
GroebnerBasis[

{x1 + x2, x1 x2, y1 + y2, y1 y2, x1 y2 + x2 y1},

{x1, x2, y1, y2}

]

y22, y1 + y2, x2 y2, x22, x1 + x2

eqns = 

b1 b2 t2 -1 + t12 t22
2
h[b2, b1, t2, t1]2 +

b1 + b2 -t2 b2 -1 + t12
2
t2 + b1 t13 -1 + t22

2
 + b12 t1 t2 -1 + t22 -1 + t12 t22

g11[b1, b2, t1, t2] + b22 -1 + t12 -1 + t12 t22 g11[b2, b1, t2, t1] ⩵ 0,

-b1 b2 t2 -1 + t12 t22
2
h[b2, b1, t2, t1]2 - b1 + b2

-t2 b2 -1 + t12
2
t2 + b1 t13 -1 + t22

2
 + b12 t1 t2 -1 + t22 -1 + t12 t22

g11[b1, b2, t1, t2] + b22 -1 + t12 -1 + t12 t22 g11[b2, b1, t2, t1] ⩵ 0,

b1 b2 t2 -1 + t12 t22
2
h[b1, b2, t1, t2]2 + b1 + b2

-t2 b2 -1 + t12
2
t2 + b1 t13 -1 + t22

2
 + b12 t1 t2 -1 + t22 -1 + t12 t22

g11[b1, b2, t1, t2] + b22 -1 + t12 -1 + t12 t22 g11[b2, b1, t2, t1] ⩵ 0,

-b1 b2 t2 -1 + t12 t22
2
h[b1, b2, t1, t2]2 - b1 + b2

-t2 b2 -1 + t12
2
t2 + b1 t13 -1 + t22

2
 + b12 t1 t2 -1 + t22 -1 + t12 t22

g11[b1, b2, t1, t2] + b22 -1 + t12 -1 + t12 t22 g11[b2, b1, t2, t1] ⩵ 0



b1 b2 t2 -1 + t12 t22
2
h[b2, b1, t2, t1]2 +

b1 + b2 -t2 b2 -1 + t12
2
t2 + b1 t13 -1 + t22

2
 + b12 t1 t2 -1 + t22 -1 + t12 t22

g11[b1, b2, t1, t2] + b22 -1 + t12 -1 + t12 t22 g11[b2, b1, t2, t1] ⩵ 0,

-b1 b2 t2 -1 + t12 t22
2
h[b2, b1, t2, t1]2 - b1 + b2

-t2 b2 -1 + t12
2
t2 + b1 t13 -1 + t22

2
 + b12 t1 t2 -1 + t22 -1 + t12 t22

g11[b1, b2, t1, t2] + b22 -1 + t12 -1 + t12 t22 g11[b2, b1, t2, t1] ⩵ 0,

b1 b2 t2 -1 + t12 t22
2
h[b1, b2, t1, t2]2 + b1 + b2

-t2 b2 -1 + t12
2
t2 + b1 t13 -1 + t22

2
 + b12 t1 t2 -1 + t22 -1 + t12 t22

g11[b1, b2, t1, t2] + b22 -1 + t12 -1 + t12 t22 g11[b2, b1, t2, t1] ⩵ 0,

-b1 b2 t2 -1 + t12 t22
2
h[b1, b2, t1, t2]2 - b1 + b2

-t2 b2 -1 + t12
2
t2 + b1 t13 -1 + t22

2
 + b12 t1 t2 -1 + t22 -1 + t12 t22

g11[b1, b2, t1, t2] + b22 -1 + t12 -1 + t12 t22 g11[b2, b1, t2, t1] ⩵ 0

Solveeqns⋃ eqns /. {b1 → b2, b2 → b1, t1 → t2, t2 → t1} /. h[___] ⧴ h,

{g11[b1, b2, t1, t2], g11[b2, b1, t2, t1]}



g11[b1, b2, t1, t2] → --b2 h2 t1 + b1 t12 + b2 t12 - b1 t12 t22 - b2 t12 t22 + b2 h2 t13 t22 

b1 b1 + b2 -1 + t12 t22,

g11[b2, b1, t2, t1] → --b1 h2 t2 + b1 t22 + b2 t22 - b1 t12 t22 - b2 t12 t22 + b1 h2 t12 t23 

b2 b1 + b2 -1 + t12 t22
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err = -b2
2 b3 b2 + b3 -1 + t1

2
 t2

b3 -1 + t2
2 t3

2
 u2 w1 + u1 -1 + t2

2 t3
2
+ t2 -1 + t3

2
 w1 + -1 + t2

2 t3
2
 w2 +

b2 t2 -1 + t3
2
 u1 w1 + u3 w1 + u1 w3 - t2

2 t3
2
(u3 w1 + u1 w3) +

b1
3
b2

2 t2 -1 + t3
2
 -1 + t1

2 t2
2
 u2 w3 + u3 -1 + t1

2 t2
2
 w2 + 1 + t2 -1 + t1

2 t2 w3 +

b3
2
-1 + t2

2
 -1 + t1

2 t2
2 t3

2
 u3 w2 + u2 -1 + t1

2 t2 1 + t2 t3
2
 w2 + -1 + t1

2 t2
2 t3

2
 w3 +

b2 b3 -u3 w3 - t1
2 t2

4 t3
2 u3 w3 + t2 t1

2
- t3

2
 u3 (w2 + w3) + u2 -1 + t3

2
 w2 + t1

2
- t3

2
 w3 +

t2
2
--1 + t1

2
 -1 + t3

2
 u2 (w2 + w3) + u3 --1 + t1

2
 -1 + t3

2
 w2 + 1 + t1

2 t3
2
 w3 +

t2
3
t3

2
(u2 w3 + u3 (w2 + w3)) - t1

2
u3 (w2 + w3) + u2 -1 + t3

2
 w2 + w3 +

b1 b2 b3
3
u1 1 + t1

2 t2 -1 + t2
2
 -1 + t2 t3

2
 w1 + t2 -t3

2
+ t2

2 t3
2
- t2 -1 + t3

2
 -

t1
2
-1 + t2

2
- t2 -1 + t3

2
 w2 + t2 u2 -t3

2 w1 + t2
2 t3

2
(w1 - w2) + w2 - t2 -1 + t3

2


(w1 + w2) + t1
2
--1 + t2

2
- t2 -1 + t3

2
 w1 + -1 + t2

2 t3
2
+ t2 -1 + t3

2
 w2 -

b2
3 t2 -1 + t3

2
 -1 + t1

2 t2
2
 u1 w3 + u3 -1 + t1

2 t2
2
 w1 - -1 + t1

2
 t2 w3 + b2

2 b3 t2

1 + t2 u2 -1 + t1
2 t2 -1 + t3

2
 w1 - -1 + t1

2
 -1 + t2 t3

2
 w3 + u1 -1 + t2 1 + t1

2 t2

-1 + t3
2
 w1 + 1 + t2 -1 + t1

2 t2 -1 + t3
2
 w2 + 2 -1 + t2 t1

2
- t3

2
 w3 +

u3 -w2 - t2 w2 - w3 + t2 w3 + t1
2
2 -1 + t2

2
 w1 + 1 + t2 - t2 t3

2
- t2

2 t3
2
 w2 - -1 +

t2 - t2 t3
2
+ t2

2 t3
2
 w3 + t3

2
-2 -1 + t2

2
 w1 + t2 1 + t2 w2 + -1 + t2 w3 +

b2 b3
2
u1 -1 + t2 1 + t1

2 t2 -1 + t2
2 t3

2
+ 2 t2 -1 + t3

2
 w1 +

t2 1 - 2 t3
2
+ t2

2 t3
2
- 2 t2 -1 + t3

2
 + t1

2
1 + t2

2
-2 + t3

2
 + 2 t2 -1 + t3

2
 w2 +

1 + 1 - 2 t2
2
 t3

2
+ t1

2
-2 + t2

2
1 + t3

2
 w3 +

t2 u3 1 + 1 - 2 t2
2
 t3

2
+ t1

2
-2 + t2

2
1 + t3

2
 w1 - -1 + t1

2
 t2 -1 + t3

2
 w2 +

u2 1 - 2 t3
2
+ t2

2 t3
2
- 2 t2 -1 + t3

2
 + t1

2
1 + t2

2
-2 + t3

2
 + 2 t2 -1 + t3

2
 w1 +

-1 + t1
2
 -2 + 2 t2

2 t3
2
+ t2 -1 + t3

2
 w2 - t2 -1 + t3

2
 w3 +

b1
2
-b3

3
-1 + t2

2
 -1 + t1

2 t2
2 t3

2
 u1 w2 + u2 -1 + t1

2 t2
2 t3

2
 w1 + 1 + t1

2 t2 -1 + t2 t3
2
 w2 -

b2
3 t2 -1 + t3

2
 -1 + t1

2 t2
2
 (u1 - u2) w3 +

u3 -1 + t1
2 t2

2
 w1 + 1 - t1

2 t2
2
 w2 + 1 - 2 -1 + t1

2
 t2 - t1

2 t2
2
 w3 +

b2 b3
2
t2 t3

2 u3 w1 - t2
3 t3

2 u3 w1 - u1 w2 + 2 t2
2 u1 w2 - t2

2 t3
2 u1 w2 + u3 w2 -

2 t2
2 u3 w2 + t2

2 t3
2 u3 w2 + t2 t3

2 u1 w3 - t2
3 t3

2 u1 w3 + t1
2 t2

u3 -1 + t2
2
 w1 + t2 1 + -2 + t2

2
 t3

2
 w2 - u1 t2

3 t3
2 w2 + t2 1 - 2 t3

2
 w2 + w3 - t2

2 w3 +

u2 -1 + t1
2 t2

4 t3
2
+ t2

2
-2 + t3

2
+ t1

2
1 - 2 t3

2
 w1 + 3 t2 t3

2 w2 - 3 t2
3 t3

2 w2 +

w3 - 2 t2
2 w3 + t2

2 t3
2 w3 + t1

2 t2 3 -1 + t2
2
 w2 + t2 1 + -2 + t2

2
 t3

2
 w3 -

b2
2 b3 u3 w3 + t1

2 t2
4 t3

2 u3 w3 + t2
2
--1 + t1

2
 -1 + t3

2
 u1 w2 - -1 + t1

2
 -1 + t3

2
 u2

w1 - w2 - 2 w3 + u3 2 -1 + t1
2
 -1 + t3

2
 w2 + -2 + t3

2
+ t1

2
1 - 2 t3

2
 w3 +

t2 1 + t1
2
- 2 t3

2
 u1 w3 + u2 -2 -1 + t3

2
 w2 + 1 - 2 t1

2
+ t3

2
 w3 +

u3 1 + t1
2
- 2 t3

2
 w1 - -1 + 2 t1

2
- t3

2
 (w2 + w3) +

t2
3
t3

2
u1 - 2 u2 w3 + u3 w1 - 2 (w2 + w3) + t1

2
-2 + t3

2
 u1 w3 +

u2 2 -1 + t3
2
 w2 + 1 + t3

2
 w3 + u3 -2 + t3

2
 w1 + 1 + t3

2
 (w2 + w3) 

b1 b2 b1 + b2 b3 b2 + b3 b1 + b2 + b3 -1 + t1
2 t2

2
 -1 + t2

2 t3
2
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-b2
2 b3 b2 + b3 -1 + t1

2 t2

b3 -1 + t2
2 t3

2 u2 w1 + u1 -1 + t2
2 t3

2 + t2 -1 + t3
2 w1 + -1 + t2

2 t3
2 w2 +

b2 t2 -1 + t3
2 u1 w1 + u3 w1 + u1 w3 - t2

2 t3
2 (u3 w1 + u1 w3) +

b1
3 b2

2 t2 -1 + t3
2 -1 + t1

2 t2
2 u2 w3 + u3 -1 + t1

2 t2
2 w2 + 1 + t2 -1 + t1

2 t2 w3 +

b3
2 -1 + t2

2 -1 + t1
2 t2

2 t3
2 u3 w2 + u2 -1 + t1

2 t2 1 + t2 t3
2 w2 + -1 + t1

2 t2
2 t3

2 w3 +

b2 b3 -u3 w3 - t1
2 t2

4 t3
2 u3 w3 + t2 t1

2 - t3
2 u3 (w2 + w3) + u2 -1 + t3

2 w2 + t1
2 - t3

2 w3 +

t2
2 1 - t1

2 -1 + t3
2 u2 (w2 + w3) + u3 1 - t1

2 -1 + t3
2 w2 + 1 + t1

2 t3
2 w3 +

t2
3 t3

2 (u2 w3 + u3 (w2 + w3)) - t1
2 u3 (w2 + w3) + u2 -1 + t3

2 w2 + w3 +

b1 b2 b3
3 u1 1 + t1

2 t2 -1 + t2
2 -1 + t2 t3

2 w1 + t2 -t3
2 + t2

2 t3
2 - t2 -1 + t3

2 - t1
2

-1 + t2
2 - t2 -1 + t3

2 w2 + t2 u2 -t3
2 w1 + t2

2 t3
2 (w1 - w2) + w2 -

t2 -1 + t3
2 (w1 + w2) + t1

2 1 - t2
2 + t2 -1 + t3

2 w1 + -1 + t2
2 t3

2 + t2 -1 + t3
2 w2 -

b2
3 t2 -1 + t3

2 -1 + t1
2 t2

2 u1 w3 + u3 -1 + t1
2 t2

2 w1 - -1 + t1
2 t2 w3 + b2

2 b3 t2

1 + t2 u2 -1 + t1
2 t2 -1 + t3

2 w1 - -1 + t1
2 -1 + t2 t3

2 w3 + u1 -1 + t2 1 + t1
2 t2

-1 + t3
2 w1 + 1 + t2 -1 + t1

2 t2 -1 + t3
2 w2 + 2 -1 + t2 t1

2 - t3
2 w3 +

u3 -w2 - t2 w2 - w3 + t2 w3 + t1
2 2 -1 + t2

2 w1 + 1 + t2 - t2 t3
2 - t2

2 t3
2 w2 - -1 +

t2 - t2 t3
2 + t2

2 t3
2 w3 + t3

2 -2 -1 + t2
2 w1 + t2 1 + t2 w2 + -1 + t2 w3 +

b2 b3
2 u1 -1 + t2 1 + t1

2 t2 -1 + t2
2 t3

2 + 2 t2 -1 + t3
2 w1 +

t2 1 - 2 t3
2 + t2

2 t3
2 - 2 t2 -1 + t3

2 + t1
2 1 + t2

2 -2 + t3
2 + 2 t2 -1 + t3

2

w2 + 1 + 1 - 2 t2
2 t3

2 + t1
2 -2 + t2

2 1 + t3
2 w3 +

t2 u3 1 + 1 - 2 t2
2 t3

2 + t1
2 -2 + t2

2 1 + t3
2 w1 - -1 + t1

2 t2 -1 + t3
2 w2 +

u2 1 - 2 t3
2 + t2

2 t3
2 - 2 t2 -1 + t3

2 + t1
2 1 + t2

2 -2 + t3
2 + 2 t2 -1 + t3

2

w1 + -1 + t1
2 -2 + 2 t2

2 t3
2 + t2 -1 + t3

2 w2 - t2 -1 + t3
2 w3 +

b1
2 -b3

3 -1 + t2
2 -1 + t1

2 t2
2 t3

2 u1 w2 + u2 -1 + t1
2 t2

2 t3
2 w1 + 1 + t1

2 t2 -1 + t2 t3
2 w2 -

b2
3 t2 -1 + t3

2 -1 + t1
2 t2

2 (u1 - u2) w3 +

u3 -1 + t1
2 t2

2 w1 + 1 - t1
2 t2

2 w2 + 1 - 2 -1 + t1
2 t2 - t1

2 t2
2 w3 +

b2 b3
2 t2 t3

2 u3 w1 - t2
3 t3

2 u3 w1 - u1 w2 + 2 t2
2 u1 w2 - t2

2 t3
2 u1 w2 + u3 w2 -

2 t2
2 u3 w2 + t2

2 t3
2 u3 w2 + t2 t3

2 u1 w3 - t2
3 t3

2 u1 w3 + t1
2 t2

u3 -1 + t2
2 w1 + t2 1 + -2 + t2

2 t3
2 w2 - u1 t2

3 t3
2 w2 + t2 1 - 2 t3

2 w2 + w3 - t2
2 w3 +

u2 -1 - t1
2 t2

4 t3
2 - t2

2 -2 + t3
2 + t1

2 1 - 2 t3
2 w1 + 3 t2 t3

2 w2 - 3 t2
3 t3

2 w2 + w3 -

2 t2
2 w3 + t2

2 t3
2 w3 + t1

2 t2 3 -1 + t2
2 w2 + t2 1 + -2 + t2

2 t3
2 w3 -

b2
2 b3 u3 w3 + t1

2 t2
4 t3

2 u3 w3 + t2
2 1 - t1

2 -1 + t3
2 u1 w2 - -1 + t1

2 -1 + t3
2 u2 w1 - w2 - 2 w3 +

u3 2 -1 + t1
2 -1 + t3

2 w2 + -2 + t3
2 + t1

2 1 - 2 t3
2 w3 +

t2 1 + t1
2 - 2 t3

2 u1 w3 + u2 -2 -1 + t3
2 w2 + 1 - 2 t1

2 + t3
2 w3 +

u3 1 + t1
2 - 2 t3

2 w1 - -1 + 2 t1
2 - t3

2 (w2 + w3) +

t2
3 t3

2 u1 - 2 u2 w3 + u3 w1 - 2 (w2 + w3) + t1
2 -2 + t3

2 u1 w3 + u2

2 -1 + t3
2 w2 + 1 + t3

2 w3 + u3 -2 + t3
2 w1 + 1 + t3

2 (w2 + w3) 

b1 b2 b1 + b2 b3 b2 + b3 b1 + b2 + b3 -1 + t1
2 t2

2

-1 +

t2
2 t3

2
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CoefficientRules[err, {u1, u2, u3, w1, w2, w3}] /.

(p_ → c_) ⧴ SimplifySeriesc /. ti_ ⧴ ⅇ
bi/2 /. {bi_ ⧴ ℏ bi, ui_ ⧴ ℏ ui}, {ℏ, 0, 1}


b2 2 b1 + b2 b3 ℏ

12 b1 + b2 b1 + b2 + b3
+ O[ℏ]2, -

b3 b1
2 + b1 b3 + b2 b3 ℏ

12 b1 + b2 b1 + b2 + b3
+ O[ℏ]2,

b2 -b1 + b3 ℏ

12 b1 + b2 + b3
+ O[ℏ]2, -

b3 b1
2 + b1 b3 + b2 b3 ℏ

12 b1 + b2 b1 + b2 + b3
+ O[ℏ]2,

-
b1 b2 b1 - b3 b3 ℏ

12 b1 + b2 b2 + b3 b1 + b2 + b3
+ O[ℏ]2,

b1 b3
2 + b1 b2 + b3 ℏ

12 b2 + b3 b1 + b2 + b3
+ O[ℏ]2,

b2 -b1 + b3 ℏ

12 b1 + b2 + b3
+ O[ℏ]2,

b1 b3
2 + b1 b2 + b3 ℏ

12 b2 + b3 b1 + b2 + b3
+ O[ℏ]2, -

b1 b2 b2 + 2 b3 ℏ

12 b2 + b3 b1 + b2 + b3
+ O[ℏ]2

Series

b1 b2
2 b3

2
+ b1 b2 b3

3
+ b1 b2

3 b3 t2 + b1 b2
2 b3

2 t2 - b2
3 b3

2 t2 - b2
2 b3

3 t2 + b1 b2
2 b3

2 t1
2 t2 + b2

3 b3
2 t1

2 t2 + b1 b2 b3
3 t1

2 t2 +

b2
2 b3

3 t1
2 t2 - b1 b2

3 b3 t2
2
- b2

4 b3 t2
2
- 2 b1 b2

2 b3
2 t2

2
- 2 b2

3 b3
2 t2

2
- b1 b2 b3

3 t2
2
- b2

2 b3
3 t2

2
+ b1 b2

3 b3 t1
2 t2

2
+

b2
4 b3 t1

2 t2
2
+ b1 b2

2 b3
2 t1

2 t2
2
+ 2 b2

3 b3
2 t1

2 t2
2
+ b2

2 b3
3 t1

2 t2
2
- b1 b2

3 b3 t1
2 t2

3
- 2 b1 b2

2 b3
2 t1

2 t2
3
-

b1 b2 b3
3 t1

2 t2
3
- b1 b2

3 b3 t2 t3
2
- 2 b1 b2

2 b3
2 t2 t3

2
- b1 b2 b3

3 t2 t3
2
+ b1 b2

3 b3 t2
2 t3

2
+

b2
4 b3 t2

2 t3
2
+ b1 b2

2 b3
2 t2

2 t3
2
+ 2 b2

3 b3
2 t2

2 t3
2
+ b2

2 b3
3 t2

2 t3
2
- b1 b2

3 b3 t1
2 t2

2 t3
2
- b2

4 b3 t1
2 t2

2 t3
2
-

2 b1 b2
2 b3

2 t1
2 t2

2 t3
2
- 2 b2

3 b3
2 t1

2 t2
2 t3

2
- b1 b2 b3

3 t1
2 t2

2 t3
2
- b2

2 b3
3 t1

2 t2
2 t3

2
+ b1 b2

2 b3
2 t2

3 t3
2
+

b2
3 b3

2 t2
3 t3

2
+ b1 b2 b3

3 t2
3 t3

2
+ b2

2 b3
3 t2

3 t3
2
+ b1 b2

3 b3 t1
2 t2

3 t3
2
+ b1 b2

2 b3
2 t1

2 t2
3 t3

2
- b2

3 b3
2 t1

2 t2
3 t3

2
-

b2
2 b3

3 t1
2 t2

3 t3
2
+ b1 b2

2 b3
2 t1

2 t2
4 t3

2
+ b1 b2 b3

3 t1
2 t2

4 t3
2
/. ti_ ⧴ ⅇ

α bi /. bi_ ⧴ ℏ bi, {ℏ, 0, 9}

4
3
2 α4 b1

3 b2
4 b3

2 + 3 α4 b1
2 b2

5 b3
2 + α4 b1 b2

6 b3
2 + 4 α4 b1

3 b2
3 b3

3 +

6 α4 b1
2 b2

4 b3
3 + 2 α4 b1 b2

5 b3
3 + 2 α4 b1

3 b2
2 b3

4 + 3 α4 b1
2 b2

3 b3
4 + α4 b1 b2

4 b3
4 ℏ9 + O[ℏ]10

Series
b1 c2

2
+

b2 t1 - b1 t1
2
- b2 t1

2
+ b1 t1

2 t2
2
+ b2 t1

2 t2
2
- b2 t1

3 t2
2
 u1 w1  -b1

2
- b1 b2 + b1

2 t1
2 t2

2
+ b1 b2 t1

2 t2
2
 +

-b2 + b1 t1 + b2 t1 - b1 t1 t2
2
- b2 t1 t2

2
+ b2 t1

2 t2
2
 u2 w1  -b1 b2 - b2

2
+ b1 b2 t1

2 t2
2
+ b2

2 t1
2 t2

2
 +

b1 + b2 - b1 t1 - b1 t1
2
- b2 t1

2
+ b1 t1

3 t2
2
 u1 w2  -b1

2
- b1 b2 + b1

2 t1
2 t2

2
+ b1 b2 t1

2 t2
2
 +

-b2 + b1 t1 + b2 t1 - b1 t1 t2
2
- b2 t1 t2

2
+ b2 t1

2 t2
2
 u2 w2  -b1 b2 - b2

2
+ b1 b2 t1

2 t2
2
+ b2

2 t1
2 t2

2
 /.

ti_ ⧴ ⅇ
bi/2 /. {bi_ ⧴ ℏ bi, ui_ ⧴ ℏ ui}, {ℏ, 0, 2} // Simplify

1
2
b1 c2 + u1 w2 ℏ +

1
24 b1 + b2

-2 b2
2 u1 (w1 + w2) + b1

2 3 u1 w2 + u2 (w1 + w2) + b1 b2 -u1 w1 - 2 w2 + 2 u2 (w1 + w2) ℏ2 + O[ℏ]3

1

24 b1 + b2

-2 b2
2 u1 (w1 + w2) + b1

2
3 u1 w2 + u2 (w1 + w2) + b1 b2 -u1 w1 - 2 w2 + 2 u2 (w1 + w2) ℏ

2
// Together

1
24 b1 + b2

ℏ2 -b1 b2 u1 w1 - 2 b2
2 u1 w1 + b1

2 u2 w1 +

2 b1 b2 u2 w1 + 3 b1
2 u1 w2 + 2 b1 b2 u1 w2 - 2 b2

2 u1 w2 + b1
2 u2 w2 + 2 b1 b2 u2 w2
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Series

-b1
3 b2 c2 - b1

2 b2
2 c2 + b1

3 b2 c2 t1
2 t2

2
+ b1

2 b2
2 c2 t1

2 t2
2
+ 2 h2 b2

2 t1 u1 w1 - 2 b1 b2 t1
2 u1 w1 - 2 b2

2 t1
2 u1 w1 +

2 b1 b2 t1
2 t2

2 u1 w1 + 2 b2
2 t1

2 t2
2 u1 w1 - 2 h2 b2

2 t1
3 t2

2 u1 w1 - 2 h2 b1 b2 u2 w1 + 2 b1
2 t1 u2 w1 +

2 b1 b2 t1 u2 w1 - 2 b1
2 t1 t2

2 u2 w1 - 2 b1 b2 t1 t2
2 u2 w1 + 2 h2 b1 b2 t1

2 t2
2 u2 w1 + 2 b1 b2 u1 w2 +

2 b2
2 u1 w2 - 2 h2 b1 b2 t1 u1 w2 - 2 b1 b2 t1

2 u1 w2 - 2 b2
2 t1

2 u1 w2 + 2 h2 b1 b2 t1
3 t2

2 u1 w2 -

2 b1
2 u2 w2 + 2 h2 b1

2 u2 w2 - 2 b1 b2 u2 w2 + 2 b1
2 t1 u2 w2 + 2 b1 b2 t1 u2 w2 - 2 b1

2 t1 t2
2 u2 w2 -

2 b1 b2 t1 t2
2 u2 w2 + 2 b1

2 t1
2 t2

2 u2 w2 - 2 h2 b1
2 t1

2 t2
2 u2 w2 + 2 b1 b2 t1

2 t2
2 u2 w2 

-2 b1
2 b2 - 2 b1 b2

2
+ 2 b1

2 b2 t1
2 t2

2
+ 2 b1 b2

2 t1
2 t2

2
 /.

h → Sumhj,d-j b1
j b2

d-j, {d, 0, 3}, {j, 0, d} /. ti_ ⧴ ⅇ
bi/2 /.

{bi_ ⧴ ℏ bi, ui_ ⧴ ℏ ui} /. {h0,0 → 1}, {ℏ, 0, 1} // Simplify

1
2 b1 b2 b1 + b2

-4 b2
3 u1 w1 h0,1 + b1

3 b2 c2 - 4 u2 w2 h1,0 + b1 b2
2 4 u2 w1 h0,1 + u1 w2 1 + 4 h0,1 - 4 w1 h1,0 +

b1
2 b2 b2 c2 + u1 w2 1 + 4 h1,0 + 4 u2 -w2 h0,1 + w1 h1,0 ℏ + O[ℏ]2
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