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Pensieve header: The double and meta-double of the 2D pencil; continues pensieve://2017-05/.

Issues:
1. Improve DUForm.

SetDirectory["C:\\drorbn\\AcademicPensieve\\2017-06"] ;
The “degree carrier” is A, and all “coupling constants” are proportional to it.

$TD=3; A /: A% /; d>$TD := 0;

The 2D Lie BiAlgebra Pencil

We hope to stick to A=e"#2 and to B=e"%?, where [a, X = ax and [b, y]=-8Y.
Also, Aa(a, A, x, b, B, y) = (a1 +as, A1Az, X1 +Aq1x2, b1 +bo, B1Bo, y1 B+ y>).
Also, (a, x) and h(b, y) are dual bases.

AlgebraAtom = a |A[_] | x|b|B[_]1]|Yy;
$PBWRule = {A[_] >1,a>2,x>3,y—>4,B[_] 5, b->6};

B[a, x] = ax; B[x, A[n_]] = (e"**#-1) U[A[n], x]; B[a, A[_]] =©;
B[y, b] = By; B[B[n_],y] = (e""*#-1) U[y, B[n]]; B[b, B[_]] =©;
Afa] =Ui[a] U2[] +Us[] U2[a]; A[A[n_]] :=Us[A[n]] U2 [A[N]];

A[X] =Up[x] U2[] +Us[A[1]] Uz [X];

A[b] =Uy[b] Up[] +Us[] U2[b]; A[B[n_]11 :=Us[B[n]]U2[B[n]];

Ayl = Ui [y] U2[B[1]] +Us[] U2[y];

S[a] = -a; S[A[n_]] :=A[-n]; S[x] = - U[A[-1], X];
S[b] = -b; S[B[n_1] :=B[-n]; S[y] = -U[y, B[-1]1;
Si[a] = -a; Si[A[n_]] :=A[-n]; Si[x] = - U[x, A[-1]];
Si[b] = -b; Si[B[n_]] :=B[-n]; Si[y] = - U[B[-1], yI1;

(*» This extra line is annoying =x)

ExpandAB[& ] := ExpandeNormaleSeries[& //. {
c_.U; [4___, A[n_], o __1 =
(-1)“adpdn°

d!

Expand [ c Sum| U; [, Sequence ee Table[a, {d}], ~1, {d, @, $TD}]],

c .U [, B[n1, 0 ] :=» Expand|
(-1) 4 pd qd pd

cSum[ y
|

Ui [, Sequence @@ Table[b, {d}], ~1, {d, @, $TD}]]

}s
{n,
0,
$TD} |
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UEA with provisional modification
This section is based on penseive://Projects/UEA/.

B[@, _] =@; B[_, 0] =0;

B[c_ % x : AlgebraAtom, y ] := Expand[cB[x, y]];
B[y_, c_* x : AlgebraAtom] := Expand[c B[y, x]1];
B[x_Plus, y 1 := B[#, y] & /@ x;

B[x_, y_Plus] := B[x, #] & /@ y;

B[x_, x_] =0;

B[y , x_] := Expand[-B[x, y]1];

x_ =2y :=0rderedQ[{x, ¥y} /. $PBWRule]; x <y := ! OrderedQ[{y, x} /. $PBWRule];
UU; [1 := U;[]; UU; [1] := Ui[];
UU; [x_[n_17-] := Uilx[npl];
UU; [x P-] := UU; @@ Table[x, {p}];
W; [&] := & /. {

U[xs__] = UU;[xs],

x : AlgebraAtom :» U; [x]

}s
UU; [x_, xs__] := UUgq[x] UUtr[xs] // Expand // Mg t25i5
USimp[& ] := Collect[s, Times[U [__]..], Expand];
USimp[& ] := Expand[&£];

ms_[0] = O;
m; [x_Plus] := mg;/@x;
mif_,jf[é‘_] = &5 /. Ui Uj;

mi ,j 5k [€_oUi [x___TU; [1] :=cUe[x];
Mmi ,5 >k [€_. Ui [1U; [V___11 :=cUely];
mi 5 »k [€_o Ui [xx___, x_[n1_]11VU; [x_[n2_],yy___]] :=
USimp[c If[TrueQ[nl +n2 == @], U;[xx] U;j[yy]l, Ui[xx, x[n1+n211U;[yy]1] // mi j5e];
mi 5ok [C_. Ui [Xx___, x JVU; [y ,yy 1] :=If[x=sy,
CUk[XXJ Xy Vs Y.V] b
(Ui Dol (UjLy, x1 +UU;[BIx, y11) // Expand // mi,;.:) U;j[yy] // Expand // m; ;)
c // USimp
115

Supp[&_] := Unione@Cases[{&}, Ui [ ]> 1, o];
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Unprotect [NonCommutativeMultiply] ;
NonCommutativeMultiply[x ] := x;
X_x%)y_:= Module[
{Sx = Supp[x], Sy =Supp[y], is, o, 2},
If[MatchQ[SxU Sy, {_Integer...}] & Min[Sx|Sy] < @,
is = Abs [Sx] M Abs[Sy];
z=x; Do[z =m_;, sei[Miscei[2]], {i, is}];
z =USimp[y z]; Do[z = dMues,isi[2], {i, is}];
z,
(» else %) is = Sx[)Sy;
z=x; Do[z =mj,.ei[2], {i, is}];
z = USimp[y z]; DO[Z = Myei,isi[2], {i, iS}];
z
1
15
UB[Xx_ , y 1 := USimp[x **xy -y %% X];

O [func_] := Normale@eSeries[func, {a, O, $TD}];

O[specs_, func_] := Module[{rules, vars, elems},
rules = Union@e Cases[{specs}, U [u___] > Cases[{u}, r_Rule], «];
vars = First /@rules; elems = Last /@rules;
UsimpeTotal [CoefficientRules [0 [func], vars] /. (ps_ - c_) = c (

2017-06-24 09:21:38

specs /. MapThread[ ((#2 » _) » #37) &, {vars, ps, elems}] /. U; = UU;

)]

The 2D Lie BiAlgebra Pencil, Testing
0[Ui[a=~al, e"??]

1 1
Up[] +BhUs[al + — B2 h?Ui(a, a] + —p*A3 Uy a, a, a]
2 6

UsimpeWith[{An = 0[U;[a > a]l, e™""#?]}, UB[Ui[x], An] -0 [e""*# - 1] An % U;[x] ]

<]

B[x, A[3]]
(-1+e**P7) U[A[3], X]

$TD = 6;

USimpeWith|[{Bn = O [Ui[b - b], e""*°]}, UB[Bn, U;[y]] -0 [e""*# - 1] Us[y] »Bn]

0

Z= Ul[a: A[Z]J Xy X, X] Uz[a, a, X] U3[aJ a, A[‘3]: X]3
(z // my,25,1 // My 351) - (2 // M3, // My 2,1)

%]
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z=Us[y, y, ¥, b, B[2]] U2[y, b, b] Us[y, b, b, B[-3]1];
(Z /7 myo,y // My 351) = (Z /7 M350 // My ps1)

0

The Co-Product and Co-Associativity

Ai 5 ,r [£.] := USimpeModule[{tj, tk}, & /. {
Uill - U] Uell,
Uilf , fs___] »
(Usimp[ (ALF] /. {U1>Uj, Uz » Ur}) Aineg, e (Ui [FST1T] /7 Mje505 /7 M, tior)
JE

Ai_—)j_,k__,l_ [5_] 3= & // Ai_,j’k // Ak—)k,l_

BD1,1,2[U1[#]] & /@ {a, A[7], X, y, b, B[-3]}

{Us[a] Uz[] +Us[] Uafa], Us[A[7]] U2 [A[7]], Up[x] U2 [] +Us[A[1]
] ]

] 2 UZ[X1)
Ui [T Uz [y] +Us[y] Uz[B[1]], U [b] Up[] +Us[] Ua[b], U [B[-3] [B[-

]
U2[B[-3]]}
{lhs = Ui [x] // Ais1,2 // Basz,3, rhs =Us[X] // A1s1,3 // A1s1,2, lhs = rhs}
{Ui[X] U [JUs[] +Us[A[1]] Up[X] Us[] +Us[A[1]] U [A[1]] Us[X],

Up [X] U2[] Us[] + U [A[1]] Ua[x] Us[] +Us [A[1]] Uo[A[1]] Us[x], True}

Ui [yl // A1.1,2
U [J Ua[y] +Us[y] U2 [B[1]]

{lhs = Ui[y]l // A1s1,2 // Basz,3, rhs = Uiyl // Ass1,3 // A1s1,2, lhs = rhs}

{Us[J Ua2[JUs[y] +Us[] Uz2[y] Us[B[1]] +Us[y] U2[B[1]] Us[B[1]],
Ur[JUa[] Us[y] +Us[] Ua[y] Us[B[1]] +Us[y] U2[B[1]] Us[B[1]], True}

Z= Ul[a, A[Z]J Xy X, X] UZ[a) a, A[—3], X].;
(z // myo51 /7 Disa,2) - (Z /7 Bosz,a // Disa,n /7 Mayasg /7 Mo as))
0

z=U[y, ¥, Y, b, B[2]] Uy[y, b, b, B[-3]1];
(z /7 my,251 /7 A151,2) = (2 /7 Basz,a // Axsa,n /7 Myy3s1 /7 Mp a.2)
0

The Antipode

Si [&.] := Module[{ti}, USimp[
& /e Ui[x_, xs___] » Mg i,i [Expand [UU; [S[x]] Sti[Uei [x5111]
115

Si; [&£.] := Module[{ti}, USimp][
& /e Ui[x_y xs__ ] = Mg i,: [Expand [UU; [Si[x]] Siti[Ueil[xs111]
115
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{Us[X] // Sy // S1s Urlyl // S1 // S1}
{e*P7Uy[x], e " Up[y] }

{Us[Xx] // S1 // Siz, Usly] /7 S1 // Sip}
{U[x], U1[y]}

{z=U1l15 (277 151,277 S1 /7 Myp01)s 2=Us[15 (277 Bas1,2 /7 Sy /7 Mp0)}
{Url1, U111}

z =U;[a, A[3], x, X];
{z // D1s1,2 /7 Sa /7 M50 2 // Basa,2 // S1 /7 My}
{0, 0}

z=Uy[y, Yy, Y, b, B[-3]];
{z // D, /7 S2 /) My, 2 /) Dasa,2 /7 S1 /7 Myjnial

{0, 0}

{z =Uila, A[2], X, X, X] Uz[a, @, A[-3], XI5 (2 // My /7 S1) - (277 S1/7S2 7/ My0a),
z= Ul[y.v Y, ¥ b) B[Z]] U2[y: b: b) b: B[G]]; (Z // m1,2->1 // 51) - (Z // 51 // 52 // m2,1-»1)}
{0, 0}

{z=Uila, A[2], %, X, X135 (2//S1 // Dasa,a) - (277 Basa,a /7 5177 S3),s
z=Uily, ¥, ¥, b, B[2]115 (2//S1 // Basa1) = (277 Bas1,2 /7 S1/7°Sy)

}

{e, 0}

The Pairing

P[U[], U[B[_1]1]1 = P[U[A[_]1]1, U[]] = 1;
PIU[], U[__11 = P[U[__1, U[]] = @;

P[U[a], U[b]] =a"" P[U[a], U[B[n_]]] = -na P[U[a], U[y]l] =@
P[U[A[n_]], U[b]] =-nB P[U[A[n_]], U[B[m_]]] =e"""*F P[U[A[_]], U[yl]l =9 |;
P[U[x], U[b]] =@ P[U[x], U[B[_]]] =9 P[U[x], ULy]] = 2™

PIULT, ULI] = 15
Pi,j [&.] := USimp[& /. Ui[xs___]Uj[ys___] -» P[U[xs], U[ys]]];

The pairing sequence: {one,one) (above), {many,one), (many,many).
P[U[x_, xs__1, U[y_11 := P[U[x, xs], U[y]] =
Module[{i, j, k, 1}, USimp[U; [x] UU5[xS] Aisi,1 [Uk[Y11] 7/ Pi // Pials

P[U[xs__1,U[ly_,ys__1] := P[U[xs], ULy, ys]] =
Module[{i, j, k, 1}, USimp[A;i,; [UU;[xs]] Uc[y] UU1[ys]1] // Pix // Py,11;
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z = U;[a] U5 [x] Uly]l;
{mi, 551 [2] -my,i51[2]5 Aksk,1[2] - Aks1,k[2]}
{aUs [x] Uely], -Ui[a] Uj[x] Uyl Ui[] +
Ui [a] Uj[x] Ug[]Ur[y] -Ui[a] Uj[X] Uc[B[1]] Up[y] +Us[a] Uj[x] Uc[y] Ui[B[1]]}

Table[z = U; [xi] U5 [xJj] U [yk];
{(my,55i[2] =m5,355[2]1) // Pi,ks (Lkok,1[2] = Bks1,k[2]) /7 Pik /7 Py},
{xi, {a, x}}, {xJ, {a, x}}, {yk, {b, y}}]

a «a a a

eJeJ 0:0 k) 010: D b 6)0.! I T p) 0,9, 0:0
{{{(e, 0}, {0, 0)}, {{0, 0} {h h}}} {{(e, 01, { . h}} {{e, 0}, {0, 0}}}}
Table[z = U; [xi] U [yk] U1[yl];

{(Ai51,5[2] - A1554,i[2]1) // Pi,w // Py,1s (M 15k [2Z] =M1,k [2]) /7 Pijk}s
{xi, {a, x}}, {yk, {b, y}}, {yl, {b, y}}]

{{{{0, 0}, {0, 0}}, {{0, 0}, {8,0}}}, {{(0, 0}, {-

5™

I (LR FRCRUNSY

lhs = Factor@Table[n" P[Uee Table[x, {n}], UeeTable[y, {n}1], {n, $TD =7} ]

{1, 1+e%Bh, (1+e‘}5h) (1+e°‘5h+e2“5h), (1+ea5h)2 (1+(e20‘5h> (1+e°‘5h+e20‘6h>,

5™

<1+ea/3h)2 (1+e2a/3h> <1+eoz/3f1+e2a[3h> <1+ea/3h+eZoz/3f1+e3a[3h+e4oz/3h>J
<1+ea5h)3 (1+e2a/3h> ( Ot/3f1+e201/3f1> <1+(ea/3f1+e201/3f1>2 <1+ea/3h+e2a5h+63a[3h+e4aﬁh),
<1+eaﬁh)3 (1+62a/g’h> a5ﬁ+eza5h> <1+eaﬁh+em/3ﬁ)2

aBh

(1+eoz/3h+eZth+e3th+e4a6h> (1+ 2a6h+e3a6h+e4aﬁh+e5a5h+e6a6h)}

rhs = Simplify@FunctionExpandeTable [QFactorial[n, e"*#], {n, $TD = 7} ]

{1, 1+e%Bh, (1+e05h) (1+<eo‘/5h+e2°‘5h), <1+e°‘3h)2 (1+<e20‘5h> (1+e°”3h+ezo’5h>,

<1+ea/3h)2 (1+e2a/3h> 14 @B +e2a6h> <1+ea/3h + @2aBh +e3a6h+e4a6h>,
<1+eaﬁh)3 (1+e2a/3h> ( oz/3h+e2a[3h> <1+ea/3h+eZoz/3h>2 <1+ea5h+e2a/jh+e3aﬁh+e4aﬁh),
<1+eoz/3h)3 (1+e2a/3h> a5h+ezm3h> <1+(ea/3h+6201/3f1>2

(1+ea5h+ezaﬁh+e3aﬁh 40<[5h> (1+<e aBn 2a/3hHeawsh+64a/3h+es(xﬁh+es(x5h)}

MapThread [Equal, {1lhs, rhs}]

{True, True, True, True, True, True, True}

P[U[a, a, a, a, a], U[b, b, b, b, b]]
120
hS
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Table[P[z1, z2],
{z1, {U[]l, Ula], U[x], U[a, a], U[a, x], U[x, X],
Ula, a, al, U[a, a, x], U[a, x, x], U[X, X, Xx]}}, {z2, {U[], U[b], U[y],
Ulb, bl, U[y, b], U[y, y]l, U[b, b, b], U[y, b, b], U[y, y, bl, ULy, ¥, ¥1}}

17/
MatrixForm
10 0 0 0 0 0 o 0 )
) i 0 0 © ) 0 o ) )
0 o i 0 o ) 0 o ) )
0 0 0 h% ) ) 0 o 0 0
@0 0 0 0 o o 0 0
h
@0 0 06 0 L. o o ) )
h h
0 0 0 0 © 0 n% ) ) )
0 0 0 0 © ) ) ﬁ% ) 0
@00 0 O ) e o Ll.,<— )
h h

1 2 afh 2 2aBh 3afh

@ 0 0 0 o 0 0 © 0 L4 2 Sk

Pairing axioms:

$TD = 5;
(Uila, x, x] S_a[U-1[y, ¥, b1] // Expand // Py, 1) -
(S1[Uila, x, x1]1 U_1[y, ¥, bl // Expand // P1,_1) // ExpandAB

0

((uila, x, x] Uy[a, A[1], x] U_1[y, ¥, ¥, b, b, b] // My 5,1 // Expand) // Py, 4) -
((usla, x, x] U, A[1], x] U1y, ¥ Y5 b, by b] // ALas1,.2 // Expand) // P11 // P3,.,)
0

((Ul[a: Xy X, Xy X] U_z[y, B[1], bJ U_1[y, ¥, Y, by, by b] // M.y, 5,4 // EXPand) // P1,_1) -
((Ul[a: Xy Xy X, X] U—Z [y) B[l],‘ b] U—l [y: Y, Y, b) b, b] /7 A1—>1,2 // Expand) // Pl,—l /7 PZ,—Z)
0

The Double

DUForm[& ] := & //. Ui [fs___1Uj [gs___ 1 /; 1+J=0AJ>0 » "DU";[fs, gs];
DU; [a] :=U_;[]lUi[a]; DU; [A[n_]] :=U_;[]JU;[A[n]];5 DU; [x] :=U_;[] U;[x];

DU; [y] :=U_;[ylU;[]; DU; [b] :=U_;[b]U;[]; DU; [B[n 1] :=U_;[B[n]]U;[];
DU; [] := U_i[1Ui[];

DUl /@ {a: A[]-]) X, y, b: B[']-]}

(Ug[JUsfal, Ug[J U2 [A[2]], Ug [T Us[x], Uay] Us[], Ua[b] Us[], U4[B[-21]]7Us[]}
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dm; ; -x [6.] := Module[{t1, t2, t3, hi, h2, h3},
& [/ B_jota,t2,43 // St3 // Aisni,h2,h3 // Pha,ta // Phaye3 // My nose // Mo 25 k] 3
da; L5,k [8] = & 1/ BDisj,e /1 Alis 5,5
dS; [&.] := Module[{h}, (& // mi,, // Sin // S_i)U.w[1Ui[] // Expand // dmp,i,:];

Module[ {bas},
bas = Join[{DU1[]}, DU; /@ {a, A[n], X, ¥, B[m], b}, {BDUi[a] +aDUi[b]}];
Table[If[fxxg=!=g*xfVf===DU;[]Vg===DUy[], F*xg, "="1, {f, bas}, {g, bas}] //
ReplacePart[{1, 1} » "#x"]
1 // DUForm // MatrixForm

* DU, [a] DU; [A[n]] DUy [X] DU [y]
DU; [a] = = ~aDU; [x] +DUp [a, X] aDU; [y] +DUp [y, a]
DUy [A[n]] = = e"®FEDU; [A[n], X] e P DU [y, A[Nn]]
DU; [x] DU;[a, x] DUi[A[n], x] = - PR BB L puy [y, )
DUs [y] DU1 [y, a] DUily, A[n]] DUs [y, ] -
DUy [B[m] ] = = DU, [B[m], X] e"“FRDU; [y, Bm]]
DUy [b] = = DU; [b, x] -BDU1[y] +DU1[y, b]

BDUi[a] +aDU;[b] = - - -

{DU1 [A[1]] %% DU;[x], DUp[A[1]] %% DUs[y],
DU; [X] #% DUy [B[1]], DU;[B[1]] #+DUy[y]} // DUForm

{e*P" DUy [A[1], x], e “P"DU; [y, A[1]], """ DUy [B[1], x], e*""DU; [y, B[1]]}

DU; [x] DU;[a] // dmy,,,1 // DUForm
DUl[a: XJ

U.a[1Ui[al U2[] Uz[x] // dmy ., // DUForm
-aDUq [X] +DU;p [a, X]

U.1[]Ui[a] U2[b] U2[] 7/ dmy 5,1 // DUForm
DU; [b, a]

{Ua[1 Us[a] U2 [yl Ua[1 // dmz,as1, U-g[]Us[a] U2[y] U2[] // dmy,5,1} // DUForm
{DU1[y, @], aDU1[y] +DU1ly, a]}

(U—l[] U [x] Uo[b] Ua[]1 - Ua[b] U1[] U_[] Uz[X]) // dmq 5,1 // DUForm
-3 DU [X]

Ui [1 U2[A[1]] U2 [y] U2[] 7/ dmy, 55
e “FPU[y] Ui [A[1]]

U.a[] Ua[x] U2[b] Uz[] /7 dmy 5,
-BU_1[] U1 [x] +U_1[b] Ug [X]

U_2[]Us[X] U_2[B[11] Uz[] // dmy,zn
P U1 [B[1]] Uy [X]

http://drorbn.net/AcademicPensieve/2017-06/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: 2017-06: Archive: MetaDouble-170619.nb 2017-06-24 09:21:38

DU; [x] DU, [y] // dmg 5,1 // DUForm
7DU1[A[1]] +DU;L[B[l]}
h h

+DU1 [y, X]

z=U[1U1[x]1U2[y]l U2[]U_5[b] Us[];
(z /7 dmy,551 /7 dmy,3,1) - (z /7 dmy,s,, // dmy 5,1) // DUForm

0

$TD = 5;
z= U_1[y, b: b] U [A[Z], a, X, X] U-Z[B[_]']) VRS b: b] Uz[a] U-3[y, Y, b] U3[a: a, X, X, X];
(z 77 dmy,251 /7 dmy,3.1) = (z // dmy,3.2 // dmyz,1) // DUForm

%]

7 DUFor‘m[dSl[Dul[ﬁ]]]) & /@ {a, X, y, b}

{a>-DUi[a], x> -e *P" DUy [A[-1], x], y > -DUy [y, B[-1]], b > -DU; [b] }

(DU1 [X] DU, [yl // dmy,p,1 // dSy) - (DUy[x] DUy[y] // dSy // dS; // dmg,1,1) // ExpandAB

0

Coassociativity

(1hs =DUy[#] // dAss1,2 // dBy,z,335 rhs =DUy[#] // dAj,1,3 // dAg,i,z; lhs = r-hs) & /@
{a) XJ y’ b}

{True, True, True, True}

dA is algebra morphism

z= U—l[Y: Yo ¥» b: B[2]]1 Uy [x] U—Z[Y: b: b: B[-3]]1Uz[a, X];
(z 77 dmy,hn /7 dbgsa,2) - (2 /7 dbgss,a /7 dBdas,n /7 ding, 3,y /7 dmg,as;)

0

dS is algebra anti-morphism

dS is the convolution inverse of dm.

z=U;[y, ¥, Y, b, B[-3]] Ug[a, x, X];
{z // dA141,5 /7 dSy // dmyoh1, 2 // dAzsa,o // dSy // dmg oy}

{0, 0}

The R-Matrix

Quesne’s formulas:

1D 1_q)k
- @haB. 7 := Ex z(— k1.
q=e"%F; e, [x_] p[k=1 (1= x];
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Table[Together@SeriesCoefficient[e,[x], {X, @, n}], {n, @, $TD}]
1 1 1

1,1
{ * 1+p, (1+p) (1+p+pz>, (1+p)2(1+p2> (1+p+pz),

1/((1+,o)2 (1+,oz> <1+,o+pz> (1+,o+pz+,o3+,o4>)}

Ri,j :=0[Ui[y->y,b->bJUi[]U_j[]1Uj[a>a,x->Xx], e°?eq[hxy]]

$TD = 3; Ri,, // DUForm

1
DU, [] DU,[] + ADU;[b] DUs[a] + ADU; [y] DU, [x] + —A2DU; [b, b] DU, [a, a] + A2DU; [y, b] DU, [a, X] +
2

1 1 1
—h?DUi [y, y] DUp[X, X] - —aBA?DUi [y, y] DUs[x, X] + —h>DUi[b, b, b] DU, [a, a, a] +
2 4 6

1 1 1

;ff DU; [y, b, b] DU, [a, a, x] + ;ff DU; [y, ¥y, b] DU [a, X, X] + gfﬁ DU1 [y, ¥, Y] DUz [X, X, X]
$TD = 5; {lhs =Ry,3 // dAy,1,2, rhs =Ry,3 #*Ry,3, lhs-rhs} // Last // ExpandAB // DUForm
0

$TD = 5; {lhs
0

Ri,2 // dAy,5,3, rhs =Ry, *xRy,3, lhs-rhs} // Last // ExpandAB // DUForm

$TD = 5; Table[
{lhs = Ry, ** dA1,5 1 [f], rhs =dAy,; 5[f] #%Rq,2, lhs-rhs} // Last // ExpandAB // DUForm,
{f, {U.a[lUs[al, Ug[T1Us[x], Ua[b] Us[1, U_g[y]lUs[1}}]

{0, 0,0, 0}

$TD = 5;

{1hs = ExpandAB[Ry,; #* Ry,3 ** Rz 3],
rhs = ExpandAB[Ry,3 * Ry,3 #* Ry,2], Coefficient[lhs -rhs, ﬁ*TD] } 77 Last

0

$TD = 5; Si,[Ry,2] #*Ry,, // ExpandAB // DUForm
DUy [] DU, [ ]

Cuaps (Unfinished)

Drinfeld element u.

u; :=Ry2// ds; // dmz,l-)i
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$TD = 2; u; // ExpandAB // DUForm

1
DU;[] -BADUj[a] +ahDU;[b] + = B2A%DU;[a, a] -ADU; [b, a] —aBA%DU; [b, a] +
2

1
=~ o?h?DU;y[b, b] -ADU; [y, x] +aB3h2DUs [y, x] + 3A%DU;[b, a, a] -ahA?DU; [b, b, a] -
2

1 1
20h®DU; [y, b, x] + —h%DU; [b, b, a, a] +%DU; [y, b, a, x] + —A%DU1 [y, ¥, X, X]
2 2

Conjugation by the Drinfeld element implements the square of the antipode.
$TD = 3; Table[DUy[f] *% Uy == Uy %% dS; [dS,; [DU;[f]]] // ExpandAB, {f, {a, X, b, y}}]

{True, True, True, True}

Inverse of the Drinfeld element
uii_ t=Ry,2 // ds, // dS; // dmz,l-»i

$TD = 3; uij »* u; // ExpandAB
Ua[]Ug]
Drinfeld commutes with its antipode and the product is central

$TD = 3; ug %% dS;[uy] -dS1[u1] **u; // ExpandAB

%]

$TD = 3;

(u1 #% dSy [Uy] *#% DUy [#] = DUg [ /7] #% Uy %% dSl[ul]) &/@{a, x, y, b} // ExpandAB
{0, 0,0, 0}

Multiplying the inverse and antipode of Drinfeld

$TD = 3; uij **dS;[u;] -U_y[B[1]] Ui[A[-1]] // ExpandAB // DUForm

0

This implies that dS[u] = uBA~". In other words, udS[u] =
u? BA~" so we can take the square root and call it v. This is the ribbon element.

vi t= (0[uitb+ b1 Ui fa > al, Exp[ = (-absga)]]) exu
2

$TD = 3; ug *% dS;[Uy] - Vq %% V1 // ExpandAB

0

v is supposed to be the Reidemeister 1 curl (with the appropriate cuaps/spinners added!). Note how it
too is central.

$TD = 3; (vq #* DUy [#] -DU; [#] #% V1) & /@ {a, X, Y, b} // ExpandAB

(0, 0, 0, 9)

-1

The rule for the cuaps is to add to a right-moving cup uv~" and to a right - moving cap vu~'. Note how
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Vu—1 - B1/2 A—1/2

$TD = 3; vy »» Uiy -0O[Uy[b->b] U;[a > al, Exp[— (-ab+Ba)]] // ExpandAB

N | B

0

cap; :=0[U_.;[b-b]U;[a~al, Exp[E (-ab+pa)]]
2

cup; :=0[U_;[b-b]U;[a~al, Exp[—E (-ab+pa)]]
2

Now let's do R2 and oppositely oriented Reidemeister 2:
$TD = 3_; dsZ[Rl,z] R3’4 // dm1’3_,1 // dm2’4_,2 // EXpandAB // DUForm

DU1 [] DUz []

$TD = 3;
dSZ[lez] R3,4 CuUps Cape // dm1,3_,1 // dm4,5_,4 // dm4,2_,4 // dm4,6_,4 // ExpandAB // DUForm
DUy [] DU4[]

Rotate a crossing:

$TD = 3;
(CUP1 dSs [Ry,5] caps cups capg // dmy 5,1 // dmy 3,9 // dig s sa // dm4,6-»4) - dS4[R1,4] // ExpandAB
0

Reidemeister 1 curls, the two positives agree with the two negatives and they are inverses and agree
with v, v-1.
$1D = 2; {

(R1,z caps // dmyg,3,1 // dm1,z_>1) - (R1,z cups // dmy 3,5 // dmz,1->1),

(dsz[R1,2] cups // dmy,3,1 // dm1,z-»1) - (dsz[R1,2] caps // dmy 3., // dm2,1->1) B

(dSZ[Rl,Z] cups // dmg 3,31 // dm1,2—>1) * % (R1,2 caps // dmg 3,1 // dm1,2->1) >
(dsz[Rl,z] cups // dmy,3,1 // dml,m) - vl} // ExpandAB // DUForm

{0) @, DUl[]J @}

The Central Element

€1 =alU_[blUi[]+BU1[]Us[a];
UB[cy, #] & /@ {U_g[] Us[a], U_g[]U1[x], U_a[y]l Us[]1, U_a[b] Us[]}
{0, 0,0, 0}

Commuting Exponentials
Commuting €2 with e*:

$TD=5; O[Ur[x > X, a—a], e ?] ==0[Us[a>a, x>x], e (“e’ﬂ”"*va)]

True
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Commuting e® with ¢”:

$TD = 55 O[Us[b b, y->y]l, e W'D ] sz 0[Us[y >y, b b], e (ke yrb)]
True

The co-product of e?:

$TD = 55 A1,1,2[0[Us[a »al, e"#?]] =0[Ui[a1 » a] Us[a; » a], e"“¥ e+

True

The co-product of eg:
$TD=5; (O[Ui[Xx>X], eq[aux]] // As1,2 // ExpandAB) ==
0[Uila1 »a, X3 x] Ua[X2 > X], eq[ue™??x] eq[huxs]]

True

The triple co-product of eg:

$TD = 5; (O[U1[x > X], eq[Bux]] // B1.1,2,3 // ExpandAB) -
0[Ui[a1 > a, X3 » x] Uz[az » @, Xz » x] Us[X3 > X1,
eq[Bpe™P (B1r2) x3] eq[Aue P2 x;] eq[B uXa] ]

%]

The co-product of ef:
$TD=5; (O[Ui[y Y], eqlavyl] // A1,1,2 // ExpandAB) ==
O[Uilys » Y1 U2[y2 » Y, ba»>b], eqlhvyz] eq[ave™*y]]

True

The triple co-product of e%:

$TD=5; (O[Usi[y->Yyl, eqlavyl]l // A1s1,2,3 // ExpandAB) ==
0 [Uily: » Y1 U2[y2 >y, ba > b] Us[ys >y, bs > b],
eq[hivys] eq [fl vehabs yz] eq [ﬁ v @ B @ (batbs) y1] ]

True

The inverse-antipode on &3

$TD = 8;
(<D[U1[x-> X], eq[hux]] // Siy // ExpandAB) -
(‘hu)kq_k (k+1)/2€ﬁ/3kaxk

0[Ui[a>a, x> x], Sum| s {k, @, $TD}] ]

QFactorial [k, q]
0

Pairing eg with ef:
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$TD = 5;

$TD %= 2;

lhs =0 [U.1[y » Y], eq[avyl]l O[Ui[Xx > Xx], eq[AAux]] // Expand // Pi,_1 // ExpandAB;
($TD /=25 eq[Auv] -1hs // ExpandAB)

0

O[U.a[lUs[x>x] U, [y >yl Us[], e X ] // dmy 5,1 // DUForm

1
DUp[] +puADUy [X] +vADU [y] - vADU [A[1]] +uvADUL[B[1]] + = u2 A2 DUy [X, X] +
2

1 1 1
pwvh?DUly, x] + = v2h*DUr[y, y] - — uv2h?DUr[y, A[1]] - — e A" V2 n? DU [y, A[1]] +
2 2 2

1 1 1
;uvzhzoul[y, B[1]] + ;ea“uvzhz DUi [y, B[1]] - ;uzvhz DUi [A[1], X] -

1 1 1
= e%Bh 2y 2 DUy [A[1], X] + — 2 vA%DUL [B[1], x] + —e®P? 2 v A%2DU, [B[1], X] +
2 2 2

1 323 1 2 3 1 2 23 1 323
g oI DULDX, X, X D f v BEDUL [y, X, X+ A B DUy, s X w2 BT DU LY, Y, ]

$TD = 4;
() [U-1[] Up[x1 > x] U_2[yl > y] Ua[]U3[] Us[X2 > X] U_a[y2 > y] Us[], e (Wxisvyi-u x2—vy2)] /7
dmg 5,1 // dmy 3,5 // dmy 4,1 // ExpandAB

1
Ug[1Us[] —apuvh*Ug[b] Us[] +;a25u2v2f’14U71[b1 Upl] —aBuvin?U [yl Ul] +
1 1 1
—o?puvhiUq[b, b Us[] + —a® > v2ha*U 1 [b, b] Us[] + = Buv2h*U 1[y, b] Us[] -
2 2 2
1 1
goﬁuvh“u_l[b, b, b] Ui [] +Buvh2U 4[] Us[a] —;aﬁzuzvzh“U_ﬂJ Uifa] -
1
aBu?vin*u_,[b] U;[a] +Ea52uv2fz4u,1[y] Up[a] +aBu2vhAdU_ 4[] Ug[x] +
1

1 1
—o? Bt vat U [JUg[x] - o Bpiva*U (bl Up[x] - —p*uvh*U.[] Ui[a, a] +
2 2 2

1 1 1
g@zuzvzh“uflu Uila, a] - ;a/azuzvh“uflu Uifa, X] +g/33uvh4uflu Ui[a, a, a]
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$TD =4,

O[U.alyl >yl Us[T1U2[] Ua[x1 > x] U3[y2 - y] Us[] Ua[] Ua[X2 » x], e (WXAvyinozevyd ]y
dmg 5,1 // dmy 3,5 // dmy 4,1 // ExpandAB

1
Uql[lUi[] —auvh?U (bl U] - —a? B2 v2a* U [b] Ui[] +aBuvin?U [yl U] +
2
1 1
—o?puvhUb, b] Us[] + = a1 v?h*U 1 [b, bl Us[] - —a?Buv2h*U gy, b] Us[] -
2 2 2
1 1
= uvh*U b, b, bJ Us[] +Buvh*U ] Ui[a] + —aB2p®2v2n*U (] Usla] -
6 2
1
aButviatu (bl Uilal - —apPuv?a*U [yl Us[a] +aBu?vhadU 4[] Ui[Xx] +
2
2 2,2 4 1 2 2 4 1 2 3
—a B utvh U [JUi[X] - —a"Buvh U1 [b] Ui [X] - =B uvh>Us[] Ui[a, a] +
2 2 2

1 1
gﬁzuzvzh“um Ui[a, a] —;aﬁzuzvh“ufl[] Ui[a, x] +gﬁ3uvh“uflu Ui[a, a, a]
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