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n = 4; Γ0 = GBΩ, â
a=0

n

ha Σa, â
a=1

n

â
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n

ta hb Α10 a+bF
Ω s1 s2 s3 s4

s1 Α11 Α12 Α13 Α14

s2 Α21 Α22 Α23 Α24

s3 Α31 Α32 Α33 Α34

s4 Α41 Α42 Α43 Α44

S Σ1 Σ2 Σ3 Σ4

Ov = Xp@o1, 1D Xp@o2, 2D Xp@o3, 3D Xp@o4, 4D �� G �� dm@o1, o2, oD �� dm@o, o3, oD ��
dm@o, o4, oD
1 s1 s2 s3 s4 so

s1 To 0 0 0 0
s2 0 To 0 0 0
s3 0 0 To 0 0
s4 0 0 0 To 0
so 1 - To 1 - To 1 - To 1 - To 1
S To To To To 1

8t1 = Ov ** HΓ0 * G@Ε@oDDL, t2 = HΓ0 * G@Ε@oDDL ** Ov, ocond = Simplify@t1 � t2D<

:

Ω s1 s2 s3 s4 so

s1 To Α11 To Α12 To Α13 To Α14 0
s2 To Α21 To Α22 To Α23 To Α24 0
s3 To Α31 To Α32 To Α33 To Α34 0
s4 To Α41 To Α42 To Α43 To Α44 0
so 1 - To 1 - To 1 - To 1 - To 1
S To Σ1 To Σ2 To Σ3 To Σ4 1

,

Ω s1 s2

s1 To Α11 To Α12

s2 To Α21 To Α22

s3 To Α31 To Α32

s4 To Α41 To Α42

so -H-1 + ToL HΑ11 + Α21 + Α31 + Α41L -H-1 + ToL HΑ12 + Α22

S To Σ1 To Σ2

,

H-1 + ToL H-1 + Α11 + Α21 + Α31 + Α41L � 0 && H-1 + ToL H-1 + Α12 + Α22 + Α32 + Α42L � 0 &&

H-1 + ToL H-1 + Α13 + Α23 + Α33 + Α43L � 0 && H-1 + ToL H-1 + Α14 + Α24 + Α34 + Α44L � 0>

ocond = Simplify@ocond �. To ® 0D
Α11 + Α21 + Α31 + Α41 � 1 && Α12 + Α22 + Α32 + Α42 � 1 && Α13 + Α23 + Α33 + Α43 � 1 && Α14 + Α24 + Α34 + Α44 � 1
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U = Xm@1, u1D Xm@2, u2D Xm@3, u3D Xm@4, u4D �� G �� dm@u1, u2, uD �� dm@u, u3, uD ��
dm@u, u4, uD
1 s1 s2 s3 s4 su

s1 1 0 0 0 -1+T1

T1

s2 0 1 0 0 -1+T2

T1 T2

s3 0 0 1 0 -1+T3

T1 T2 T3

s4 0 0 0 1 -1+T4

T1 T2 T3 T4

su 0 0 0 0 1

T1 T2 T3 T4

S 1 1 1 1 1

T1 T2 T3 T4

8t1 = U ** HΓ0 * G@Ε@uDDL, t2 = HΓ0 * G@Ε@uDDL ** U, ucond = Simplify@t1 � t2D<

:

Ω s1 s2 s3 s4 su

s1 Α11 Α12 Α13 Α14
-T2 T3 T4 Α11+T1 T2 T3 T4 Α11-T3 T4 Α12+T2 T3 T4 Α12-T4 Α13+T3 T4 Α13-Α14+T4 Α14

T1 T2 T3 T4

s2 Α21 Α22 Α23 Α24
-T2 T3 T4 Α21+T1 T2 T3 T4 Α21-T3 T4 Α22+T2 T3 T4 Α22-T4 Α23+T3 T4 Α23-Α24+T4 Α24

T1 T2 T3 T4

s3 Α31 Α32 Α33 Α34
-T2 T3 T4 Α31+T1 T2 T3 T4 Α31-T3 T4 Α32+T2 T3 T4 Α32-T4 Α33+T3 T4 Α33-Α34+T4 Α34

T1 T2 T3 T4

s4 Α41 Α42 Α43 Α44
-T2 T3 T4 Α41+T1 T2 T3 T4 Α41-T3 T4 Α42+T2 T3 T4 Α42-T4 Α43+T3 T4 Α43-Α44+T4 Α44

T1 T2 T3 T4

su 0 0 0 0 1

T1 T2 T3 T4

S Σ1 Σ2 Σ3 Σ4
1

T1 T2 T3 T4

,

Ω s1 s2 s3 s4 su

s1 Α11 Α12 Α13 Α14
-1+T1

T1

s2 Α21 Α22 Α23 Α24
-1+T2

T1 T2

s3 Α31 Α32 Α33 Α34
-1+T3

T1 T2 T3

s4 Α41 Α42 Α43 Α44
-1+T4

T1 T2 T3 T4

su 0 0 0 0 1

T1 T2 T3 T4

S Σ1 Σ2 Σ3 Σ4
1

T1 T2 T3 T4

,

1

T1 T2 T3 T4

HT2 T3 T4 H1 + H-1 + T1L Α11 + Α12L - T4 Α13 + T3 T4 H-Α12 + Α13L - Α14 + T4 Α14L � 1 &&

1

T1 T2 T3 T4

HT3 T4 H1 - Α22 + T2 H-1 + H-1 + T1L Α21 + Α22L + Α23L - Α24 + T4 H-Α23 + Α24LL � 0 &&

1

T1 T2 T3 T4

H-Α34 + T4 H1 - Α33 + T3 H-1 - Α32 + T2 HH-1 + T1L Α31 + Α32L + Α33L + Α34LL � 0 &&

1

T1 T2 T3 T4

H1 - Α44 + T4 H-1 + T2 T3 HH-1 + T1L Α41 + Α42L - Α43 + T3 H-Α42 + Α43L + Α44LL � 0>
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Γ1 = HΓ0 �� dS@2D �� dS@4DL
-

Ω HΑ24 Α42-Α22 Α44L
Σ2 Σ4

s1 s2

s1
Α14 Α22 Α41-Α12 Α24 Α41-Α14 Α21 Α42+Α11 Α24 Α42+Α12 Α21 Α44-Α11 Α22 Α44

Α24 Α42-Α22 Α44
-

Α14 Α42-Α12 Α44

Α24 Α42-Α22 Α44

-Α14 Α23 Α42+Α13 Α24 Α42+Α14

s2
Α24 Α41-Α21 Α44

Α24 Α42-Α22 Α44

Α44

-Α24 Α42+Α22 Α44

s3
-Α24 Α32 Α41+Α22 Α34 Α41+Α24 Α31 Α42-Α21 Α34 Α42-Α22 Α31 Α44+Α21 Α32 Α44

Α24 Α42-Α22 Α44
-

Α34 Α42-Α32 Α44

Α24 Α42-Α22 Α44

Α24 Α33 Α42-Α23 Α34 Α42-Α24

s4
Α22 Α41-Α21 Α42

-Α24 Α42+Α22 Α44

Α42

Α24 Α42-Α22 Α44

S Σ1
1

Σ2

cert = Γ1 �� dm@1, 2, 1D �� dm@3, 4, 2D
-

Ω HΑ14 Α32+Α24 Α32-Α12 Α34-Α22 Α34+Α14 Α42+Α24 Α42-Α12 Α44-Α22 Α44L
Σ2 Σ4

s1

s1
Α14 Α31+Α24 Α31-Α11 Α34-Α21 Α34+Α14 Α41+Α24 Α41-Α11 Α44-Α21 Α44

Α14 Α32+Α24 Α32-Α12 Α34-Α22 Α34+Α14 Α42+Α24 Α42-Α12 Α44-Α22 Α44

Α14 Α33

Α14 Α32

s2
Α12 Α31+Α22 Α31-Α11 Α32-Α21 Α32+Α12 Α41+Α22 Α41-Α11 Α42-Α21 Α42

-Α14 Α32-Α24 Α32+Α12 Α34+Α22 Α34-Α14 Α42-Α24 Α42+Α12 Α44+Α22 Α44

Α13 Α32

Α14 Α32

S
Σ1

Σ2

eqns = HΕ@1D Ε@2D �� GL � Icert �. Σ_ ® 1M �� Simplify

-Ω HΑ14 HΑ32 + Α42L + Α24 HΑ32 + Α42L - HΑ12 + Α22L HΑ34 + Α44LL � 1 &&

Α14 HΑ31 + Α41L + Α24 HΑ31 + Α41L - HΑ11 + Α21L HΑ34 + Α44L
Α14 HΑ32 + Α42L + Α24 HΑ32 + Α42L - HΑ12 + Α22L HΑ34 + Α44L

� 1 &&

Α14 HΑ33 + Α43L + Α24 HΑ33 + Α43L - HΑ13 + Α23L HΑ34 + Α44L
Α14 HΑ32 + Α42L + Α24 HΑ32 + Α42L - HΑ12 + Α22L HΑ34 + Α44L

� 0 &&

Α12 HΑ31 + Α41L + Α22 HΑ31 + Α41L - HΑ11 + Α21L HΑ32 + Α42L
-Α14 HΑ32 + Α42L - Α24 HΑ32 + Α42L + HΑ12 + Α22L HΑ34 + Α44L

� 0 &&

Α13 HΑ32 + Α42L + Α23 HΑ32 + Α42L - HΑ12 + Α22L HΑ33 + Α43L
Α14 HΑ32 + Α42L + Α24 HΑ32 + Α42L - HΑ12 + Α22L HΑ34 + Α44L

� 1

alex = HΓ1 �� dm@4, 3, 3D �� dm@3, 2, 2D �� dm@2, 1, 1DLP1T
-

1

Σ2 Σ4

Ω HΑ23 Α41 - Α24 Α41 + Α33 Α41 - Α34 Α41 - Α23 Α42 + Α24 Α42 - Α33 Α42 +

Α34 Α42 - Α21 Α43 + Α22 Α43 - Α31 Α43 + Α32 Α43 + Α21 Α44 - Α22 Α44 + Α31 Α44 - Α32 Α44L

FullSimplify@alex, eqns && ucond && ocondD
Ω H-HΑ23 - Α24L HΑ41 - Α42L + HΑ21 - Α22L HΑ43 - Α44LL

Σ2 Σ4

FullSimplify@certP1TD
Ω H-HΑ14 + Α24L HΑ32 + Α42L + HΑ12 + Α22L HΑ34 + Α44LL

Σ2 Σ4

M =

-
T2

-T1-T2+T1 T2

-1+T1

-T1-T2+T1 T2
0

-
T1 H-1+T2L T3

H-T1-T2+T1 T2L H-T2-T3+T2 T3L -
H1-2 T1-T2+T1 T2L T3

H-T1-T2+T1 T2L H-T2-T3+T2 T3L
-1+T2

-T2-T3+T2 T3

T1 H-1+T2L T2 H-1+T3L
H-T1-T2+T1 T2L H-T2-T3+T2 T3L

T2 H1-2 T1-T2+T1 T2L H-1+T3L
H-T1-T2+T1 T2L H-T2-T3+T2 T3L

1-2 T2-T3+T2 T3

-T2-T3+T2 T3

;
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SimplifyAM �. Ta_ ¦ 1 � TaE �� MatrixForm

T1

-1+T1+T2

H-1+T1L T2

-1+T1+T2
0

H-1+T2L T2

H-1+T1+T2L H-1+T2+T3L -
H1+T1 H-1+T2L-2 T2L T2

H-1+T1+T2L H-1+T2+T3L
H-1+T2L T3

-1+T2+T3

H-1+T2L H-1+T3L
H-1+T1+T2L H-1+T2+T3L -

H1+T1 H-1+T2L-2 T2L H-1+T3L
H-1+T1+T2L H-1+T2+T3L

-1-T2 H-1+T3L+2 T3

-1+T2+T3

SimplifyAIM �. Ta_ ¦ 1 � TaM.Transpose@MDE �� Simplify �� MatrixForm

I1-3 T1+T1
2M T2

HT1 H-1+T2L-T2L H-1+T1+T2L -
IT1 H3-2 T2L T2+H
HT1 H-1+T2L-T2L

-
T2 I-1+T1 H2-3 T2L+T1

2 H-1+T2L+T2+T2
2M

HT1 H-1+T2L-T2L H-1+T1+T2L H-1+T2+T3L
I-T2 I-2+6 T2-5 T2

2
+T2

3M+T1
2 I-1+5

HT1 H-1+T2L-T2L H-1+T1

-
I-1+T1 H2-3 T2L+T1

2 H-1+T2L+T2+T2
2M H-1+T3L

HT1 H-1+T2L-T2L H-1+T1+T2L H-1+T2+T3L
-T1

2 H-1+T2L I-1+T2
2 H-1+T3L+2 T3

2
-T2 I-2+2 T3+T3

2MM+H-1+T2L IT2
2 H2-3 T3L+T2

3 H-1+T3L-H-

HT1 H-1+T2L-T2L H-1+T1

SimplifyAM �. Ta_ ¦ 1 � TaE � M �. T_ ® T �� Simplify �� MatrixForm

Power::infy : Infinite expression 

1

0

 encountered. �

Infinity::indet : Indeterminate expression 0 ComplexInfinity encountered. �

-
H-2+TL T

-1+2 T

H-2+TL T2

-1+2 T
Indeterminate

-
H-2+TL2 T

H1-2 TL2

H-2+TL2 T2

H1-2 TL2

H-2+TL T2

-1+2 T

H-2+TL2

H1-2 TL2 -
H-2+TL2 T

H1-2 TL2 -
H-2+TL T

-1+2 T
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