Abstrant. The value of things is inversely correlated with their
computational complexity. “Real time” machines, such as our
brains, mostly run linear time algorithms, and there’s still a lot we
z|don’t know. Anything we learn about things doable in linear time
is truly valuable. Polynomial time we can in-practice run, even if we have to
wait; these things are still valuable. Exponential time we can play with, but just
a little, and exponential things must be beautiful or philosophically compelling
to deserve attention. Values further diminish and the aesthetic-or-philosophical
bar further rises as we go further slower, or un-computable, or ZFC-style intrin-
sically infinite, or large-cardinalish, or beyond.

[ will explain some things I know about polynomial time knot polynomials and
explain where there’s more, within reach.
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Meta-Associativity Q11 @1z %13 €1 Runs,
Oz1 Oz Oz3 63
§=r[wl {tlr t2, t3, tS}' Q31 O3y O3z O3 '{hllh2lh3l hS}];

=
I

b1 b2 @3
(8//mips1 // mizs1) == (8 // ma355 // miz,1)

_____ y R3
{Rms; Rmgy Rpsy // Miasy1 // mas,p // m3ess,

Rpg; Rmyg Rmzs // Mg,y // Mps,o // mag,3}

. divide and conquer!

'//*W

(v-)Tangles. | | L | | 1 h, hs 1
T T
—_n = |n|] — 4An-n 2 0 0 b 0
\x / ) N 2 2
/ \ | | | | { t2 1+Tp 1 0 ’ t2 1+Tp 1
ib j c *2 '3 T2 T3
( | — : ma® : (meta-associativity: ty - % % 1 ty - ’1T+2T3 ’1T+3T3
— e —— = N ab XC _ b X\ = = — — = = S — — D2 o L m o e mm — DA D m L m - - o
G 3 T i T i n oyt = o) 2 = Rmyp 1 Rmy7 Rmgs Rmy 13 RPyg, 5 RPg,13 RP14,9 RP10,157
Do[z = /]l my,1, {k, 2, 16}];
5 A L Ly [z=z 1515 { }
Why Tangles? i o=— i o i R
o Finitely presented. | 1 111 T i1 UL e e 1_%_“,_]
e Divide and conquer computations. UeT, 1eA, Sy 1
o “Alg. Knot Theory”: If K is ribbon, 7, w7
2K) € {k(0): T(0) = 1}. Ton N — ﬂzn\ Closed Components. The Halacheva meta-trace tr. satisfies
. K K b _ b . .
(Genus and crossing number ibbon K € 7 £ € Ay méJtr, = m2*/tr, and computes the MVA for all links in the

atlas, but its domain is not understood:

are also definable properties). Faster is better, leaner is meaner! wle s
Theorem 1. 3! an invariant zp: {pure framed S-component cla 6 tre Hw | S ! 2
tangles} — To(S) = R X Msxs(R), where R = Rs = Z(Ta)aes) S| g |y 5 w=l-a S | E+yb/u
the ring of rational functions in S variables, intertwining e P, 211 o= voduta] s, &, ¥, 5, () Halacheva
w w S S c_ s A_ 1= lodule a, v v \\\ ’//
wi |S] wy |Sz U 122 | L 2 (v 2 =(a:;h,,,;/\ 6';1)/ (£]B)c~0; ) /\C\/\/
Sl|A1’ 52|A2 31 ‘Al 0 [w(l-a), E+¥ %6/ (1-a)] // TColl ] / b \/\K/\
S2 0 AZ (& //mMizsy /7 try) = (8 // M1y // trs) 7: trivial L) example
k: ribbon
wla b S _—
mab ((pw c S ) - : -
ala p 0 c ¢ [7+adlp e+oin Weaknesses. ® m® and tr, are non-linear. e The product wA is
bly o6 € T T - T, always Laurent, but my current proof takes induction with expo-
= 2 S |¢+ay/p E+ybu . - : ;
S| ¥ =2 -B nentially many conditions. e I still don’t understand tr., “unita-
20 1 1 | a b - rity” the algebra for ribbon knots. Where does it come from?
and satisfying (la, PZITEPN ) -1 @ 1 1-T; v-Tangles. 2 Xl m(
b|0 T > 7 \) 7
<

In Addition e The matrix part is just a stitching
fformula for Burau/Gassner [LD, KLW, CT].
e K — w is Alexander, mod units.

IMVA, mod units.

e The fastest Alexander algorithm I know.

e There are also formulas for strand deletion, S :
. M. Polyak & T. Ohtsuki

reversal, and doubling. @ Heian Shrine, Kyoto

e Every step along the computation is the invariant of something.

e Extends to and more naturally defined on v/w-tangles.

e Fits in one column, including propaganda & implementation.

S VG
< >Qﬁ§”|i}{i}{j

(/)51 R0

=CA

» Let I := (<=X). Then A* := [] I"/I"*" =“universal U(Dg)®* =

(Also THX)

/- =YY

oAy

Fine print: No sources no sinks, AS vertices, internally acyclic, deg = (#vertices)/2.

ILikely Theorem. [EK, En] There exists a homomorphic expan-

Implementation key idea:

_ T /2 Tlw1, 217 T(w2_7 227 *=Tlwi*wz, 21+22]; ~— ~ ~
(('L)’Iq_((yolb))(_> b [Tlo_, A.1] := Modul 5,6 =
| a_b_ac_ /., A_1] := Module|{a, B, ¥, 6,6, ¢, ¢, ¥, &, u},
((l.),/l = Z aabtahb) | a B 6 Oc,m, A Oeyny A Or, A
________________ 1 [r 6 €| =]0kn,A Otm, A O, A /. (t|h),,=0;
frcollect[r[w_, A_]] := T[Simplify[s], ¢ ¥ = O, A On, A 2

Collect[, h_, Collect[#, t_, Factor] &]];

|
| Yy+ad/u e+é6/u
Format[T[s_, 2]] := Module[(s, M}, | I‘[(u 1-B) @, {te, 1}. (¢+O<W/u E+ws/u)‘(h“1)]
S = UnioneCases([T[«, 2], (h|t), » a, ®]; |
M = Outer[Factor[dn,,,, 2] & S, s]; | /o {Ta> Ty Tp>Te} // I‘c:;llect];
M = Prepend[M, t. & /@ S] // Transpose; U 11-Ta) 0wl
M = Prepend[M, Prepend[h. & /@ S, »]]; RPar : [ T tb)'(o T, )'( o b)]'
M // MatrixForm]; Rm., :=Rp, /. T.>1/T.;

sion (universal finite type invariant) Z: VI — A".

Too hard! Let’s look for “meta-monoid” quotlents
The w Quotient

w0 X

A = UFLS ) =< CW(S)) ;

(issues suppressed)
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Theorem 2 [BND]. 3! a homomorphic expansion, aka a ho-
momorphic universal finite type invariant Z" of pure w-tangles.
2" = log Z" takes values in FL(S )5 x CW(S).

meta-monoid is a functor M : (finitesets, ~ -~~~ "~~~ """~ 7~
injections)—(sets) (think “M(S) is quantum G5”,for G a group)

z is computable. z of the Borromean tangle, to degree 5 [BN]:

T T ()

+ cyclic colour
permutations,
for trees

1
iz
1

(I have a fancy free-Lie calculator!) (wef/FLD) Nice, but too hard!

|

=

‘hs—o:h:ﬁ

along with natural operations *: M(S1) X M(S;) = M(S1U1S>7)
whenever S1 NS, = 0 and mﬁb: M(S) — M((S \{a,b}) U{c}))
whenevera # b € S and ¢ ¢ S \{a, b}, such that
meta-associativity: m® [y = mb)) my
meta-locality: m® //m?e = m?e//m‘jb
and, with ¢, = M(S — S U {b}),
meta-unit:  e,/m® = Id = &,/m>°.

[Claim. Pure virtual tangles AT form a meta-monoid.

Theorem. S + I'h(S) is a meta-monoid and zo: AT — I is a
morphism of meta-monoids.

Theorem. There exists an extension of I’y to a bigger meta-
monoid I'p1(S) = ['o(S) x I'1(S), along with an extension of zg
to zo1: PT — F()l, with

the 2D non-Abelian Lie alge-
bra and after some changes-of-
variable, 7" reduces to z.

Proposition [BN]. Modulo all re- \ / é g

[u,v]

[S)=Rs@VaeVZ?a VP eSS (V)®  (with V = Rs(S)).
Furthermore, upon reducing to a single variable everything is
polynomial size and polynomial time.

Furthermore, I'g; is given using a “meta-2-cocycle p® over I'y:

In addition to m%® — m@, there are Rg-linear m¢’: I'\(S U

lations that universally hold for
b,v

b,u

Back to v — the 2D “Jones Quotient”. |
@ A =
) R
= v — —
\L ® ﬂ\ © A . @ V. Jones
Contains the Jones and T pe ...yet
Alexander polynomials, swinging still too hard!

—ia, b)) — I'|(S U{c}), a meta-right-action a®’: T'|(S) x [((S) —
' ['1(S) Rg-linear in the first variable, and a first order differential
operator (over Ry) p‘jb: I'o(S U{a,b}) — I'1(S U{c}) such that

(o L0 = (Zome. (1. Qo) fmSE + Zo/fp)
‘What’s done? The braid part, with still-ugly formulas.
'What’s missing? A lot of concept- and detail-sensitive work tow-

The OneCo Quotient. Likely related to [ADO]

VAV

¢ ﬂ\ = 0, only one co-bracket is allowed.

Everything should work, and everything is being worked!
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ein)

/A bit about ribbon knots. A “ribbon knot” is a knot that can be

a ribbon singularity a clasp singularity

presented as the boundary of a disk that has “ribbon singulari-
ties”, but no “clasp singularities”. A “slice knot” is a knot in
S3 = 0B* which is the boundary of a non-singular disk in B*.
Every ribbon knots is clearly slice, yet,

Conjecture. Some slice knots are not ribbon.

Fox-Milnor. The Alexander polynomial of a ribbon knot is alw-
ays of the form A(7) = f(¢)f(1/1). (also for slice)

be ribbon (48 crossings).

[GST]: aslice knot that might not

Comment. Math. Helv. 67 (1992) 306-315.
I I’'m slow and feeble-minded.

* “God created the knots, all else in
| topology is the work of mortals.”

Leopold Kronecker (modified) www.katlas. org -
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The Most Important Missing Infrastructure Project in Knot Theory
January-23-12 10:12 AM

An "infrastructure project" is hard (and sometimes non-glorious) work that's done now and pays
off later.

An example, and the most important one within knot theory, is the tabulation of knots up to 10

crossings. | think it precedes Rolfsen, yet the result is often called "the Rolfsen Table of Knots", as

it is famously printed as an appendix to the famous book by Rolfsen. There is no doubt the

production of the Rolfsen table was hard and non-glorious. Yet its impact was and is (KnotFlot image)
tremendous. Every new thought in knot theory is tested against the Rolfsen table, and it is hard
to find a paper in knot theory that doesn't refer to the Rolfsen table in one way or another.

A second example is the Hoste-Thistlethwaite tabulation of knots with up to 17 crossings.
Perhaps more fun to do as the real hard work was delegated to a machine, yet hard it certainly \

9 42 is Alexander Stoimenow's favourite

was: a proof is in the fact that nobody so far had tried to replicate their work, not even to a
smaller crossing number. Yet again, it is hard to overestimate the value of that project: in many

ways the Rolfsen table is "not yet generic", and many phenomena that appear to be rare when /}/
looking at the Rolfsen table become the rule when the view is expanded. Likewise, other
phenomena only appear for the first time when looking at higher crossing numbers. /

K11n150

But as | like to say, knots are the wrong object to study in knot theory. Let me quote (with some
variation) my own (with Dancso) "WKQO" paper: (Knotsceps image)

Studying knots on their own is the parallel of studying cakes and pastries as they come out of
the bakery - we sure want to make them our own, but the theory of desserts is more about
the ingredients and how they are put together than about the end products. In algebraic
knot theory this reflects through the fact that knots are not finitely generated in any sense
(hence they must be made of some more basic ingredients), and through the fact that there
are very few operations defined on knots (connected sums and satellite operations being the
main exceptions), and thus most interesting properties of knots are transcendental, or non-
algebraic, when viewed from within the algebra of knots and operations on knots (see [AKT-
CFA]).

The right objects for study in knot theory are thus the ingredients that make up knots and
that permit a richer algebraic structure. These are braids (which are already well-studied and
tabulated) and even more so tangles and tangled graphs.

The interchange of 1-95 and 1-695,
northeast of Baltimore. (more)

Thus in my mind the most important missing infrastructure project in knot theory is the
tabulation of tangles to as high a crossing number as practical. This will enable a great amount

of testing and experimentation for which the grounds are now still missing. The existence of such C@ 4 Q@_> - @

a tabulation will greatly impact the direction of knot theory, as many tangle theories and issues

-
C

that are now ignored for the lack of scope, will suddenly become alive and relevant. The overall From [AKT-CFA]
influence of such a tabulation, if done right, will be comparable to the influence of the Rolfsen L s I SR UL Y
table. B -

. 2

¥

Aside. What are tangles? Are they embedded in a disk? A ball? Do they have an "up side" and a "down side"?
Are the strands oriented? Do we mod out by some symmetries or figure out the action of some symmetries? § 5 o

Shouldn't we also calculate the affect of various tangle operations (strand doubling and deletion, juxtapositions, i \ | p—
etc.)? Shouldn't we also enumerate virtual tangles? w-tangles? Tangled graphs?

i i
,

q9% Scan Mod
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In my mind it would be better to leave these questions to the tabulator. Anything is better than nothing, yet
good tabulators would try to tabulate the more general things from which the more special ones can be sieved From [FastKh]
relatively easily, and would see that their programs already contain all that would be easy to implement within s s
their frameworks. Counting legs is easy and can be left to the end user. Determining symmetries is better done
along with the enumeration itself, and so it should.

= AL

An even better tabulation should come with a modern front-end - a set of programs for basic Py ) ~

manipulations of tangles, and a web-based "tangle atlas" for an even easier access. N e o ST
The Kot «Itlas

Overall this would be a major project, well worthy of your time. http://katlas.org/

(Source: http://drorbn.net/AcademicPensieve/2012-01/)
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