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Pensieve header: The double and meta-double of the 2D pencil; continues pensieve://2017-05/.

Issues:

1. S does not invert R. (Perhaps because H must be interpreted as e"").
2. dm is not meta-associative.

3. R doesn’t satisfy YB.

SetDirectory["C:\\drorbn\\AcademicPensieve\\2017-06"] ;
The “degree carrier” is A, and all “coupling constants” are proportional to it.

$TD=3; A /: 2% /;d>$TD :=0;

The 2D Lie BiAlgebra Pencil

| hope to stick to G =e"€9 and to H=e"", where [g, €] = e and [h, f]=-€f.
A|SO, qA12(g, G, e, h, H, f) = (g1 + 0o, G1 G2, e1+ G1 €2, h1 +h2, H1 H2, f1 H2 + fz).
Also, (g, e) and (h, f) are dual bases.

AlgebraAtom = g |G[_] |e|h]|H[_]|f;
$PBWRule = {G[_] »1,g->2,e>3,H[_]1 >4, h->5, f->6};

B[g, e] = e; B[e, G[n_]] = (e""-1) U[G[n], e]; B[g, G[_]] = ©;
B[h, f] = -ef; B[f, H[n_]] = (e"”€-1) U[H[n], f1; B[h, H[_]] = ©;

UEA with provisional modification
This section is based on penseive://Projects/UEA/.

B[@, _] =@; B[_, 0] =0;

B[c_ % x : AlgebraAtom, y ] := Expand[cB[x, y]];
B[y_, c_*x : AlgebraAtom] := Expand[c B[y, x]1;
B[x_Plus, y ] := B[#, y] & /@ x;

B[x , y Plus] := B[x, #Z] & /@ y;

B[x_, x_] =0;

B[y , x_] := Expand[-B[x, y]];
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x_ =2y :=0rderedQ[{x, ¥y} /. $PBWRule]; x <y := ! OrderedQ[{y, x} /. $PBWRule];
UU; [1 = Ui[]5 UU; [1] := Ui[];
UU; [x_[n_1P-] := Uilx[npl];
UU; [x P-] := UU; @@ Table[x, {p}];
W; [&5] := & /. {

U[xs__] = U;[xs],

x : AlgebraAtom :» U; [x]

15
UU; [x_, xs__] := UUgq[x] UUta[xs] // Expand // Mg t25i5
USimp[& ] := Collect[s, Times[U [__]..], Expand];
USimp[& ] := Expand[&£];

ms_[0] = O;
m; [x_Plus] := mg;/@x;
mif_,jf[é“_] = &5 /. Ui Uj;

mi ,j 5k [€_oUi [x___TU; [1] :=cUe[x];
mi ,j e [C_.Ui [1U; [y___11 :=cU[yl;
mi ,j sk [€_o Ui [xx___, x_ [n1_]1]1U; [x_[n2_],yy___]] :=
Usimp[c If[nl +n2 =0, U;[xx] U;j[yy], Ui[xx, x[n1+n2]]U;[yy]l] // mi j,k];
M ,j ok [€_ Ui Dox___, x 1U; [y_,yy___1] :=If[x =y,
CUk[XXJ Xy Vs ,V,V];
((ui Dol (UjLy, x1 +UU;[BIx, y11) // Expand // mi,;.:) Uj[yy] // Expand // m; ;)
c // USimp
115

Supp[&£_] := Unione@Cases[{&}, Ui [ ]> 1, o];

Unprotect [NonCommutativeMultiply] ;
NonCommutativeMultiply[x ] := x;
X_ %%y := Module[
{Sx = Supp[x], Sy =Supp[y], is, o, z},
If[MatchQ[Sx Sy, {_Integer...}] & Min[Sx|JSy] < @,
is = Abs [Sx] N Abs[Sy];
z=X; DO[Z = M_i cei [Misoei [2]], {i, is}];
z = USimp[y z]; Do[z = dmgei,i,i[2], {i, is}];
Z,
(» else %) is = Sx () Sy;
z=x; Do[z =mi eil[2], {1, is}];
z = USimp[y z]; Do[z = Muei,isi[2], {1, iS}];
z
]
15
UB[Xx_ , y. ] := USimp[Xx *xy -y % X];
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O [func_] := NormaleSeries[func, {h, O, $TD}];
O [specs_, func_] := Module[{r‘ules, vars, elems},
rules = Union@e Cases[{specs}, U [u___] > Cases[{u}, r_Rule], =];
vars = First /@rules; elems = Last /@rules;
USimpeTotal[CoefficientRules [0 [func], vars] /. (ps_ > c ) = c (
specs /. MapThread[ ((#2 » _) = #3%) &, {vars, ps, elems}] /. U; = UU;

)]

The 2D Lie BiAlgebra Pencil, Testing
O[Ui[x - gl, e"*¥]
1 2 22 1 333
Ui[] +ehUq[g] +£€ h*Ui (g, gl +g€ nui(g, 8, gl
UsimpeWith[{G = 0[U;[x » g], e"°*]}, UB[Ui[e], G] -O[e®-1] Gx*Us[e]]
0

Ble, G[3]]
(-1+e?°") U[G[3], e]

$TD = 6;
USimpeWith[{H = ©[U[x » h], " *]}, UB[U1[f], H] -0[e"® - 1] Hxx U [f]]
0

x=U;[g, G[2], e, e, e] U2[8, 8, €] U3[8, 8, G[-3], e];
(X // my,251 /7 mMy351) = (X // Ma,3,5 // My 2,1)

0

X = Ul[h: H[Z].! 'F: 'F: 'F] UZ[h.! h: 'F] U3[h: h: H[‘3]) 'F]3
(X // m1,2—>1 // m1,3—>1) - (X // m2;3—’2 // m1,2—>1)

%]
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The Co-Product and Co-Associativity

qAi Lj ,x [£.]1 := USimpeModule[{tj, tk}, & /. {
Ui[1 > U;[1 Uell,
U;[8, XS___]
(USimp [ (U;[] U] +U5[]1 Ue[81) Ghints, ek (Ui [XS111 /7 Mj,e555 /7 Me,tior) s

Ui[G[n_1, xs___1 = (USimp[U;[G[n]] Ux[G[N1] Ghi,tj,ux[Ui[Xxs111 //
mj,tj-5 // mk,tk—»k):

Uile, xs__ ] » (Usimp[(U;[e] Ux[G[1]] +U;[] Ur[e]) QAises, e [Us[xs11] //
Mj,ta5 /7 Mk, tiok) s

Uilh, xs___] = (USimp[(U;j[h] Ue[] +U;[] Ue[h]) QAises,ec[Vi[xs11] 7/
m; ting // mk,tk—»k),

Ui[H[n_], xs___1 = (USimp[U;[H[n]] Ux[H[N]] GAi,tj,ux[Ui[Xxs11] //
mj,tj-5 // mk,tk-»k):

Ui[f, xs__ ] = (USimp[ (U;[f] Ue[] +U;[H[1]1] Ue[f1) Ghises, e [Ui[Xxs11] 7/
M5, t5+5 /7 Mk, tiok)

E

9Ai 55,k ,i [&E] 1= & // Qhisg,e /1 QBkosk, L

Ui[e]l // ql1.1,2
Ui [] Ux[e] +Us[e] U2[G[1]]

{lhs = Us[e] // Qbi,1,2 // QAz,2,3, rths =Ui[e] // QAi,i1,3 // QBis1,2, lhs == rhs}
{Us[1Ua[]Us[e] +Us[] Uz[e] Us[G[1]] +Us[e] U2[G[1]] U3[G[1]],
Ur[JUa[] Us[e] +Us[] Ux[e] Us[G[1]] +Us[e] Up[G[1]] U3[G[1]], True}
Ui [f] // 9B1.1,2
Ur [f1 Ua[] + U [H[1]] Ua[F]

{lhs = U1 [f] // QB1,1,2 // QB2,2,3, rhs =Us[f] // qA1,1,3 // QB1s1,2, lhs = rhs}

{Us[F1U2[JUs[] +Us[H[1]J Uz [f] Us[] + U [H[1]] Uz [H[1]] Us[f],
Up [f] Ua[JUs[] +Us[H[1]] U [f] Us[] +Us[H[1]] Uz [H[1]] U3[f], True}

x=Us[g, G[2], e, e, e] U[8, 8, G[-3], e];
(X /7 myo51 // QB151,2) - (X // QBos3,a // QBasa,2 /7 M350 /7 M2 a52)

0

X = Ul[h.v H[Z], f: 'F: 'F] Uz[h, h: H[_3]J 'F].;
(X // my,251 // QlA151,2) = (X // QB23,a // QA151,2 // M1 351 // M2, a,3)
(%)

The Antipode

Why o why this annoyance of left-vs-right?
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-e"“U[G[-1], e];
-U[H[-1], f];

S[g]l = -85 S[G[n_]] :=G[-n]; S[e]
S[h] = -h; S[H[n_1] :=H[-n]; S[f]
Si [&.] := Module[{ti}, USimp[
& /e Ui[x_, xs___ 1 = M, isi [EXpand [UU; [S[x]] Sti[Uti[xs]1]111]
115

{lhs = S;[Ui1[e]], rhs = -U;[e] *xU;[G[-1]], lhs == rhs}
{-e"U1[G[-1], e], -e“" Uy [G[-1], e], True}

Ui[e] // S1 // S1
e Uy [e]

U [f] // S1 // S1
e Uy [f]

S1[Us[g, G[3], e, e]]
2e°“"U;[G[-5], e, e] -e®“"Us[G[-5], g, e, €]

Ul[g.v G[3]) e, e] // qu-»l,Z

U1 [G[3], 8, e, e] Uz[G[5]] +Us[G[3], g, e] U2[G[4], e] +
e “"U1[G[3], g, e] Us[G[4], e] +U1[G[3], e, e] U;[G[5], g] +U:1[G[3],
U1[G[3], e] U2[G[4], g, e] +e “"U1[G[3], e] U [G[4], g, e] + U1 [G[3]]

Ui[8, G[3], e, e] // qAis1,2 // Sz

U1[G[3], 8, e, el Uy[G[-5]] -e*“" Uy [G[3],
e*“"Ui[G[3], g, 2[G[-5], e’y
g

U2[G[-5], e] -e*“"U;[G[3], e] Uz [G[-5], e] -

el U e] - [ el U

Ui [G[3], e, e] U[G[-5], g] +2e°“"U[G[3
] [
e] - [

e]

G[3], 8, 2[G[-5], e] -
11 U2[G[-5], e, e] +

G[3], e] U2[G[-5], g, e] +
G[3]

€’“"U1[G[3], g] U2[G[-5], e, e] +e*“" U, )
1Ux[G[-5], 8, e, €]

G _
e’“"U1[G[3], e] U;[G[-5], &, S

test = Ui1[g, G[3], e, e];
{test // qA151,2 // Sy // My,2515 test // qA1.1,2 // Sz // Mz,151,
test // Qbi1s1,2 // S1 // My, test // qAgsa,e /7 Si /7 M)

{0, 0,0,2e°“"Uj[e, e] -2e’“"Us[e, e] -2e®“"Us[e, e] +2e°“" Uy e, e] }

test = Uy [h, H[3], f, f];
{test // Qhisa,2 // Sz // My2u1, test // Qbaa,a /7 Sz /7 Ma1u1,
test // Qb1,1,2 // S1 /) My, test // QAisi, /7 Sy /7 Mp1ia)

{0,0,0, -2 "cU[H[-2], f, f] +
2e%°"eU[H[-2], f, fl +2e ¥ e U [H[-2], f, f] -2e’“"e U [H[-2], f, f]}

X = Ul[h: H[2], f: f: 'F] UZ[hJ h, H[-3], 'F].;
(X /7 my,201 /7 S1) = (X /751775277 Ma,1.1)
0
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x=U;[8, G[2], e, e, e] U[8, 8, G[-3], e];
(X /7 my,201 /7 S1) = (X /751775277 Ma,1.1)

%]

x=Us[];
(X /7 QB1s1,2 /7 S1 7/ Ma,251)

Ui []

x=Us1[];
(X 77 Qbasa,2 /7 S2 /7 my21)

Ui []

X = Ul[g, G[Z], e, e, E];
(X /7 QB1s1,2 /7 S1 /7 Ma,201)

0

x=U1[8, G[2], e, e, e];
(X /7 Qbasa,2 /7 Sz /7 My a,1)

0

x = Ui [h, H[2], f, f, f];
(X /7 Qbasa,2 /7 5177 myas1)
0

x =Ug[h, H[2], f, f, f];
(X /7 QB1s1,2 /7 S2 1/ Ma,251)
)

The Pairing at Lie-Level and Compatibilities

PIU[], U[]] = 15
P[U[], UH[_111 = P[U[G[_11, U[]] = 1;
PIU[], U[__11 = P[U[__1, U[]] = @;

P[U[g], U[h]] =a? P[U[g], U[H[n_]1] =n
P[U[G[n_]], U[h]] =ne P[U[G[n_]], U[H[m_]]] = e"""¢

P[U[e], U[h]] =@ P[U[e], U[H[_]11] =9

Pi ,; [&.]1 :=USimp[& /. Uij[xs___]1Uj[ys___1 -» P[U[xs], U[ys]ll];

t=Ui[g] Uj[e] Uc[f];
{mi, 551 [€] -my,i5i [€]5 9lAksk,1[t] - QAks1, K [T}

{Ui[e] U [f], Us[g]l Uj[e] Uc[flUi[] -Ui[g] Ujle] Ue[] Ur[F] +
Ui[g] Uj[e] Ug[H[1]] U [f] -Us[g]l Uj[e] Ug[f] Ui [H[1]]}
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t=Ui[g] Uj[e] Uk[f];
{(ms, 551 [t] - my,550[t]) 77 Piks (QBok,1[t] - QAko1,k[t]) 77/ Pi // Py}
1 1
(]
Table[t = Us [xi] Uj[xj] Uk[yk];
{(mi,j—d[t] —mj,iai[t]) /7 Pik, (qu-»k,l[t] —qual,k[t]) // Pix// Pj,l})
{xi, {g, e}}, {xJ, {8, e}}, {vk, {h, f}}]

1 1 1 1
0) (] K] 0, 0 K] 01 0 ) R k) e) 0 E2 i B} 0) 0 ) 0: 0
{{{(e, 0}, {0, 0}}, {{0, 0} {h h}}} {{(e, 01, { - h}} {{0, 0}, {0, 0}}}}

Table[t = Us [xi] Uc[yk] U1 [y1];
{(inai,j[t] ‘inaj,i[t]) // Pijx // Py, (mk,lak[t] 'ml,kak[t]) /7 Pi,k}:
{xi, {g, e}}, {yk, {h, f}}, {y1, {h, f}}]

[{{(0, 0}, (6, 01}, ({0, 0}, (0, 0}}}, {{(0, 0}, {—2, —2}}, %

}» (0, 0} }}}

)

SR
SR

General Pairings

The pairing sequence: {one,one) (above), {many,one), (many,many).

P[U[x_, xs__], U[y_1] := P[U[x, xs], U[y]] =

Module[{i, j, k, 1}, USimp[U;[x] U;j[xS] QAwsi,1 [Uk[Y11] /7 Pic /7 Pjal;
P[U[xs__1,Uly_, ys__]1]1 := P[U[xs], ULy, ys]] =

Module[{i, j, k, 1}, USimp[qAi,;i, j[Ui[xs]1] Uc[y] Ui[ys]] // Pi // P4al;

{P[U[g, e], U[h]], P[U[g, e], U[f]], P[U[e, e], U[f]]}

P[U[e], ULf, f]]
<]

P[U[e, e], U[f, f]]

1 eeh

+
nz  n?

lhs = Factor@Table[n" P[UeeTable[e, {n}], UeeTable[f, {n}]], {n, $TD =7} ]

{1, 1+eh, (1+e€h) <1+<e€h+e2€h), (1+e€h)2 <1+<e2€h) (1+e€h+e2€h),

<1+e€h)2<1+62€h) (1+e ZEfl) <1+<e 2€h+eseh+e4eh),
<1+eeh>3<1+e2€h) ( Zeh) <1+e 26?1)2<1+eeh+626h+e3sh+e4eh),
<1+eeh>3 <1+626h) ( 2eh) <1+e 2€h>2

h n, h

(1+ee Jr<e26h+(e3€ e4ef1> (1+ee +@2€h+€3€h+64€h+@56h+666h)}
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rhs = Simplify@FunctionExpandeTable [QFactorial[n, ¢"¢], {n, $TD = 7} ]

{1,1+e6h, (1+e5h) <1+<eeh 26h> (1+e€h)2<1+e26h) (1+e5h+e2€h),
<1+eeh>2 <1+e26h) (1+e 261‘7) <1+(E 26ﬁ+e36h+e46f1),
<1+eeh>3 <1+e26h> ( Zeh) <1+@ 26h>2 <1+@€h+626h+e36h+®46h),
<1+eeh>3 <1+626h) ( Zen) <1+<e Zeh>2
h n, h

(1+@€ +eZeh+e3e e4eh> (1+‘EE eZeh eS h+e4€h+65€h+666h)}

MapThread [Equal, {lhs, rhs}]

{True, True, True, True, True, True, True}

P[U[g, 8, 85 85 8], U[h, h, h, h, h]]
120
e
P[U[g, &, &, E, , €, €, €, €], U[h, h, h, h, h, f, f, f, f]1] // Factor
120 (1+e°)? (1+e2°) (1+e°h +e2¢h)
h9

x=U;[g, G[-3], e, e] Uz[8, 8, G[1], e] Us[h, H[2], f, f, f];
(X // my,251 // P1,3) = (X // QB353,4 // P1,3 // P2,4)
0

x =Ui[h, H[-3], f, f1 U2[h, h, H[1], f]1 U3[g, G[2], e, e, e];
(X // my,251 /7 P3,1) = (X // QB353,4 // P3,1 // Pa,3)
0

x=U.[g, 8, G[-3], e, e, e] Up[h, h, H[2], f, f, f];
(X 775177 P1,2) - (x//Sy/7P,;)

0

The Double

dm; ; ., [5.]1 := Module[{t1, t2, t3, h1, h2, h3},
& [/ Qhishi,h2,n3 // Sha // QA jsta,t2,43 // Pha,ea // Ph3,ts // Mno sk /7 Mg t2, k]

U.a[1Us[g] U2[h] Uz[] 7/ dmy 2,
U.a[h] Ui[g]

U1 [1U1[81 U2 [F] U2[] 7/ dmy, 5
U [F] UL [] + U1 [F] Us[g]

Ui [T U2[G[11] Uo[F] U2[1 7/ dmy, 54
e U1 [f] U1[G[1]]
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U.a[] Uilel U2[h] Uz[] /7 dmy 5,
eUs[] Ui[e] +U_1[h] Ui[e]

U.i[]Ui[e] Uoa[H[1]] U2[] // dmy,z5
e " U 1[H[1]] Us[e]

U.i[]Usle] Ua[f] U2[] 7/ dmy, 55
Ua[H[1]] Us ] Ua[] Us[G[1]]

+U.1[f] Uife] -
il il

X=U_[1Usi[e] U [f]1Uz[1U_3[h] Us[];
(X // dmg 5, // dm1,3_,1) - (X /7 dmy3,;, // dml,z-»l)

~€Ua[H[1]] U] +€U71[] U1 [G[1]]
h h

x=Ugy[h, h, f1U;1[G[2], e, e] U [H[-1], f, f] U2[g] U_3[h, f] Us[8, 8, e];
(X /7 dmy ., // dm1,3_,1) - (X /7 dmg3,, // dml,z-»l)
Zeisgheu—l[h: h: 'FJ 'FJ 'H Ul[G[z}) €, e} 4ei4eheu—1[h.v h: 'F: 'FJ 'F} Ul[G[z]J €, e]
h h
2e3¢eU [h, h, f, f, f1U;[G[2], e, e] 8e2¢"ecU[h, h, f, f, f]U1[G[2], e, €]
+ _
h h
2‘5746hu—1[h.v h: h) 'FJ 'FJ 'H Ul[G[Z} » €, e} 2eizehu—1[h1 h: h: 'FJ -FJ 'F] Ul [G[Z]) €, e]

+

h h

+

+
\

1
72@796heu—1[H[_1]: h) h: -FJ -F) 'F] Ul[G[3], €, e]
h h

4e8hcU [H[-1], h, h, f, f, f]U1[G[3], e, €] -

2@’76h€U_1[H[—1]; h, h, f, f, f] U, [G[3], e, e] -

SR DR DR

8e®“"cU_[H[-1], h, h, f, f, F] U1 [G[3], e, e] +

1
zeisehu—l[H[_l]J h) h: h: 'F: 'F: 'F] UI[G[-:”J e, e] - g

h) h: h: 'F: 'F: 'F] UI[G[-:”J €, EJ -
f, f, f1U1[G[2], g, e, €] 10 (9746h€U—1[h: h, f, f, f1U1[G[2], g, e, €]
+
h h
5e3¢feU,[h, h, f, f, f]U1[G[2], g, e, e] 20e2¢"eU_[h, h, f, f, f] U;[G[2], g, e, €]
- +
h h
5e“¢fU4[h, h, h, f, f, f1U;[G[2], g, e, e] 5e2¢"U4[h, h, h, f, f, f]U;[G[2], g, e, €]
- +
h h
eU—l[H[l]J h) h: FJ 'F] Ul[G[Z}J g, 8, e] . 4(E€h€U,1[H[1], h: h.v 'FJ 'H UI[G[Z}) g, 8, e] +
hz hZ
1 U.[H[1], h, h, h, f, f] U;[G[2 e
_3@2€h€U_1[H[1},h, h,'F,f]Ul[G[Z],g,g,e}f 1[ [ ]J s My Ty, Ty ] 1[ [ ]:g)g.v }7
hz hZ
e “"U,[H[1], h, h, h, f, f] U1[G[2], g, g, €] . e "U4[H[1], h, h, h, f, f] U1[G[2], g, 8, €]
+
flz hZ

2e®°hU_y[H[-17],
5e”€7eU_[h, h,
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e“"U4[H[1], h, h, h, f, f] U1 [G[2], g, 8, €]
hZ

1
R
h

1

Se®theUa[HI-1), h, h, £, £, F1U[G(3], g, e, 0] -

1
10@’8€h€U,1[H[*1], h, h, f, f, f]U;[G[3], g, e, e] + —

o

1
5e7¢"eU4[H[-1], h, h, f, f, f] U [G[3], g, e, e] + —
h
2097662’16[]71“.“_1], h, h, f, f, f] U1[G[3], g, e, €] -

1

h

1

S5e®<"U [H[-1], h, h, h, f, f, f] U;[G[3], g, e, e1+g

3eU[h, h, f, f]1 U [G[3 e

5e_6EhU—1[H[*1]Jh) h: h: -F) 'FJ 'F] Ul[G[B}) g, €, e}* = 1[ P22 ]21[ [ ]’g’ L ] -
h

ef3€h€U,1[h; h; 'F, 'F] Ui [G[3], 8, 8, €] B Se—2€heuil[h, h: F: 'FJ Ui [G[3], 8, 8, €]

h? n?
7ecteUalh, h, f, flU1(G[3], g, 8, €] Ualh,h, h, f, fUi[G[3], 8,8, €]

n? _ h?
ef4€hU,1[h; h; h, 'F, 'H U1[G[3J, g, 8> EJ + 2(9736}7U71[h: h: h: 'F: 'F] Ul[G[-?'J: g, 8, e]
h? u?

2e¢<€8U4[h, h, h, f, f]U;[G[3], g, g, ] 1
¢l HBBLE B 8L 2 schcy, H-1), b, h, £, £ U1(G4], &, 8, €] -
h h

1 -4eh &
—4e*“"eU[H[-1], h, h, f, f1 U, [G[4], 8, g, €] + —
n? n
3@73eh€U71[H[*1]J h: h) f: f} Ul[G[ZH) g, 8, e] - —
e766hU71[H[*1]: h) h: h: 'F.v -F] Ul [6[4]-‘ g, 8, eJ T,
e "U4[H[-1], h, h, h, f, ] U1 [G[4], g, 8, e] + —
e*“"U 4 [H[-1], h, h, h, f, 1 U1[G[4], g, g, e] + —
e MU [H[-1], h, h, h, f, fIU1[G[4], g, 8, e] + —
h

4e>¢hcuUy[h, h, f, f, f] U, [G[2], g, &, €, €] -

8@746h6U—1[hJ h, -F, 'F_‘ 'F] U]_[G[21J g, 8, €, E] +

5RO R R

4@736h€U,1[h, h, -F, 'F, 'F] Ul[G[Z}, g, 8, 6, e] +
16 e—Zeheuil[h, h, f, f, f1U;[G[2], g, g, e, e] -

4@7461*1 U_]_[h, h) h, -F, 'F, ‘F] Ul [G[Z], g) g) e, e] +

m > |k >R

c
|
[

(H[1], h, h, f, f]U:[G[2], 8, 8, 8, e]
hZ

4@726?} U,]_[h, h, h, -F, 'F) ‘F] U, [G[Z]; g, 8, &, e] _
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1 1
—4e“"eU[H[1], h, h, f, f] U1 [G[2], g, &, &, €] - —
hz hZ
3e’“"eU4[H[1], h, h, f, f]U1[G[2], g, &, &, €] +

U—I[H[l]: h: h: h: 'F) 'F] U1[G[2], g) g: g: e] 4 1

h? n

1
e“"U 4 [H[1], h, h, h, f, f1U1[G[2], &, &, &, €] - Y
A

1
eth_l[H[l], h, h, h, f, 'F] U;[G[2], 8, 8, 8, €] - _2
h
1
e?“"U4[H[1], h, h, h, f, f] U1[G[2], g, &, &, €] - —
h
4@796h6U71[H[_1]; h) h) f: -F) -F] Ul [G[B], g, 8, €, e} +

Sefgeheufl[H[—l]: h, h, £, f, f] U1[G[3], g, 8, e,€e] -

SR SRR

4e’¢"cU_q[H[-1], h, h, f, f, f] U, [G[3], 8, g, €, €] -
16e®“"eUq[H[-1], h, h, f, f, f]U1[G[3], g, 8, e, e] +

4(878Ef1 U,]_[H[_l]) h) h, h, 'F) 'F, 'F] U]_ [6[3}) g, 8, €, e] _

SRk e

4(876Ef1 U,]_[H[_l]) h) h, h, 'F) 'F, 'F] U]_ [6[3}) g, 8, €, e] +
3eUalh, h, f, fIUi[6G[3], 8,8 8, e] e’ "cUalh, h, f, flU:[G[3],8, 8,85 €]
n2 n?
5e?"eUqlh, h, f, flUi[G[3], 8, 8,8 €] 7e“"eUilh, h, f, flUi[G[3],8 8 85 €]
n? n
Uailh, h, h, £, fU1[G[3], 8, 8, 8, €] e““"Us[h, h, h, f, f1U;[G[3], g, g, &, e]
n2 n?
2e3<"U 4[h, h, h, f, f] U1 [G[3], &, &, &, €] N 2e“2U4[h, h, h, f, f1U1[G[3], g, &, &, €]
n? n?

1 -5€eh !
e eU4[H[-1], h, h, f, f1U;[G[4], &, 8, &, €] - —
n? i

1
4@746h€U,1[H[*1]: h: h: 'F: 'FJ UI[G[41) g, 8, 8, e] - hiz

1
3e3“"eU[H[-1], h, h, f, f] U;[G[4], 8, 8,8 €]+ L2
h

1
(e76€hU_1[H[71], h, h, h, 'F) 'F] U [G[4], g, 8,8,e]+ _2
h

1

e?“"U_[H[-1], h, h, h, f, f] U1 [G[4], g, &, 8, €] - ;2

1
e**"U  [H[-1], h, h, h, f, f1U;[G[4], g, &, 8, €] - Y
A

’ 1
e3¢"U  [H[-1], h, h, h, f, f]U;[G[4], g, &8, 8, ] - —
ol

1
e*5€heu,1[h, h, f, f, f1U1[G[2], g, 8, &, e, e] + g
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-4eh — l
2e eU.fh, h, f, f, f1U;[G[2], g, &, &, €, €]

o

1
e73€h€U—1[h: h, f, f, f1U1[G[2], g, &, &, e, e] - g

4e?“"eU[h, h, f, f, f]1U1[G[2], g, 8, 8, e, e] +

e?*¢"u_y[h, h, h, f, f, f1U,[G[2], g, &, €, €, e] -

BB R oy Rk

e2€hu_y[h, h, h, f, f, f1 U, [G[2], g, &, &, &, e] +

1
e—9€h€U71[H[_1], h, h, f, f, f1U1[G[3], g, &, &, e, e] - %

1
2e'8€h€U71[H[*1]: hJ h) 'F) -FJ -F] Ul[G[3]J gJ g) gJ eJ e] T

o

1
e’“"eU[H[-1], h, h, f, f, f]U1[G[3], g, &, 8, &, €] + —
h
4e°°"eUq[H[-1], h, h, f, f, ] U1[G[3], 8, 8, 8, e, €] -

eisehu—l[H[_l]: h) h: h: 'F) -FJ 'FJ Ul[G[BJ) g, 8,8, 6, EJ +

SR s e

eisehu—l[H[_l]: h) h: h: 'F) -FJ 'FJ Ul[G[BJ) g, 8,8, 6, EJ

The R-Matrix

Using Quesne’s formula.

Ri,j [d ] := Module[{x, y}, O]
U.i[xa »>hy, x> fTU;[TU_;[1Uj[y1>8, y2-el,
(1-e"¢)" (Bxaya)"

Ser‘ies[Exp[ﬁ X1 Y1 +i" ], {ha, 0, d}]

- k (1-ekne)
I

Ry,2[1]
U[JUa[]Us[]Ua[] +AU[]Ua[flU[]Upe] +AU,[]U[h]Ui[] Ua[8]

$TD = 1; (Rq,2[1]1 R3,4[1] // Sa // My,351 // Maas2) /. Ua[1U3[] ->1

Uo[JUa[JUs[]Ua[] +AU[]Ua[flUs[]Upe] AU 4[] U3[h]U[]U1[]U[]Ux[8] +
AU ,[1U2[h]Us[]1U[8] e " AU 4[] U3[FIUL[TU1[]U[] U[G[-1], €]

$TD = 15 S_1[Ry,2[1]] #*Ry,2[1]
U2[JUa[]Us[]Ua[] +BUL[JUg[f]Ui[] Uz2[e] ~AU[]Uq[H[-1], f] Us[] Uz[e]

Import from older versions and upgrade/verify!
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