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Deriving Gassner. L2Dw is Q~bi�〈ai j〉 modulo locality,
[ai j, aik] = 0, [aik, a jk] = −[ai j, a jk] = b jaik − bia jk, and
(mod 〈aii〉) [ai j, a ji] = bia ji − b jai j. Acts on V = Q~bi�〈xi = ai∞〉

by [ai j, xi] = 0, [ai j, x j] = bix j − b jxi. Hence ead ai j xi = xi,
ead ai j x j = ebi x j +

b j
bi

(1 − ebi)xi. Renaming x̄i = xi/bi, ti = ebi , get

[ead ai j]x̄i,x̄ j =

(
1 1 − ti
0 ti

)
.

The L2Dw Adjoint representation. ead ai j acts by

akl 7→ akl, aik 7→ aik, ak j 7→ e−biak j +
bk

bi
(1 − e−bi)ai j,

aki 7→ aki + (1 − e−bi)ak j + bk
e−bi − 1

bi
ai j,

a jk 7→ ebia jk +
b j

bi
(1 − ebi)aik, a ji 7→ ebia ji +

b j

bi
(1 − ebi)ai j.

Implementation/verification: pensieve://2015-04/nb/ZeroCo.pdf.
Adjoint Gassner. Renaming āi j = ai j/bi and ti = ebi , get
[āi j, āik] = 0, [āik, ā jk] = −[āi j, ā jk] = āik − ā jk, and (mod 〈āii〉)
[āi j, ā ji] = ā ji − āi j, so

āk j 7→ t−1
i āk j + (1 − t−1

i )āi j,
āki 7→ āki + (1 − t−1

i )āk j + (t−1
i − 1)āi j,

ā jk 7→ tiā jk + (1 − ti)āik, ā ji 7→ tiā ji + (1 − ti)āi j.
Questions. • As Gassner is Γ calculus, Adjoint Gassner must
factor through Gassner. How? • Interpretation? πT -Artin?
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2Dv. b: bracket trace; c: cobracket trace; 〈b, c〉 = δ ∈ {0, 1};
deg bi = deg c j = deg ai j = deg δ = 1.
A2Dv is Q~δ�FA(bi, c j, ai j) (soLv = { f + f i jai j}) modulo locality,
tt. (note γ j{kl} = 0) [a jk, a jl] = cla jk − cka jl C γ jkl,
hh. [a jk, aik] = bia jk − b jaik,
ht. [a jk, akl] = b jakl − bka jl − γ jkl,
�. [ai j, a ji] = ?,
ab,ac. [ai j, bi]=−[ai j, b j]=−[ai j, ci]= [ai j, c j]=δai j − bic j C γi j,
bc. [bi, c j] = 0.

So ai j f = f δai j −
bic j

δ
( f δ − f ), [ai j, f ] = ( f δ − f )

(
ai j −

bic j

δ

)
,

with f δ B f�
(

bi→bi+δ b j→b j−δ
ci→ci−δ c j→c j+δ

)
.

Repeating indices. In aii, γii, γii j, γi j j, and γiii, heads above tails.
The Ascending AlgebraA2Dv

+ . Same but with only ai j, i < j.
The OneCo Sub-Quotient is 〈ai j〉 modulo δ2 = δci = c jck = 0,
so L1co is (coefficient functions non-central, in Q~bi�){

f i jai j + f i jkγi jk + f i jklγi jakl
} / r1 : biγi jk = γi jaik − γikai j

r2 : biγ jkl = γ jkail − γ jlaik

(is there a residual 4T/6T?)
.

Comment. b3γ124 − b1γ324 = γ12a34 + γ34a12 − γ14a32 − γ32a14 I
understand, r2 not yet.
Representations. ad a−,−:

〈β〉 // 〈γi j〉 ee

〈ai j〉99
//

��

〈γi jk〉ee

zz
〈γi jakl〉99

• 〈γi j〉 is . . .
OneCo ad(a jk): (authorities: pensieve://2015-06/)
a[1,ij] → a[-bi,jk] + a[bj,ik] + γ[1,ijk]
a[1,ik] → a[bi,jk] + a[-bj,ik]
a[1,jl] → γ[1,jkl]
a[1,kl] → a[bj,kl] + a[-bk,jl] + γ[-1,jkl]
β[f[bj, bk]] → γ[-f(0,1)[bj, bk] + f(1,0)[bj, bk],jk]
γ[1,ij] → γ[bj,ik]
γ[1,ik] → γ[-bj,ik]
γ[1,jk] → γ[-bj,jk]
γ[1,kl] → γ[bj,kl] + γ[-bk,jl]
γ[1,ijk] → γ[-bj,ijk] + γa[1,ijjk] + γa[1,ikjk]
γ[1,ijl] → γa[1,ikjl]
γ[1,ikl] → γa[-1,ikjl]
γ[1,jkl] → γa[-1,jkjl]
γ[1,klm] → γ[bj,klm] + γ[-bk,jlm]
γa[1,jkjl] → γa[-bj,jkjl]

OneCo Ad(a jk):
a[1,ij] → a[1,ij] + a[1 - ⅇ-t bj,ik] + a[ (-1+ⅇ-t bj) bi

bj
,jk] +

γ[
1-ⅇ-t bj

bj
,ijk] + γa[ -1+ⅇ-t bj+t bj

bj2
,ijjk] + γa[ -1+ⅇ-t bj+t bj

bj2
,ikjk] +

γa[ bi (1-ⅇ-2 t bj-2 ⅇ-t bj t bj)
bj3

,jkjk] + γa[ ⅇ-2 t bj (1+ⅇt bj (-1+t bj))
bj2

,jkik]

a[1,ik] → a[ⅇ-t bj,ik] + a[ (1-ⅇ-t bj) bi
bj

,jk] +

γa[ ⅇ-2 t bj bi (1-ⅇ2 t bj+2 ⅇt bj t bj)
bj3

,jkjk] +

γa[ ⅇ-2 t bj (-1+ⅇt bj (1-t bj))
bj2

,jkik]

a[1,jl] → a[1,jl] + γ[t,jkl] + γa[ 1-ⅇ-t bj-t bj
bj2

,jkjl]

a[1,kl] → a[ⅇt bj,kl] + a[ (1-ⅇt bj) bk
bj

,jl] +

γ[
t bj bk+(1-ⅇt bj) (bj+bk)

bj2
,jkl] + γa[ 1+ⅇt bj (-1+t bj)

bj2
,jkkl] +

γa[ -2 bj+ⅇ-t bj bj-2 bk-t bj bk+ⅇt bj (bj+2 bk-t bj bk)
bj3

,jkjl]

β[f[bj, bk]] →

γ[
(-1+ⅇ-t bj) (f(0,1)[bj,bk]-f(1,0)[bj,bk])

bj
,jk] + β[f[bj, bk]]

γ[1,ij] → γ[1,ij] + γ[1 - ⅇ-t bj,ik]

γ[1,ik] → γ[ⅇ-t bj,ik]

γ[1,jk] → γ[ⅇ-t bj,jk]

γ[1,kl] → γ[ⅇt bj,kl] + γ[
(1-ⅇt bj) bk

bj
,jl]

γ[1,ijk] → γ[ⅇ-t bj,ijk] + γa[ 1-ⅇ-t bj

bj
,ijjk] + γa[ 1-ⅇ-t bj

bj
,ikjk]

γ[1,ijl] → γ[1,ijl] + γ[1 - ⅇ-t bj,ikl] + γa[ 1-ⅇ-t bj

bj
,iljk]

γ[1,ikl] → γ[ⅇ-t bj,ikl] + γa[ -1+ⅇ-t bj

bj
,iljk]

γ[1,jkl] → γ[1,jkl] + γa[ -1+ⅇ-t bj

bj
,jkjl]

γ[1,klm] → γ[ⅇt bj,klm] + γ[
(1-ⅇt bj) bk

bj
,jlm]

γa[1,jkjl] → γa[ⅇ-t bj,jkjl]

To do. • Perhaps I should find a way to highlight the fact that v is
a perturbation of w. • Position FiC. • Position the 2D Lie bialge-
bras. • Is there a meaningful ai j → ai j/bi (etc) renormalization?
• Resolve the IHX issue! • Add: diagrammatic interpretations of
bi, c j, γi j, γi jk.
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Recycling.

Models. • In [x, y] = δx, x f (y) = f (y + δ)x. If δ2 = 0,
[x, f (y)] = δ f ′(y)x.

• In [x, y] = δx + z2, x f (y) = f (y + δ)x + z2

δ ( f (y + δ) − f (y)). If
δ2 = 0, [x, f (y)] = δ f ′(y)x + z2 f ′(y).

• If S n B
∑n−1

k=0 AkCBn−1−k then AS n − S nB = AnC − CBn so
S n = (LA − RB)−1(AnC −CBn).

• If ψ(x) =
∑

n≥0 anxn then
∑

n≥0 an
∑n−1

k=0 bn(−b)n−1−k =

(ψ(b) − ψ(−b))/2b.

The primitivity condition. ker
(

f + f i jai j 7→ δ f + f i jbic j
)
. (Ig-

noring multiple arrows).

State Diagrams. ad ai j yields green: roots. pink: wrong.

f ci
b̂i //

−

��

f c j

+
||

−b̂iee

δ f ai j f

b̂i(∂ j−∂i)

OO

∂i−∂ j

oo

a jkb̂i ::
+ //

−

�� −b̂ j ##

c jaik

−b̂i

rr

+ $$
ckai j aik+

oo

−

OO

δai jaik

ak j−b̂i ::
b̂k // ai j

so with φ0 B φ(0), φ1 B φ′0, and φ↓(x) B (φ(x) − φ0)/x, φ(ad ai j)
is

f ci 7→ φ0 f ci + (biφ↓↓(−bi) − φ1)δ f ai j + biφ↓(−bi) f c j

f c j 7→ φ(−bi) f c j + φ↓(−bi)δ f ai j

f 7→ φ0 f + biφ↓(−bi)(∂ j f − ∂i f )c j

+ (biφ↓↓(−bi) − φ1)(∂ j f − ∂i f )δai j

δa·· 7→ as in Adjoint Gassner

aik 7→ φ0aik + φ1ckai j − φ↓(−bi)c jaik − φ↓↓(−bi)δai jaik

a jk 7→ φ(bi)a jk − (φ↓(bi) + b jφ↓↓(bi))ckai j − b jφ↓(bi)aik

+
φ(bi) − φ(−bi) + b j(φ↓(bi) − φ↓(−bi))

2bi
c jaik

+
φ↓(bi) − φ↓(−bi) + b j(φ↓↓(bi) − φ↓↓(−bi))

2bi
δai jaik

ak j 7→

ai j 7→ ai j

Then [ai j, f ] = (∂i f − ∂ j f )γi j and
γb. [γi j, bl] = 0 and [γi jk, bl] = 0 incl. l ∈ {i, j, k},
ttγ. [a jk, γ jl] = 0,
hhγ. [a jk, γik] = −b jγik,
thγ. [a jk, γi j] = b jγik,
htγ. [a jk, γkl] = b jγkl − bkγ jl,
ttγ3. [a jk, γ jlm] = 0,
thγ3. [a jk, γi jl] = b jγikl + γila jk,
htγ3. [a jk, γklm] = bkγ jkl + b jγklm,
hhγ3. [a jk, γnik] = −b jγnik + γnia jk,

[a jk, γ jkl] = −γ jka jl,
[a jk, γi jk] = −b jγi jk + γi ja jk + γika jk.


