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ΓCollect[Γ[ω_, λ_]] := ΓFactor[ω],

Collectλ, h_, Collect#, t_, Factor &;

Format[Γ[ω_, λ_]] := Module{S, M},

S = Union@CasesΓ[ω, λ], (h t)a_ ⧴ a, ∞;

M = Outer[Factor[∂h#1t#2 λ] &, S, S];
M = Prepend[M, t# & /@ S] // Transpose;
M = Prepend[M, Prepend[h# & /@ S, ω]];

M // MatrixForm;

Γ /: Γ[ω1_, λ1_] Γ[ω2_, λ2_] := Γ[ω1 * ω2, λ1 + λ2];

ma_b_→c_[Γ[ω_, λ_]] := Module{α, β, γ, δ, θ, ϵ, ϕ, ψ, Ξ, μ},

α β θ

γ δ ϵ

ϕ ψ Ξ

=

∂ta,haλ ∂ta,hb λ ∂taλ

∂tb,haλ ∂tb,hb λ ∂tb λ

∂haλ ∂hb λ λ

/. (t h)a b → 0;

Γ(μ = 1 - β) ω, {tc, 1}.
γ + α δ / μ ϵ + δ θ / μ

ϕ + α ψ / μ Ξ + ψ θ / μ
.{hc, 1}

/. {Ta → Tc, Tb → Tc} // ΓCollect;

Rpa_b_ := Γ1, {ta, tb}.
1 1 - Ta
0 Ta

.{ha, hb};

Rma_b_ := Rpab /. Ta → 1 / Ta;

Rpa,b Rpq,1 Rm3,2 // ma,2→a // m1,b→b // mq,3→q /. Tq → q



1 ha hb hq

ta
1
q

1 - Ta 0

tb 0 q Ta 0

tq
-1+q

q
-(-1 + q) Ta 1
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γ = Γω, ( t1 t2 t3 tS ).

α11 α12 α13 θ1

α21 α22 α23 θ2

α31 α32 α33 θ3

ϕ1 ϕ2 ϕ3 Ξ

.

h1
h2
h3
hS

// Total // Total

ω h1 h2 h3 hS
t1 α11 α12 α13 θ1

t2 α21 α22 α23 θ2

t3 α31 α32 α33 θ3

tS ϕ1 ϕ2 ϕ3 Ξ

γ // m12→1 // m13→1

ω (1 - α12 - α13 α22 - α23 + α12 α23) h1
t1

α31-α12 α31-α13 α22 α31-α23 α31+α12 α23 α31+α11 α32+α13 α21 α32-α11 α23 α32+α21 α33-α12 α21 α33+

1-α12-α13 α22-α23+α12 α23

tS
ϕ1-α12 ϕ1-α13 α22 ϕ1-α23 ϕ1+α12 α23 ϕ1+α11 ϕ2+α13 α21 ϕ2-α11 α23 ϕ2+α21 ϕ3-α12 α21 ϕ3+α11

1-α12-α13 α22-α23+α12 α23

γ // m23→2 // m12→1

ω (1 - α12 - α13 α22 - α23 + α12 α23) h1
t1

α31-α12 α31-α13 α22 α31-α23 α31+α12 α23 α31+α11 α32+α13 α21 α32-α11 α23 α32+α21 α33-α12 α21 α33+

1-α12-α13 α22-α23+α12 α23

tS
ϕ1-α12 ϕ1-α13 α22 ϕ1-α23 ϕ1+α12 α23 ϕ1+α11 ϕ2+α13 α21 ϕ2-α11 α23 ϕ2+α21 ϕ3-α12 α21 ϕ3+α11

1-α12-α13 α22-α23+α12 α23

MetaAssoc

γ = Γω, {t1, t2, t3, tS}.

α11 α12 α13 θ1

α21 α22 α23 θ2

α31 α32 α33 θ3

ϕ1 ϕ2 ϕ3 Ξ

.{h1, h2, h3, hS};

(γ // m12→1 // m13→1) ⩵ (γ // m23→2 // m12→1)

MetaAssoc

True

R3

{Rm51 Rm62 Rp34 // m14→1 // m25→2 // m36→3,
Rp61 Rm24 Rm35 // m14→1 // m25→2 // m36→3}

R3



1 h1 h2 h3
t1

T3
T2

0 0

t2
-1+T2
T2

1
T3

0

t3 -
-1+T3
T2

-1+T3
T3

1

,

1 h1 h2 h3
t1

T3
T2

0 0

t2
-1+T2
T2

1
T3

0

t3 -
-1+T3
T2

-1+T3
T3

1
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γ = Rm12,1 Rm27 Rm83 Rm4,11 Rp16,5 Rp6,13 Rp14,9 Rp10,15

1 h1 h2 h3 h4 h5 h6 h7 h8 h9 h10 h11 h12 h13 h14 h15 h16

t1
1
T12

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

t2 0 1 0 0 0 0 -1+T2
T2

0 0 0 0 0 0 0 0 0

t3 0 0 1
T8

0 0 0 0 0 0 0 0 0 0 0 0 0

t4 0 0 0 1 0 0 0 0 0 0 -1+T4
T4

0 0 0 0 0

t5 0 0 0 0 T16 0 0 0 0 0 0 0 0 0 0 0
t6 0 0 0 0 0 1 0 0 0 0 0 0 1 - T6 0 0 0

t7 0 0 0 0 0 0 1
T2

0 0 0 0 0 0 0 0 0

t8 0 0 -1+T8
T8

0 0 0 0 1 0 0 0 0 0 0 0 0

t9 0 0 0 0 0 0 0 0 T14 0 0 0 0 0 0 0
t10 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 - T10 0

t11 0 0 0 0 0 0 0 0 0 0 1
T4

0 0 0 0 0

t12
-1+T12
T12

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

t13 0 0 0 0 0 0 0 0 0 0 0 0 T6 0 0 0
t14 0 0 0 0 0 0 0 0 1 - T14 0 0 0 0 1 0 0
t15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 T10 0
t16 0 0 0 0 1 - T16 0 0 0 0 0 0 0 0 0 0 1

Do[γ = γ // m1k→1, {k, 2, 10}]; γ

T1
2+T16-T1 T16

T1
2 h1 h11 h12 h13 h14 h15 h16

t1
T14 -T1+T1

2+T16

T12 T1
2+T16-T1 T16

(-1+T1) 1-T1+T1
2 T14 T16

T1 T1
2+T16-T1 T16

0 -
(-1+T1) 1-T1+T1

2 T14

T1
2+T16-T1 T16

0 1 - T1 0

t11 0 1
T1

0 0 0 0 0

t12
-1+T12
T12

0 1 0 0 0 0

t13 0 0 0 T1 0 0 0

t14 -
(-1+T14) -T1+T1

2+T16

T12 T1
2+T16-T1 T16

-
(-1+T1) 1-T1+T1

2 (-1+T14) T16

T1 T1
2+T16-T1 T16

0
(-1+T1) 1-T1+T1

2 (-1+T14)

T1
2+T16-T1 T16

1 0 0

t15 0 0 0 0 0 T1 0

t16 -
T1 (-1+T16)

T12 T1
2+T16-T1 T16

-
(-1+T1) T1 (-1+T16)

T1
2+T16-T1 T16

0 (-1+T1)2 (-1+T16)

T1
2+T16-T1 T16

0 0 1

8_17

γ = Rm12,1 Rm27 Rm83 Rm4,11 Rp16,5 Rp6,13 Rp14,9 Rp10,15;

Do[γ = γ // m1k→1, {k, 2, 16}]; γ

8_17

-
1-4 T1+8 T1

2-11 T1
3+8 T1

4-4 T1
5+T1

6

T1
3 h1

t1 1
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γ = Rm16 Rp74 Rp52 Rm8,11 Rp12,9 Rp10,3

1 h1 h2 h3 h4 h5 h6 h7 h8 h9 h10 h11 h12

t1 1 0 0 0 0 -1+T1
T1

0 0 0 0 0 0

t2 0 T5 0 0 0 0 0 0 0 0 0 0
t3 0 0 T10 0 0 0 0 0 0 0 0 0
t4 0 0 0 T7 0 0 0 0 0 0 0 0
t5 0 1 - T5 0 0 1 0 0 0 0 0 0 0

t6 0 0 0 0 0 1
T1

0 0 0 0 0 0

t7 0 0 0 1 - T7 0 0 1 0 0 0 0 0

t8 0 0 0 0 0 0 0 1 0 0 -1+T8
T8

0

t9 0 0 0 0 0 0 0 0 T12 0 0 0
t10 0 0 1 - T10 0 0 0 0 0 0 1 0 0

t11 0 0 0 0 0 0 0 0 0 0 1
T8

0

t12 0 0 0 0 0 0 0 0 1 - T12 0 0 1

γ // m14→1 // m15→1 // m16→1 // m27→2 // m28→2 // m29→2 // m2,10→2 // m2,11→2 // m3,12→3
(-T1-T2+T1 T2) (-T2-T3+T2 T3)

T1 T2
h1 h2 h3

t1 -
T2

-T1-T2+T1 T2

-1+T1
-T1-T2+T1 T2

0

t2 -
T1 (-1+T2) T3

(-T1-T2+T1 T2) (-T2-T3+T2 T3)
-

(1-2 T1-T2+T1 T2) T3
(-T1-T2+T1 T2) (-T2-T3+T2 T3)

-1+T2
-T2-T3+T2 T3

t3
T1 (-1+T2) T2 (-1+T3)

(-T1-T2+T1 T2) (-T2-T3+T2 T3)
T2 (1-2 T1-T2+T1 T2) (-1+T3)
(-T1-T2+T1 T2) (-T2-T3+T2 T3)

1-2 T2-T3+T2 T3
-T2-T3+T2 T3

γ = Rp16 Rm74 Rm52 Rp8,11 Rm12,9 Rm10,3;

γ // m14→1 // m15→1 // m16→1 // m27→2 // m28→2 // m29→2 // m2,10→2 // m2,11→2 // m3,12→3
(-1+T1+T2) (-1+T2+T3)

T2 T3
h1 h2 h3

t1
T1

-1+T1+T2

(-1+T1) T2
-1+T1+T2

0

t2
(-1+T2) T2

(-1+T1+T2) (-1+T2+T3)
-

T2 (1-T1-2 T2+T1 T2)
(-1+T1+T2) (-1+T2+T3)

(-1+T2) T3
-1+T2+T3

t3
(-1+T2) (-1+T3)

(-1+T1+T2) (-1+T2+T3)
-

(1-T1-2 T2+T1 T2) (-1+T3)
(-1+T1+T2) (-1+T2+T3)

-
1-T2-2 T3+T2 T3

-1+T2+T3

γ = Rm16 Rp74 Rp52 Rm8,11 Rp12,9 Rp10,3;

γ // m41→1 // m51→1 // m61→1 // m72→2 // m82→2 // m92→2 // m10,2→2 // m11,2→2 // m12,3→3

(-T1 - T2 + T1 T2) (-T2 - T3 + T2 T3) h1 h2 h3

t1
1-T1-2 T2+T1 T2
-T1-T2+T1 T2

(-1+T1) T2 (1-T2-2 T3+T2 T3)
(-T1-T2+T1 T2) (-T2-T3+T2 T3)

(-1+T1) (-1+T2) T2 T3
(-T1-T2+T1 T2) (-T2-T3+T2 T3)

t2
-1+T2

-T1-T2+T1 T2
-

T1 (1-T2-2 T3+T2 T3)
(-T1-T2+T1 T2) (-T2-T3+T2 T3)

-
T1 (-1+T2) T3

(-T1-T2+T1 T2) (-T2-T3+T2 T3)

t3 0 -1+T3
-T2-T3+T2 T3

-
T2

-T2-T3+T2 T3
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γ = Rp16 Rm74 Rm52 Rp8,11 Rm12,9 Rm10,3;

γ1 = γ // m41→1 // m51→1 // m61→1 // m72→2 // m82→2 // m92→2 // m10,2→2 // m11,2→2 // m12,3→3
(-1+T1+T2) (-1+T2+T3)

T1 T2
2 T3

h1 h2 h3

t1 -
1-2 T1-T2+T1 T2

-1+T1+T2
-

(-1+T1) (1-2 T2-T3+T2 T3)
(-1+T1+T2) (-1+T2+T3)

(-1+T1) (-1+T2)
(-1+T1+T2) (-1+T2+T3)

t2
T1 (-1+T2)
-1+T1+T2

-
T2 (1-2 T2-T3+T2 T3)

(-1+T1+T2) (-1+T2+T3)
(-1+T2) T2

(-1+T1+T2) (-1+T2+T3)

t3 0 T2 (-1+T3)
-1+T2+T3

T3
-1+T2+T3

{γ1 // m23→2, γ1 // m32→2}



1-T1-2 T2+2 T1 T2+T2
2

T1 T2
3 h1 h2

t1 -
-1+T1+2 T2-3 T1 T2-T2

2+T1 T2
2

1-T1-2 T2+2 T1 T2+T2
2 -

(-1+T1) 1-3 T2+T2
2

1-T1-2 T2+2 T1 T2+T2
2

t2
T1 (-1+T2) T2

1-T1-2 T2+2 T1 T2+T2
2

T2 (1-T1+T1 T2)

1-T1-2 T2+2 T1 T2+T2
2

,

-
(-1+T1+T2) 1-3 T2+T2

2

T1 T2
3 h1 h2

t1 -
1-2 T1-T2+T1 T2

-1+T1+T2

-1+T1
-1+T1+T2

t2
T1 (-1+T2)
-1+T1+T2

T2
-1+T1+T2



α β θ

γ δ ϵ

ϕ ψ Ξ

=

-
1-2 T1-T2+T1 T2

-1+T1+T2
-

(-1+T1) (1-2 T2-T3+T2 T3)
(-1+T1+T2) (-1+T2+T3)

(-1+T1) (-1+T2)
(-1+T1+T2) (-1+T2+T3)

T1 (-1+T2)
-1+T1+T2

-
T2 (1-2 T2-T3+T2 T3)

(-1+T1+T2) (-1+T2+T3)
(-1+T2) T2

(-1+T1+T2) (-1+T2+T3)

0 T2 (-1+T3)
-1+T2+T3

T3
-1+T2+T3

;

ω =
(-1 + T1 + T2) (-1 + T2 + T3)

T1 T2
2 T3

;

-β (ϵ + θ) + γ (ϵ + θ) + ϵ ϕ - θ ψ /. T3 → T2 // Simplify

(1 + T1 (-2 + T2)) (-1 + T2)

(-1 + T1 + T2) (-1 + 2 T2)

-
1-2 T1-T2+T1 T2

-1+T1+T2
-

(-1+T1) (1-2 T2-T3+T2 T3)
(-1+T1+T2) (-1+T2+T3)

(-1+T1) (-1+T2)
(-1+T1+T2) (-1+T2+T3)

T1 (-1+T2)
-1+T1+T2

-
T2 (1-2 T2-T3+T2 T3)

(-1+T1+T2) (-1+T2+T3)
(-1+T2) T2

(-1+T1+T2) (-1+T2+T3)

0 T2 (-1+T3)
-1+T2+T3

T3
-1+T2+T3

.{1, 1, 1} // FullSimplify


3 - 2 T3 + T2 (-5 + T2 + 2 T3) - T1 (4 - 3 T3 + T2 (-6 + T2 + 2 T3))

(-1 + T1 + T2) (-1 + T2 + T3)
,

T1 (-1 + T2) (-1 + T2 + T3) + T2 (-2 - T2 (-3 + T3) + T3)

(-1 + T1 + T2) (-1 + T2 + T3)
,
T2 (-1 + T3) + T3

-1 + T2 + T3
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{1, 1, 1}.

-
1-2 T1-T2+T1 T2

-1+T1+T2
-

(-1+T1) (1-2 T2-T3+T2 T3)
(-1+T1+T2) (-1+T2+T3)

(-1+T1) (-1+T2)
(-1+T1+T2) (-1+T2+T3)

T1 (-1+T2)
-1+T1+T2

-
T2 (1-2 T2-T3+T2 T3)

(-1+T1+T2) (-1+T2+T3)
(-1+T2) T2

(-1+T1+T2) (-1+T2+T3)

0 T2 (-1+T3)
-1+T2+T3

T3
-1+T2+T3

// FullSimplify

{1, 1, 1}

Clear[α, β, γ, δ, θ, ϵ, ϕ, ψ, Ξ, μ, ω]; Γω, {ta, tb, tS}.
α β θ

γ δ ϵ

ϕ ψ Ξ

.{ha, hb, hS}

ω ha hb hS
ta α β θ

tb γ δ ϵ

tS ϕ ψ Ξ

Γω, {ta, tb, tS}.
α β θ

γ δ ϵ

ϕ ψ Ξ

.{ha, hb, hS} // mab→c

-(-1 + β) ω hc hS

tc
-γ+β γ-α δ

-1+β
-ϵ+β ϵ-δ θ

-1+β

tS
-ϕ+β ϕ-α ψ

-1+β
-Ξ+β Ξ-θ ψ

-1+β

Γω, {ta, tb, tS}.
α β θ

γ δ ϵ

ϕ ψ Ξ

.{ha, hb, hS} // mba→c

-(-1 + γ) ω hc hS

tc
-β+β γ-α δ

-1+γ
-α ϵ-θ+γ θ

-1+γ

tS
-δ ϕ-ψ+γ ψ

-1+γ
-Ξ+γ Ξ-ϵ ϕ

-1+γ

(1 - γ)

-β+β γ-α δ

-1+γ
-α ϵ-θ+γ θ

-1+γ

-δ ϕ-ψ+γ ψ

-1+γ
-Ξ+γ Ξ-ϵ ϕ

-1+γ

// Simplify // MatrixForm


β - β γ + α δ α ϵ + θ - γ θ

δ ϕ + ψ - γ ψ Ξ - γ Ξ + ϵ ϕ


FullSimplify[( Ξ + ϵ ϕ / (1 - γ) - 1) (1 - γ) - (Ξ + θ ψ / (1 - β) - 1) (1 - β) /. {Ξ → 1 - ϵ - θ}]

-β (ϵ + θ) + γ (ϵ + θ) + ϵ ϕ - θ ψ

FullSimplify[( Ξ + ϵ ϕ / (1 - γ) - 1) - (Ξ + θ ψ / (1 - β) - 1) /. {Ξ → 1 - ϵ - θ}]

ϵ ϕ

1 - γ
+

θ ψ

-1 + β
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ΓZ[L_] := Module{s, Z, c, k},

s = Skeleton[L];
Z =

Times @@ PD[L] /. X[i_, j_, k_, l_] ⧴ IfPositiveQ[X[i, j, k, l]], Rpli, Rmji;

Do[Z = Z // ms〚c,1〛,s〚c,k〛 → s〚c,1〛, {c, Length[s]}, {k, 2, Length[s〚c〛]}];

Z;

ΓA[K_] := ΓZ[K]〚1〛 /. T_ ⧴ T;

ΓMVA[L_Link] := Module{Hs, ω, μ, A},

{ω, μ} = List @@ ΓZ[L];
Hs = Rest[h# & /@ (First /@ Skeleton[L])];

A = OuterCoefficient[μ, #1 * #2] &, Hs, Hs /. ha_ ⧴ ta;

Factor
ω Det[A - IdentityMatrix@Length@Hs]

1 - TSkeleton[L]〚1,1〛




ΓZ[Link["L6a4"]]

KnotTheory::loading : Loading precomputed data in PD4Links`.

(1-T1-T5+T1 T5-T9+T1 T9+T5 T9) (T1+T5-T1 T5+T9-T1 T9-T5 T9+T1 T5 T9)
T1 T5 T9

h1

t1
T9 1-2 T1+T1

2-T5+3 T1 T5-T1
2 T5-T9+2 T1 T9-T1

2 T9+T5 T9-2 T1 T5 T9+

(1-T1-T5+T1 T5-T9+T1 T9+T5 T9) (T1+T5-T1 T5+T9-T1 T9-T5 T9+T1

t5
T1 (-1+T5) (1-T1+T1 T5) (-1+T9)

(1-T1-T5+T1 T5-T9+T1 T9+T5 T9) (T1+T5-T1 T5+T9-T1 T9-T5 T9+T1

t9
(-1+T5) T5 (-1+T9) (1-2 T1-T9+T1 T9)

(1-T1-T5+T1 T5-T9+T1 T9+T5 T9) (T1+T5-T1 T5+T9-T1 T9-T5 T9+T1

ΓA[Knot[8, 17]]

KnotTheory::loading : Loading precomputed data in PD4Knots`.

-
1 - 4 T + 8 T2 - 11 T3 + 8 T4 - 4 T5 + T6

T2

ΓMVA[Link["L6a4"]]

-
(-1 + T1) (-1 + T5) (-1 + T9)

T1 T5

Factor
Alexander[#][T]

ΓA[#]
 & /@ AllKnots[{3, 9}]

T,
1

T
, T2, T2, 1, 1, 1, T3, T3,

1

T4
,

1

T4
, T3, T,

1

T2
, T, T,

1

T
,
1

T
,

1

T3
, T,

1

T
,

1

T
,
1

T
,
1

T
, T,

1

T
,
1

T
, T, T3, T,

1

T
, 1,

1

T4
, 1, T, T4, T4,

1

T5
, T4,

1

T5
, T4, T4, 1,

T4,
1

T5
,

1

T3
, T2,

1

T5
,

1

T3
,

1

T3
,

1

T5
,
1

T
, T4,

1

T
, T2,

1

T3
,

1

T2
, T4, 1, T2,

1

T3
, T, T,

1

T
, 1, T,

1

T3
, 1, 1, T4,

1

T3
,
1

T
, T4,

1

T4
, 1, 1,

1

T2
,

1

T3
, 1, T2, 1,

1

T2
,

1

T4
,

1

T6
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Factor
1

ΓMVA[#]
(MultivariableAlexander[#][T] /. T[i_] ⧴ TSkeleton[#]〚i,1〛) & /@

AllLinks[{2, 8}]

KnotTheory::loading : Loading precomputed data in MultivariableAlexander4Links`.

-T1
2 T3, -T1

3/2 T5
3/2, - T1 T5

3/2, -T1
3/2 T5 , -T1

2 T7
2, -T1

2 T7
2, -

T1 T5

T9
, -T1

3/2 T5
3/2 T9

3/2,

-
T1 T5

T9
3/2

, - T1 T5 , -T1
3/2 T5

7/2, -
T1

T5
3/2

, -
T1

T5
3/2

, -T1 T7
2, -

1

T7
, -

T1
3/2 T5

T9
, -T1

3/2 T5
7/2,

- T1 T5
5/2, - T1 T5

3/2, -
T1

T5
, -T1

3/2 T5
3/2, - T1 T5

3/2, -
T1
3/2

T5
, -

T1
3/2

T5
, -T1

3/2 T5
7/2, -

T1

T7
,

-T1 T7, -T1
2 T7

3, -T1
2 T7

3, -T1
5/2 T9

5/2, -T1
5/2 T9

5/2, -T1
5/2 T9

5/2, -T1
3/2 T5

3/2 T9 , - T1 , -T1
3/2 T5

2 T11
2 ,

-
T1

T11
2

, -
T1 T5

T11
, -

T1
3/2 T5

T13
3/2

, -T1
3/2 T5

3/2 T9
3/2 T13

3/2, -T1
3/2 T5

3/2, - T1 T5 , -T1
3/2 T5

2 T11
2 ,

- T1 T5
2 T11, - T1 T5

3/2 T11
3/2, -T1

3/2 T5
5/2 T13 , -

T1 T5

T9 T13
, - T1 T5 T9 T13 

Dror Bar-Natan: Academic Pensieve: 2014-11: qGamma.nb 2014-11-28 18:56:09

http://drorbn.net/AcademicPensieve/2014-11/#MathematicaNotebooks


