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Road Map. • Fully analyze and implement L1co/2D; verify Ja-
cobi. • Compute Ad and solve for R. • Implement and verify
scatter-level stitching. • Guess/deduce glow level.
Deriving Gassner. L2Dw is Q~bi�〈ai j〉 modulo locality,
[ai j, aik] = 0, [aik, a jk] = −[ai j, a jk] = b jaik − bia jk, and
(mod 〈aii〉) [ai j, a ji] = bia ji − b jai j. Acts on V = Q~bi�〈xi = ai∞〉

by [ai j, xi] = 0, [ai j, x j] = bix j − b jxi. Hence ead ai j xi = xi,
ead ai j x j = ebi x j +

b j
bi

(1 − ebi)xi. Renaming x̄i = xi/bi, ti = ebi , get

[ead ai j]x̄i,x̄ j =

(
1 1 − ti
0 ti

)
.

The L2Dw Adjoint representation. ead ai j acts by

akl 7→ akl, aik 7→ aik, ak j 7→ e−biak j +
bk

bi
(1 − e−bi)ai j,

aki 7→ aki + (1 − e−bi)ak j + bk
e−bi − 1

bi
ai j,

a jk 7→ ebia jk +
b j

bi
(1 − ebi)aik, a ji 7→ ebia ji +

b j

bi
(1 − ebi)ai j.

Implementation/verification: pensieve://2015-04/nb/ZeroCo.pdf.
Adjoint Gassner. Renaming āi j = ai j/bi and ti = ebi , get
[āi j, āik] = 0, [āik, ā jk] = −[āi j, ā jk] = āik − ā jk, and (mod 〈āii〉)
[āi j, ā ji] = ā ji − āi j, so

āk j 7→ t−1
i āk j + (1 − t−1

i )āi j,
āki 7→ āki + (1 − t−1

i )āk j + (t−1
i − 1)āi j,

ā jk 7→ tiā jk + (1 − ti)āik, ā ji 7→ tiā ji + (1 − ti)āi j.

Questions. • As Gassner is Γ calculus, Adjoint Gassner must
factor through Gassner. How? • Interpretation? πT -Artin?
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2Dv. b: bracket trace; c: cobracket trace; 〈b, c〉 = δ ∈ {0, 1};
deg bi = deg c j = deg ai j = deg δ = 1.
A2Dv is Q~δ�FA(bi, c j, ai j) (soLv = { f + f i jai j}) modulo locality,
tt. [a jk, a jl] = cla jk − cka jl,
hh. [a jk, aik] = bia jk − b jaik,
ht. [a jk, akl] = b jakl − bka jl − cla jk + cka jl,
ab,ac. ad a jk : b j,−bk,−c j, ck 7→ γ jk B δa jk − b jck,
�. [ai j, a ji] = ?,
bc. [bi, c j] = 0.

So ai j f = f δai j −
bic j

δ
( f δ − f ), [ai j, f ] = ( f δ − f )

(
ai j −

bic j

δ

)
,

with f δ B f�
(

bi→bi+δ b j→b j−δ
ci→ci−δ c j→c j+δ

)
.

δaa. δai jakl − δaila jk = ±(bkclai j − biclak j − bkc jail + bic jakl)
The Ascending AlgebraA2Dv

+ . Same but with only ai j, i < j.
The OneCo Sub-Quotient is 〈ai j〉 modulo δ2 = δci = c jck = 0,
so L1co is (coefficient functions non-central, in Q~bi�)
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