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(161121b) Control alt-∆!
(161121a) Roland’s 1-co middle c data, from People/

VanDerVeen/1CoMidCStraight10.nb. At {ω, L,Q, P} →

O
(
ω−1eL+Q/ω(1 + εω−4P) : acw

)
, verified at People/

VanDerVeen/ NewVdVAlgebraAt17.nb:

(161112b) Roland’s qg0 at genus0co.nb: a = ζu, ∆ jk(a) = a j + t jak,
S (A) = −t−1a. Q. How does ∆qg0 relates to ∆g0? Is KV(g0) more
than a projection of KV(FL)? Due to eb1c2?
(161112a) With ζ = t−1

b , an algebra isomorphism qg1 → g1 via
a 7→ ζu, ε 7→ − 2ζ

t+1ε? Roland on 161118: all simplicity advan-
tages in his model arise from the ζ-rescaling and the cuw→ acw
PBW change.
(161110) Roland’s qg1 at NewVdVAlgebraAt16.nb: [c, u] = u,
[c,w] = −w, [u,w] = (t − 1) − εuw + 2εtc, ∆ jk(b, c, u,w) =

(b j + bk, c j + ck, tkeεck u j + uk, eεck w j + wk), S (b, c, u,w) =

(−b,−c,−t−1ue−εc,−we−εc). Then a B ue−εc so [c, a] = a,
[a,w] = (t − 1) + ε(t + 1)c, ∆ jk(a) = tka j + ake−εc j , S (a) =

−t−1(aeεc + εa).
(160920) Roland’s sg1: [w, c] = w, [u, c] = −u, [w, u] = eεc (s for
September).

1-Smidgen sl2 Let g1 be the 4-dimensional Lie algebra g1 =

〈b, c, u,w〉 over the ring R = Q[ε]/(ε2 = 0), with b central
and with [w, c] = w, [c, u] = u, and [u,w] = b − 2εc, with CYBE
ri j = (bi − εci)c j + uiw j in U(g1)⊗{i, j}. Over Q, g1 is a
solvable approximation of sl2: g1 ⊃ 〈b, u,w, εb, εc, εu, εw〉 ⊃
〈b, εb, εc, εu, εw〉 ⊃ 0. (note: deg(b, c, u,w, ε) = (1, 0, 1, 0, 1))

0-Smidgen sl2. Let g0 be g1 at ε = 0, or Q〈b, c, u,w〉/([b, ·] =

0, [c, u] = u, [c,w] = −w, [u,w] = b with ri j = bic j + uiw j. It is
b∗ o b where b is the 2D Lie algebra Q〈c,w〉 and (b, u) is the dual
basis of (c,w).
How did these arise? sl2 = b+ ⊕ b−/h C sl+2 /h, where b+ =

〈c,w〉/[w, c] = w is a Lie bialgebra with δ : b+ → b+ ⊗ b+ by
δ : (c,w) 7→ (0, c ∧ w). Going back, sl+2 = D(b+) = (b+)∗ ⊕ b+ =

〈b, u, c,w〉/ · · · . Idea. Replace δ → εδ over Q[ε]/(εk+1 = 0). At
k = 0, get g0. At k = 1, get [w, c] = w, [w, b′] = −εw, [c, u] = u,
[b′, u] = −εu, [b′, c] = 0, and [u,w] = b′ − εc. Now note that
b′ + εc is central, so switch to b B b′ + εc. This is g1.

Lemma. Ri j =ebic j+uiw j =O
(
exp

(
bic j + ebi−1

bi
uiw j

)
|i : ui, j : c jw j

)
.

The Big g0 Lemma. With [c, u] = u, [c,w] = −w, [u,w] = b,

1. O(eγc+βu|uc) = O(eγc+e−γβu|cu), meaning eβueγc = eγcee−γβu.
Proof. u · γc = γ · (cu − u) . . .

2. O(eγc+αw|wc) = O(eγc+eγαw|cw)

3. O(eαw+βu|wu) = O(e−bαβ+αw+βu|uw)

4. O(eδuw|wu)eβu = eνβuO(eδuw|wu), with ν = (1 + bδ)−1

(a. expand and crunch. b. use w = bx̂, u = ∂x. c. use “scatter and glow”.)

5. O(eδuw|wu) = O(νeνδuw|uw)

6. O(eβu+αw+δuw|wu) = O(νe−bναβ+ναw+νβu+νδuw|uw)

The Big g1 Lemma.
O

(
eαw+βu+δuw|wu

)
= O

(
ν(1 + ενΛ)eν(−bαβ+αw+βu+δuw)|cuw

)
Here Λ is for Λόγος, “a principle of order and knowledge”, a
balanced quartic in α, β, c, u, and w:

Λ = − bν
(
ν2α2β2 + 4δναβ + 2δ2

)
/2 − δν3(3bδ + 2)β2u2/2

− bδ4ν3u2w2/2 − δ2ν3(2bδ + 1)βu2w
− ν2(2bδ + 1)(ναβ + 2δ)βu − 2bδ2ν2(ναβ + δ)uw
+ δν3(bδ + 2)α2w2/2 + 2(ναβ + δ)c + 2δνβcu + 2δ2νcuw
+ 2δναcw + δ2ν3αuw2 + ν2(ναβ + 2δ)αw.

(160801a) Roland’s smqsl(2) formulas, BBS:VanDerVeen-160731,
with q = eε , t = eb: b central, [w, c] = w, [c, u] = u,
wu − quw = 1 − te2εc (at ε2 = 0: [w, u] = εuw + 1 − t −
2εtc), R =

∑
m,n

un(b+εc)m⊗cmwn

m![n]q! →
∑

m,n
un(b+εc)m⊗cmwn

m!n!

(
1 − ε

2

(
n
2

))
.

Also, ∆(b, c, u,w) = (b1 + b2, c1 + c2, t2eεc2u1 + u2, eεc2w1 +

w2) and S (b, c, u,w) = (−b,−c,−t−1ue−εc,−we−εc). Verified
VdVAlgebraAt1-Testing.nb.
(160801b) sm0sl(2) formulas, t = eb: b central, [w, c] = w,
[c, u] = u, wu − uw = 1 − t, R =

∑
m,n

unbm⊗cmwn

m!n! (verified
VdVAlgebraAt0.nb). Also, ∆(b, c, u,w) = (b1+b2, c1+c2, t2u1+

u2,w1 + w2) and S (b, c, u,w) = (−b,−c,−t−1u,−w) (unverified).
(160730) Lessons from Roland: • There is an additional grading, with
ht(b, c, u,w) = (0, 0, 1,−1). • Rescale u → b

eb−1 u. • A simple R-
matrix for 1-co.
(160628) Figure out duality in g1!
(160622b) ad(−a12) = {c1 7→ u1w2, c2 7→ −u1w2,

u1 7→ εu1c2, u2 7→ −(b1 − εc1)u2 + (b2 − 2εc2)u1,
w1 7→ −b1w2 − εw1c2 + 2εc1w2, w2 7→ (b1 − εc1)w2}.

Claim. Over Q~ε, bi� the following generate a sub-Lie algebra,
sub-meta-monoid, and contains the ai j’s:

{1, ci, ui,wi, uiw j} and
ε{cic j, ciu j, ciw j, ciu jwk, uiu jwk, uiw jwk, uiu jwkwl}

(160621) 1-co low algebra (ε2 = 0): a12 = I = b1c2 + u1w2 ∈ b
∗
ε ⊗ bε

[w, c] = w [b, u] = −εu δc = 0 δw = ε(c ∧ w)
[b, c] = 0 [b,w] = εw [c, u] = u [u,w] = b − εc

(verification in pensieve://2016-06)
Also, ad(−a12) = {u1 7→ εu1c2, u2 7→ −b1u2+b2u1−εu1c2, b1 7→

−εu1w2, b2 7→ εu1w2, w1 7→ −b1w2 − εw1c2 + εc1w2, w2 7→

b1w2, c1 7→ u1w2, c2 7→ −u1w2}.

Recycling.
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