
Pensieve header: Solving the zipper equations; continued pensieve://2015-10/.

Done:

◼ The u-involution ui on Γ-calculus: implement, verify invariance of θ, verify homomorphicity.

To do:

◼ The twist equation.

◼ The associator equations.

◼ The noose equation.

SetDirectory["C:\\drorbn\\AcademicPensieve\\2015-09"];

<< "../Projects/MetaCalculi/MetaCalculi.m"

MetaCalculi` loading...

Ti_ := ⅇ
bi;

bConjugate[expr_] := expr /. bi_ ⧴ -bi;

bSimplify[expr_] :=

Assuming[b1 > 0 b2 > 0 b3 > 0 bi > 0 bj > 0, Simplify[PowerExpand[expr]]];

ΓSimp = bSimplify;

The u-involution ui on Γ-calculus: implement, verify invariance of θ, verify homomorphicity.

ui[Γ[ω_, σ_, λ_]] := Module[{S = dL[Γ[ω, σ , λ]], A},

A = Outer[(∂t#1h#2
λ) &, S, S];

Γ[

bConjugate[Det[A] * ω / Product[∂hiσ , {i, S}]],

σ ,

(h# / b# & /@ S).Inverse[bConjugate[A]].(t# b# & /@ S)

] // ΓSimp

];

{Xp[1, 2] // Γ, Xp[1, 2] // Γ // ui}



1 s1 s2
s1 1 1 - ⅇb1

s2 0 ⅇb1

Γ 1 ⅇb1

,

1 s1 s2
s1 1 0

s2 -
(-1+ⅇb1) b2

b1
ⅇb1

Γ 1 ⅇb1
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t1 = Θ[1, 2] // Γ, t2 = Θ[1, 2] // Γ // ui,

t1 ⩵ t2 // bSimplify, Θ[1, 2] // Γ@A // Eigenvalues



1 s1 s2

s1
b1+ⅇ

1

2
(b1+b2) b2

b1+b2
-

-1+ⅇ
1

2
(b1+b2) b1

b1+b2

s2 -

-1+ⅇ
1

2
(b1+b2) b2

b1+b2
ⅇ

1

2
(b1+b2) b1+b2
b1+b2

Γ ⅇb2 ⅇb1

,

1 s1 s2

s1
b1+ⅇ

1

2
(b1+b2) b2

b1+b2

1-ⅇ
1

2
(b1+b2) b1

b1+b2

s2
1-ⅇ

1

2
(b1+b2) b2

b1+b2
ⅇ

1

2
(b1+b2) b1+b2
b1+b2

Γ ⅇ
b2
2 ⅇ

b1
2

, True, 1, ⅇ
b1
2
+
b2
2 

n = 3; γ0 = Γω[b1, b2, b3], 

i=1

n
hi 

j=1

n
Tjσ10 i+j, 

i=1

n



j=1

n
ti hj α10 i+j[b1, b2, b3] // bSimplify



ω[b1, b2, b3] s1 s2 s3
s1 α11[b1, b2, b3] α12[b1, b2, b3] α13[b1, b2, b3]
s2 α21[b1, b2, b3] α22[b1, b2, b3] α23[b1, b2, b3]
s3 α31[b1, b2, b3] α32[b1, b2, b3] α33[b1, b2, b3]
Γ ⅇb1 σ11+b2 σ12+b3 σ13 ⅇb1 σ21+b2 σ22+b3 σ23 ⅇb1 σ31+b2 σ32+b3 σ33



{t1 = γ0 // dm[1, 2, 1] // ui,

t2 = γ0 // ui // dm[1, 2, 1], t1 ⩵ t2 // Simplify} // ColumnForm

-ⅇb1 (σ11+σ12+σ21+σ22+σ31+σ32)+b3 (σ13+σ23+σ33) ω[-b1, -b1, -b3] (α23[-b1, -b1, -b3] (-(-1 + α12[-b1, -b1

ⅇb1 (σ11+σ12+σ21+σ22+σ31+σ32)+b3 (σ13+σ23+σ33) ω[-b1, -b1, -b3] (α23[-b1, -b1, -b3] ((-1 + α12[-b1, -b1, -

True

{t1 = γ0 // dS[1] // ui, t2 = γ0 // ui // dS[1], t1 ⩵ t2 // bSimplify} // ColumnForm

-ⅇ-b1 (σ21+σ31)+b2 (σ22+σ32)+b3 (σ23+σ33) ω[b1, -b2, -b3] (α23[b1, -b2, -b3] α32[b1, -b2, -b3] - α22[b1, -

s1

s2

s3

Γ

-ⅇ-b1 (σ21+σ31)+b2 (σ22+σ32)+b3 (σ23+σ33) ω[b1, -b2, -b3] (α23[b1, -b2, -b3] α32[b1, -b2, -b3] - α22[b1, -

s1

s2

s3

Γ

True
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The twist equation.

Υ0 = Γ[Vi] // bSimplify

((-1+ⅇb1+b2) b1 b2)1/4

((-1+ⅇb1) (-1+ⅇb2) (b1+b2))1/4
s1 s2

s1
ⅇb2-ⅇb1+b2-ⅇ

-
b1

2
-1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b2

b1 (b1+b2)

1-ⅇb1+b2

ⅇb2-ⅇb1+b2+ⅇ
-
b1

2
-1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b1

b2 (b1+b2)

1-ⅇb1+b2

s2
1-ⅇb2+ⅇ

-
b1

2
-1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b2

b1 (b1+b2)

1-ⅇb1+b2
-

-1+ⅇb2+ⅇ
-
b1

2
-1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b1

b2 (b1+b2)

1-ⅇb1+b2

Γ 1 ⅇ
-
b1
2

SeriesPowerExpand
-1 + ⅇb1 -1 + ⅇb2 -1 + ⅇb1+b2 b2

b1 (b1 + b2)
/. bi_ ⧴ ℏ bi, {ℏ, 0, 5}

b2 ℏ +
1

2
b2 (b1 + b2) ℏ2 +

1

24
b2 4 b12 + 7 b1 b2 + 4 b22 ℏ3 +

1

48
b2 2 b13 + 5 b12 b2 + 5 b1 b22 + 2 b23 ℏ4 +

b2 16 b14 + 52 b13 b2 + 73 b12 b22 + 52 b1 b23 + 16 b24 ℏ5

1920
+ O[ℏ]6

SeriesPowerExpand -1 + ⅇ
b1 -1 + ⅇ

b2 -1 + ⅇ
b1+b2 /. bi_ ⧴ ℏ bi, {ℏ, 0, 5}

b1 b2 b1 + b2 ℏ3/2 +
1

2
b13/2 b2 b1 + b2 + b1 b23/2 b1 + b2  ℏ5/2 +

1

24
4 b15/2 b2 b1 + b2 + 7 b13/2 b23/2 b1 + b2 + 4 b1 b25/2 b1 + b2  ℏ7/2 +

1

48
2 b17/2 b2 b1 + b2 + 5 b15/2 b23/2 b1 + b2 + 5 b13/2 b25/2 b1 + b2 + 2 b1 b27/2 b1 + b2  ℏ9/2 +

O[ℏ]11/2

Υ0 ** Υ0 // dA[1, 2]

1 s1 s2
s1 1 0
s2 0 1
Γ 1 1

θ0 = Υ0 ** Xp[1, 2] // Γ ** Υ0 // dS[1, 2] // dσ[1 → 2, 2 → 1]

1

s1

ⅇ-b1 -

ⅈ ⅇ
-
b2

2 -1+ⅇb1+ⅇ

b1

2
-1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b2

b1 b1+b2
ⅇ

b1

2 -1+ⅇb1 -1+ⅇb2 -1+ⅇb

-1+ⅇ-b1-b2 -1+ⅇb2

s2

ⅇ
-
b1

2

-1+ⅇb1+ⅇ

b1

2
-1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b2

b1 b1+b2
ⅇ

b1

2 -1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b1--1+ⅇb2 b1 b2 (b1+b2)

-1+ⅇb2 -1+ⅇb1+b232
-

ⅈ ⅇ

3 b1

2
-
b2

2 1-ⅇb2+ⅇ
-
b1

2
-1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2

b1 b1+b2

Γ
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Υ0 ** Xp[1, 2] // Γ ** Υ0 // dS[1, 2]

((-1+ⅇb1+b2) b1 b2)1/4 
-1+ⅇb1 -1+ⅇb2 (b1+b2)

-1+ⅇb1+b2 b1 b2


1/4

((-1+ⅇb1) (-1+ⅇb2) (b1+b2))1/4

s1

ⅇ-b2

1-ⅇb2+ⅇ
-
b1

2
-1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b2

b1 b1+b2
-ⅇ

b1

2 -1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b1+-1+ⅇb1 b1 b2 (

-1+ⅇ-b1-b2 1-ⅇb1+b2

s2

ⅇ-b2 1-ⅇb2+ⅇ
-
b1

2
-1

Γ

Υ0 ** Xp[1, 2] // Γ ** Υ0 // dA[1, 2]

1

s1

-

ⅇ

b1

2 -ⅇ

b1

2 +ⅇ

b1

2
+b2

-

-1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b2

b1 b1+b2
- -1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b1+ⅇ

b1

2
+b2

-1+ⅇb1 b1 b2 (b1+b2)

-1+ⅇb1+b232
+

-1+ⅇb1+ⅇ

b1

2
-1+ⅇb1 -1+ⅇb2 -1+ⅇb1+b2 b2

b1 b1+b2

(-1+ⅇb1)

s2 -

(-1+ⅇb1) b2 (-1+ⅇb1) (-1+ⅇb2) (-1

(-1+ⅇb2)

Γ

Dror Bar-Natan: Academic Pensieve: 2015-09: ZipperEquations.nb 2015-10-07 12:34:06

http://drorbn.net/AcademicPensieve/2015-09/#MathematicaNotebooks



1

-1 + ⅇb1 -1 + ⅇb2 (b1 + b2)

- ⅇ
b1

2 -ⅇ
b1

2 + ⅇ
b1

2
+b2

-
-1 + ⅇb1 -1 + ⅇb2 -1 + ⅇb1+b2 b2

b1 (b1 + b2)

- -1 + ⅇ
b1 -1 + ⅇ

b2 -1 + ⅇ
b1+b2 b1 + ⅇ

b1

2
+b2

-1 + ⅇ
b1 b1 b2 (b1 + b2) 

-1 + ⅇ
b1+b2

3/2
+ -1 + ⅇ

b1 + ⅇ
b1

2

-1 + ⅇb1 -1 + ⅇb2 -1 + ⅇb1+b2 b2

b1 (b1 + b2)

ⅇ
b1+b2 -1 + ⅇ

b1 -1 + ⅇ
b2 b12 -1 + ⅇ

b1+b2 b2 +

-1 + ⅇ
b1 -1 + ⅇ

b2 b1 -1 + ⅇ
b1+b2 b2 -1 + ⅇ

b1+b2 + ⅇ
b1+b2 b2 + ⅇ

b1

2 -1 + ⅇ
b1+b2

-1 + ⅇ
b1 -1 + ⅇ

b2 b1 (b1 + b2) ⅇ
b2 -1 + ⅇ

b1 b1 + -1 + ⅇ
b2 b2 

-1 + ⅇ
b1+b2

2
-1 + ⅇ

b1 -1 + ⅇ
b2 -1 + ⅇ

b1+b2 b2 - ⅇ
b1

2
+b2 b1 (b1 + b2) +

ⅇ
3 b1

2
+b2 b1 (b1 + b2) // FullSimplify
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1

-1 + ⅇb1 -1 + ⅇb2 (b1 + b2)
ⅇ

b1
2 -ⅇ

b1
2 -1 + ⅇb2 +

-1 + ⅇb1 -1 + ⅇb2 -1 + ⅇb1+b2 b2

b1 (b1 + b2)

- -1 + ⅇb1 -1 + ⅇb2 -1 + ⅇb1+b2 b1 + ⅇ
b1
2
+b2 -1 + ⅇb1 b1 b2 (b1 + b2)  

-1 + ⅇb1+b2
3/2

+ -1 + ⅇb1 + ⅇ
b1
2

-1 + ⅇb1 -1 + ⅇb2 -1 + ⅇb1+b2 b2

b1 (b1 + b2)

ⅇb1+b2 -1 + ⅇb1 -1 + ⅇb2 b12 -1 + ⅇb1+b2 b2 +

-1 + ⅇb1 -1 + ⅇb2 b1 -1 + ⅇb1+b2 b2 -1 + ⅇb1+b2 (1 + b2) +

ⅇ
b1
2 -1 + ⅇb1+b2 -1 + ⅇb1 -1 + ⅇb2 b1 (b1 + b2) -b2 + ⅇb2 -1 + ⅇb1 b1 + b2 

-1 + ⅇb1+b2
2
 -1 + ⅇb1 -1 + ⅇb2 -1 + ⅇb1+b2 b2 + ⅇ

b1
2
+b2 -1 + ⅇb1 b1 (b1 + b2) 

n = 2; Υ = Γω[b1, b2], 

i=1

n
hi 

j=1

n
Tjσ10 i+j, 

i=1

n



j=1

n
ti hj α10 i+j[b1, b2] // bSimplify



ω[b1, b2] s1 s2
s1 α11[b1, b2] α12[b1, b2]
s2 α21[b1, b2] α22[b1, b2]
Γ ⅇb1 σ11+b2 σ12 ⅇb1 σ21+b2 σ22



θ = Υ ** Xp[1, 2] // Γ ** Υ // dS[1, 2] // dσ[1 → 2, 2 → 1]

-ⅇb1 (σ11+σ21)+b2 (σ12+σ22) ω[-b1, -b2] ω[b1, b2] (α12[-b1, -b2] α21[-b1, -b2] - α11[-b1, -b2] α22[-b

s1

s2

Γ
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bSimplify[θ ⩵ ui[θ]]

ⅇb1 α12[-b1, -b2] α12[b1, b2] - ⅇb1 α21[-b1, -b2] α21[b1, b2] +

α11[-b1, -b2] α11[b1, b2] - -1 + ⅇb1 α21[b1, b2] - α12[b1, b2] α22[-b1, -b2] +

ⅇb1 α12[b1, b2] α22[-b1, -b2] - α22[-b1, -b2] α22[b1, b2] 

(α12[-b1, -b2] α21[-b1, -b2] - α11[-b1, -b2] α22[-b1, -b2]) ⩵ 0 &&

b1 ⅇb1 α11[-b1, -b2] α12[b1, b2] + α21[-b1, -b2] -1 + ⅇb1 α12[b1, b2] - α22[b1, b2] -

b2 -ⅇb1 α21[-b1, -b2] α22[b1, b2] +

α11[-b1, -b2] α12[b1, b2] - -1 + ⅇb1 α22[b1, b2] 

(α12[-b1, -b2] α21[-b1, -b2] - α11[-b1, -b2] α22[-b1, -b2]) ⩵ 0 &&

b1 α11[b1, b2] α12[-b1, -b2] - α21[b1, b2] -1 + ⅇb1 α12[-b1, -b2] + ⅇb1 α22[-b1, -b2] -

b2 -α21[b1, b2] α22[-b1, -b2] +

α11[b1, b2] ⅇb1 α12[-b1, -b2] + -1 + ⅇb1 α22[-b1, -b2] 

(α12[-b1, -b2] α21[-b1, -b2] - α11[-b1, -b2] α22[-b1, -b2]) ⩵ 0 &&

-ⅇb1 α11[-b1, -b2] α11[b1, b2] + α11[b1, b2] α21[-b1, -b2] -

ⅇb1 α11[b1, b2] α21[-b1, -b2] + α21[-b1, -b2] α21[b1, b2] +

ⅇb1 α22[-b1, -b2] α22[b1, b2] - α12[-b1, -b2] α12[b1, b2] - -1 + ⅇb1 α22[b1, b2] 

(α12[-b1, -b2] α21[-b1, -b2] - α11[-b1, -b2] α22[-b1, -b2]) ⩵ 0

Assuming[α12[-b1, -b2] α21[-b1, -b2] - α11[-b1, -b2] α22[-b1, -b2] ≠ 0,

bSimplify[θ ⩵ ui[θ]]]

α11[-b1, -b2] α11[b1, b2] - -1 + ⅇb1 α21[b1, b2] +

ⅇb1 α12[b1, b2] (α12[-b1, -b2] + α22[-b1, -b2]) ⩵

ⅇb1 α21[-b1, -b2] α21[b1, b2] + α22[-b1, -b2] (α12[b1, b2] + α22[b1, b2]) &&

b1 ⅇb1 α11[-b1, -b2] α12[b1, b2] + α21[-b1, -b2] -1 + ⅇb1 α12[b1, b2] - α22[b1, b2] ⩵

b2 -ⅇb1 α21[-b1, -b2] α22[b1, b2] + α11[-b1, -b2] α12[b1, b2] - -1 + ⅇb1 α22[b1, b2] &&

b1 α11[b1, b2] α12[-b1, -b2] - α21[b1, b2] -1 + ⅇb1 α12[-b1, -b2] + ⅇb1 α22[-b1, -b2] ⩵

b2

-α21[b1, b2] α22[-b1, -b2] + α11[b1, b2] ⅇb1 α12[-b1, -b2] + -1 + ⅇb1 α22[-b1, -b2] &&

ⅇb1 α11[-b1, -b2] α11[b1, b2] + ⅇb1 α11[b1, b2] α21[-b1, -b2] +

α12[-b1, -b2] α12[b1, b2] - -1 + ⅇb1 α22[b1, b2] ⩵

α11[b1, b2] α21[-b1, -b2] + α21[-b1, -b2] α21[b1, b2] + ⅇb1 α22[-b1, -b2] α22[b1, b2]
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