℏ x μ ℏ

+ T μ -1 +
ⅇa β ℏ -1 + ⅇ-1+ⅇα β ℏ x μ ℏ

-1 + ⅇα β ℏ x μ ℏ

-μ -1 +
ⅇ-a β ℏ -1 + ⅇ-1+ⅇ-α β ℏ x μ ℏ

-1 + ⅇ-α β ℏ x μ ℏ

+ T μ -1 +
ⅇa β ℏ -1 + ⅇ-1+ⅇα β ℏ x μ ℏ

-1 + ⅇα β ℏ x μ ℏ

GS2 = Collect[Normal@Series[GS1, {β, 0, 3}], β, Factor]

1

2
1 + T β μ ℏ 2 a + x α μ ℏ +

1

12
-1 + T β2 μ ℏ2 6 a2 + 6 a x α μ ℏ + 3 x α2 μ ℏ + 2 x2 α2 μ2 ℏ2 +

1

24

1 + T β3 μ ℏ3 4 a3 + 6 a2 x α μ ℏ + 6 a x α2 μ ℏ + 2 x α3 μ ℏ + 4 a x2 α2 μ2 ℏ2 + 4 x2 α3 μ2 ℏ2 + x3 α3 μ3 ℏ3

$TD = 5; Series[GS1 - GS2, {ℏ, 0, $TD}]

1

24
-a4 β4 μ + a4 T β4 μ ℏ4 +

1

240
2 a5 β5 μ + 2 a5 T β5 μ - 20 a3 x α β4 μ2 + 20 a3 T x α β4 μ2 - 30 a2 x α2 β4 μ2 +

30 a2 T x α2 β4 μ2 - 20 a x α3 β4 μ2 + 20 a T x α3 β4 μ2 - 5 x α4 β4 μ2 + 5 T x α4 β4 μ2 ℏ5 + O[ℏ]6

Seriesⅇx - 1, {x, 0, 3}

x +
x2

2
+
x3

6
+ O[x]4

Seriesx ⅇ
x
- 1, {x, 0, 3}

x2 +
x3

2
+ O[x]4

Seriesx7, {x, 0, 4}

x7 + O[x]8
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