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The Finite Type Story.

Penrose Cvitanovic

Abstract. We will repeat the 3D story of the previous 3 talks
one dimension up, in 4D. Surprisingly, there’s more room in 4D,
and things get easier, at least when we restrict our attention to
"w-knots", or to "simply-knotted 2-knots". But even then there
are intricacies, and we try to go beyond simply-knotted, we are
completely confused.

wK :=PA
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AlekseevKashiwara

Vergne Torossian

Too easy so far!Yet once you add “foam vertices”, it gets related to the
Kashiwara-Vergne problem [KV] as told by Alekseev-Torossian [AT]:
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The Double Inflation Procedureδ.
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w-Knots.
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A Big Open Problem.δ maps w-knots onto simple 2-knots. To
what extent is it a bijection? What other relations are required? In
other words,find a simple description of simple 2-knots. Kaw-
auchi [Ka] may already know the answer.

A 4D knot by Carter and Saito [CS]

“broken surface diagram”

Simple 2-Knots.

Recall.

K
Topology

Z: high algebra
−−−−−−−−−−−−−−−−−−−→
solving finitely many equations
in finitely many unknowns

A ≔ grK
Combinatorics

given a “Lie”
algebrag

−−−−−−−−−−−−−→
low algebra:pictures
represent formulas

“U(g)”

The Bracket-Rise Theorem.Aw is isomorphic to

= − = −
−−−−→
S TU1:

−−−−→
S TU2:

= −
−−−→
IHX:= −0−−−−→

S TU3 =TC:

Corollaries.(1) Only wheels and isolated arrows persist:

Aw(↑n) �U(FL(n)n
tb ⋉ CW(n)) and ζ ≔ logZ ∈ FL(n)n × CW(n)

has completely explicit formulas using naturalFL/CWoperations [BN].
(2) Related to f.d. Lie algebras!

Z

21 4 3

TC
−→
4T TC

e−a

ea e−a ea

Low Algebra. With (xi) and (ϕ j) dual bases ofg and g∗ and with
[xi , x j] =

∑
bk

i j xk, we haveAw →U via

i j

k

lmn

bm
klbk

ji

dimg∑

i, j,k,l,m,n=1

bk
i j b

m
klϕ

iϕ j xnxmϕ
l ∈ U(Ig := g∗ ⋊ g)

Differential Ops.We can also interpret̂U(Ig) as tangential differential
operators on Fun(g): ϕ ∈ g∗ becomes a multiplication operator, and
x ∈ g becomes a tangential derivation, in the direction of the action of
adx: (xϕ)(y) := ϕ([x, y]).

→ − ∼

a b a b

⇒=
−→
4T

=− − = 0
CP
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“God created the knots, all else in
topology is the work of mortals.”
Leopold Kronecker (modified) www.katlas.org

;
R

R

R

V

V
=

Algebraic statement (simplified).With r ∈ g∗ ⊗ g the identity element
and withR= er ∈ Û(Ig) ⊗ Û(g) there existV ∈ Û(Ig)⊗2 so thatV(∆ ⊗
1)(R) = R13R23V in Û(Ig)⊗2 ⊗ Û(g)

Unitary statement (simplified).There exists a unitary tangential diffe-
rential operatorV defined on Fun(gx × gy) so thatVêx+y = êxêyV (allo-
wing Û(g)-valued functions)

2-Knot Story

The Full
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Cattaneo

The BF Feynman Rules.For an edgee, let Φe be its
direction, inS3 or S1. Letω3 andω1 be volume forms
onS3 andS1. Then

ZBF =
∑

diagrams
D

[D]
|Aut(D)|

∫

R2
· · ·

∫

R2︸     ︷︷     ︸
S-vertices

∫

R4
· · ·

∫

R4︸     ︷︷     ︸
M-vertices

∏

red
e∈D

Φ∗eω3

∏

black
e∈D

Φ∗eω1

(modulo some IHX-like relations). See also [Wa]

degree= #(rattles)

ground
piece

air
piece

rattle

Issues.• Signs don’t quite work out, and BF seems to reproduce
only “half” of the wheels invariant on simple 2-knots.
• There are many more configuration space integrals than BF
Feynman diagrams and than just trees and wheels.
• I don’t know how to define/ analyze “finite type” for general
2-knots.
• I don’t know how to reduceZBF to combinatorics/ algebra.

BF Following [CR]. A ∈ Ω1(M = R4, g), B ∈ Ω2(M, g∗),

S(A,B) ≔
∫

M
〈B, FA〉.

With κ : (S = R2)→ M, β ∈ Ω0(S, g), α ∈ Ω1(S, g∗), set

O(A,B, κ) ≔
∫
DβDαexp

(
i
~

∫

S
〈β,dκ∗Aα + κ

∗B〉

)
.

Rossi

+=VI:

same relations, plus

deg= 1
2 #{vertices}=6
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w-Jacobi diagrams andA. Aw(Y ↑) � Aw(↑↑↑) is

Knot-Theoretic statement (simplified).There e-
xists a homomorphic expansionZ for trivalent
w-tangles. In particular,Z should respectR4.

Diagrammatic state-
ment (simplified). Let
R = expS ∈ Aw(↑↑).
There existV ∈ Aw(↑↑) so
that:

Question.Does it all extend to arbitrary 2-knots (not necessarily
“simple”)? To arbitrary codimension-2 knots?

Group-Algebra statement (simplified).For everyφ, ψ ∈ Fun(g)G (with
small support), the following holds in̂U(g):

"

g×g

φ(x)ψ(y)ex+y =

"

g×g

φ(x)ψ(y)exey.

(shhh, this is Duflo)

Unitary =⇒ Group-Algebra.
!

ex+yφ(x)ψ(y) = 〈1, ex+yφ(x)ψ(y)〉 =
〈V1,Vex+yφ(x)ψ(y)〉 = 〈1, exeyVφ(x)ψ(y)〉 = 〈1, exeyφ(x)ψ(y)〉 =
!

exeyφ(x)ψ(y).

Convolutions statement (Kashiwara-Vergne, simplified).Convolutions
of invariant functions on a Lie group agree with convolutions of invariant
functions on its Lie algebra. More accurately, letG be a finite dimensio-
nal Lie group and letg be its Lie algebra, and letΦ : Fun(G) → Fun(g)
be given byΦ( f )(x) := f (expx). Then if f , g ∈ Fun(G) are Ad-invariant
and supported near the identity, thenΦ( f ) ⋆ Φ(g) = Φ( f ⋆ g).
Convolutions and Group Algebras(ignoring all Jacobians). IfG is finite,
A is an algebra,τ : G → A is multiplicative then (Fun(G), ⋆) → (A, ·)
via L : f 7→

∑
f (a)τ(a). For Lie (G, g),

(g,+) ∋ x
τ0=expS //

expU

((P

P

P

P

P

P

P

P

P

P

P

P

P

expG

��

ex ∈ Ŝ(g)

χ

��

(G, ·) ∋ ex τ1 // ex ∈ Û(g)

so

Fun(g) L0 //

Φ−1

��

Ŝ(g)

χ

��

Fun(G) L1 // Û(g)

with L0ψ =
∫
ψ(x)exdx ∈ Ŝ(g) andL1Φ

−1ψ =
∫
ψ(x)ex ∈ Û(g). Given

ψi ∈ Fun(g) compareΦ−1(ψ1) ⋆ Φ−1(ψ2) andΦ−1(ψ1 ⋆ ψ2) in Û(g):

⋆ in G :
"

ψ1(x)ψ2(y)exey ⋆ in g :
"

ψ1(x)ψ2(y)ex+y

u↔ w The diagram on the right explains
the relationship between associators and
solutions of the Kashiwara-Vergne pro-
blem.

KTG a //

Zu

��

wTF

Zw

��

Au α // Aw
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