
MatrixExpa 
0 0
1 0

.MatrixExpb 
0 1
0 0

 // MatrixForm


1 b
a 1 + a b



MatrixExpa 
0 0
1 0

.MatrixExpb 
0 1
0 0

 // MatrixLog // Simplify // MatrixForm

- 4+a b Log[4]+ a b + 4+a b  Log2+a b- a b 4+a b +- a b + 4+a b  Log2+a b+ a b 4+a b 

2 4+a b

a -Log2+a b- a b 4+a b +Log2+a b+ a b 4+a b 

b 4+a b

- 4+a b Log[4]+-

eqn = MatrixExpa 
0 0
1 0

.MatrixExpb 
0 1
0 0

 ⩵

MatrixExpβ 
0 1
0 0

.MatrixExpα 
0 0
1 0

.MatrixExpγ 
1 0
0 -1



{{1, b}, {a, 1 + a b}} ⩵ ⅇγ 1 + α β, ⅇ-γ β, ⅇγ α, ⅇ-γ

Solve[Thread[Flatten /@ eqn], {α, β, γ}]

α → a 1 + a b, β →
b

1 + a b
,

γ → ConditionalExpression2 ⅈ π C[1] + Log 1
1 + a b

, C[1] ∈ Integers

Thread[Flatten /@ eqn] /. α → a 1 + a b, β →
b

1 + a b
, γ → Log

1

1 + a b


{True, True, True, True}

ρh =

0 0 -1
0 0 0
0 0 0

;

ρe =

0 0 0
0 0 1
0 0 0

; ρl =

0 0 0
0 1 0
0 0 0

; ρf =

0 1 0
0 0 0
0 0 0

; ρ0 =

0 0 0
0 0 0
0 0 0

;

eqn2 = MatrixExp[a ρf].MatrixExp[b ρe] == MatrixExp[β ρe].MatrixExp[α ρf].MatrixExp[γ ρh]

{{1, a, a b}, {0, 1, b}, {0, 0, 1}} ⩵ {{1, α, -γ}, {0, 1, β}, {0, 0, 1}}

Solve[Thread[Flatten /@ eqn2], {α, β, γ}]

{{α → a, β → b, γ → -a b}}
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