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Background.

d exp: δeγ = eγ ·
(
δγ�

1 − e− ad γ

ad γ

)
=

(
δγ�

ead γ − 1
ad γ

)
· eγ

The differential of γ = bch(α, β):

δγ�
1 − e− ad γ

ad γ
=

(
δα�

1 − e− adα

adα
�e− ad β

)
+

(
δβ�

1 − e− ad β

ad β

)
Models. • In [x, y] = δx, x f (y) = f (y + δ)x. If δ2 = 0,
[x, f (y)] = δ f ′(y).

Deriving Gassner. Locality, [ai j, aik] = 0, [aik, a jk] =

−[ai j, a jk] = b jaik−bia jk, [ai j, a ji] = bia ji−b jai j, bi central. Acts
on V = Q~bi�〈xi = ai∞〉 by [ai j, xi] = 0, [ai j, x j] = bix j − b jxi.
Hence ead ai j xi = xi, ead ai j x j = ebi x j +

b j
bi

(1 − ebi)xi. Renaming

yi = xi/bi, ti = ebi , get [ead ai j]yi,y j =

(
1 1 − ti
0 ti

)
.

TheAw/2D Adjoint representation. ead ai j acts by

akl 7→ akl, aik 7→ aik, ak j 7→ e−biak j +
bk

bi
(1 − e−bi)ai j,

and a jk 7→ ebia jk +
b j

bi
(1 − ebi)aik also for k = i.

An interpretation?
2Dv. b: bracket trace; c: cobracket trace; 〈b, c〉 = δ ∈ {0, 1}. Re-
lations: locality, [ai j, aik] = ckai j − c jaik, [aik, a jk] = b jaik − bia jk,
[ai j, a jk] = (c j − b j)aik + bia jk − ckai j, [ai j, a ji] =?, [ai j, bi] =

−[ai j, b j] = −[ai j, ci] = [ai j, c j] = δai j − bic j, [bi, ci] = 0.

ai j f =

(
f δ −

bic j

δ
( f δ − f )

)
ai j, [ai j, f ] =

(
1 −

bic j

δ

)
( f δ − f )ai j,

with f δ B f�
(

bi→bi+δ b j→b j−δ
ci→ci−δ c j→c j+δ

)
.

The primitivity condition. ker
(

f + f i jai j 7→ δ f + f i jbic j
)
.

The OneCo Quotient is δci = c jck = 0. Then [ai j, f ] =

(δ − bic j)
[
(∂bi − ∂b j − ∂ci + ∂c j) f

]
ci=0
· ai j.
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