
Pensieve header: A common program for all w-meta-calculi. Continued pensieve://2014-06/MetaCal-

culi/.

General

Xpa_,b_ := Xp@a, bD; Xma_,b_ := Xm@a, bD;

SXForm@L_D := SXForm@
Skeleton@LD,

Times �� PD@LD �.

X@i_, j_, k_, l_D ¦ If@PositiveQ@X@i, j, k, lDD, Xp@l, iD, Xm@j, iDD
D;

Z@L_D := Z@Identity, LD;

Z@Χ_, L_D := Module@8s, z<,

8s, z< = List �� SXForm@LD;

z = Χ @zD;

Do@z = z �� dm@sPc, 1T, sPc, kT , sPc, 1TD,

8c, Length@sD<, 8k, 2, Length@sPcTD<D;

z

D;

Α-Calculus

Α-calculus is really the “exact” Β-calculus of pensieve://2012-05/beta5.1
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Utilities

ΑSimplify@expr_D := expr �� Together �� ExpandDenominator �� ExpandNumerator;

SetAttributes@ΑCollect, ListableD;

ΑCollect@A@Ω_, Μ_DD := A@
ΑSimplify@ΩD,

Collect@Μ, _h, Collect@ð, _t, ΑSimplifyD &D
D;

ΑCollect@simp_D@A@Ω_, Μ_DD := A@
simp@ΩD,

Collect@Μ, _h, Collect@ð, _t, simpD &D
D;

hL@Β_D := Union@Cases@Β, h@s_D ¦ s, InfinityDD;

tL@Β_D := UnionACasesAΒ, t@s_D cs_ ¦ s, InfinityEE;

dL@Β_D := Union@hL@ΒD, tL@ΒDD;

ΑForm@A@Ω_, Μ_DD := Module@
8tails, heads, mat<,

tails = tL@A@Ω, ΜDD; heads = hL@A@Ω, ΜDD;

mat = Outer@ΑSimplify@Coefficient@Μ, h@ð1D t@ð2DDD &, heads, tailsD;

PrependTo@mat, t �� tailsD;

mat = Prepend@Transpose@matD, Prepend@h �� heads, ΩDD;

MatrixForm@matD
D;

ΑForm@else_D := else �. Β_A ¦ ΑForm@ΒD;

Format@A@Ω_, Μ_D, StandardFormD := ΑForm@A@Ω, ΜDD;

A �: A@Ω1_, Μ1_D � A@Ω2_, Μ2_D := Module@
8heads, tails<,

tails = tL@8A@Ω1, Μ1D, A@Ω2, Μ2D<D;

heads = hL@8A@Ω1, Μ1D, A@Ω2, Μ2D<D;

HΩ1 � Ω2L && H
And �� Flatten@Outer@

HCoefficient@Μ1, t@ð1D h@ð2DD � Coefficient@Μ2, t@ð1D h@ð2DDL &,

tails, heads

DD
L

D
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The Meta-Cross-Product

The “Tails” meta-group

tm@x_, y_, z_D@Β_AD := ΑCollectAΒ �. 9t@xD ® t@zD, t@yD ® t@zD, cx ® cz, cy ® cz=E;

tD@z_, x_, y_D@Β_AD := ΑCollectAΒ �. 9t@zD ® t@xD + t@yD, cz ® cx + cy=E;

tΗ@x_D@Β_AD := ΑCollect@HΒ �. t@xD ® 0L �. cx ® 0D;

tS@x_D@Β_AD := ΑCollect@Β �. 8t@xD ® -t@xD, cx ® -cx<D;

tA@_D@Β_AD := ΑCollect@ΒD;

tΣ@rules___RuleD@Β_AD := ΑCollectA
Β �. 9t@x_D ¦ t@x �. 8rules<D, cx_ ¦ cx �. 8rules<=

E;

The “Heads” meta-group

hm@x_, y_, z_D@A@Ω_, Μ_DD := Module@
8Γx = D@Μ, h@xDD, Γy = D@Μ, h@yDD, M = Μ �. h@xD h@yD ® 0<,

A@Ω, M + h@zD HΓx + Γy + HΓx �. t@i_D ¦ ciL ΓyLD �� ΑCollect

D;

hD@z_, x_, y_D@Β_AD := ΑCollect@Β �. h@zD ® h@xD + h@yDD;

hΗ@x_D@Β_AD := ΑCollect@Β �. h@xD ® 0D;

hS@x_D@A@Ω_, Μ_DD := Module@8Γ<,

Γ = 1 + D@Μ, h@xDD �. t@s_D ¦ cs;

ΑCollect@A@Ω, Μ �. h@xD ® -h@xD � ΓDD
D;

hA@x_D@Β_AD := hS@xD@ΒD;

hΣ@rules___RuleD@Β_AD := ΑCollect@Β �. h@x_D ¦ h@x �. 8rules<DD;

The TH ® HT  and HT ® TH Swaps

tha@x_, y_D@A@Ω_, Μ_DD := Module@
8Α, Β, Γ, ∆, Ε<,

Α = Coefficient@Μ, h@yD t@xDD;

Β = D@Μ, t@xDD �. h@yD ® 0;

Γ = D@Μ, h@yDD �. t@xD ® 0;

∆ = Μ �. h@yD t@xD ® 0;

Ε = 1 + cx Α;

A@Ω * Ε, Plus@
Α H1 + HΓ �. t@i_D ¦ ciL � ΕL h@yD t@xD,

Β H1 + HΓ �. t@i_D ¦ ciL � ΕL t@xD,

Γ � Ε h@yD,

∆ - cx � Ε Γ * Β

DD �� ΑCollect

D;

hta@x_, y_D@Β_AD := Β �� hS@xD �� tha@y, xD �� hS@xD;
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The “double” meta-group

dm@x_, y_, z_D@Β_D := Β �� tha@x, yD �� hm@x, y, zD �� tm@x, y, zD;

dD@z_, x_, y_D@Β_D := Β �� tD@z, x, yD �� hD@z, x, yD;

dS@s_D@Β_D := Β �� hta@s, sD �� hS@sD �� tS@sD;

dA@s_D@Β_D := Β �� hta@s, sD �� hA@sD �� tA@sD;

dΗ@s_D@Β_D := Β �� hΗ@sD �� tΗ@sD;

dcap@s_D@Β_D := Β �� hta@s, sD �� hΗ@sD;

dΣ@rules___D@Β_D := Β �� hΣ@rulesD �� tΣ@rulesD;

dΣ@pl_ListD@Β_D := Module@
8Σ, len, Β1, k<,

len = Length@plD;

Β1 = Β �� HdΣ �� Table@i ® Σ@iD, 8i, len<DL;

Do@
k = pl@@i, 1DD;

Β1 = Β1 �� dΣ@Σ@iD ® kD;

Do@
Β1 = Β1 �� dD@k, k, pl@@i, jDDD,

8j, 2, Length@pl@@iDDD<
D,

8i, len<
D;

Β1

D;

dΣ@pl___IntegerD := dΣ@IntegerDigits �� 8pl<D;

The “external” product

A �: A@Ω1_, Μ1_D A@Ω2_, Μ2_D := A@Ω1 * Ω2, Μ1 + Μ2D;

Tangle Concatenation

A �: Α1_A ** Α2_A := Module@8S, Α, Τ<,

S = dL@Α1D;

Α = Α1 HΑ2 �� dΣ �� HHð ® Τ@ðDL & �� SLL;

Do@
Α = Α �� dm@s, Τ@sD, sD,

8s, S<
D;

Α

D
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The R-Matrix

SetAttributes@A, ListableD;

A@p_TimesD := A �� p;

A@Xp@a_, b_DD := ΑCollect@A@1, Hãca - 1L � ca * t@aD h@bDDD;

A@Xm@a_, b_DD := ΑCollect@A@1, Hã-ca - 1L � ca * t@aD h@bDDD;

A@Q@a_, b_DD := IAA1, Iãca�2 - 1M � ca * t@aD h@aDE �� dD@a, a, bDM **

IAA1, Iã-ca�2 - 1M � ca * t@aD h@aDE AA1, Iã-cb�2 - 1M � cb * t@bD h@bDEM;

A@Qi@a_, b_DD := IAA1, Iã-ca�2 - 1M � ca * t@aD h@aDE �� dD@a, a, bDM **

IAA1, Iãca�2 - 1M � ca * t@aD h@aDE AA1, Iãcb�2 - 1M � cb * t@bD h@bDEM

The Exact KV Solution in Α

ModuleB8Ν, Κ, Ω, Α, Β, Γ, ∆<,

Ν@x_D :=

SinhA x

2
E

x � 2
; Κ@x_D := Ν@xD-1�2; Ω =

Κ@c1 + c2D
Κ@c1D Κ@c2D ;

Γ =
Ν@c2D - Ν@c1D Ν@c1 + c2D

Hc1 + c2L Ν@c1D Ν@c1 + c2D ; ∆ =
ã

c1

2

c2

-
Ν@c1 + c2D ãc1+c2 Ν@c1D c1

H-1 + ãc1+c2L Ν@c2D c2

-
1

c1 + c2

;

Α =
-c2

c1

Γ; Β =
1

c1

Jã
c1

2 - c2 ∆ - 1N;

:A@CD = ΑCollect@A@Κ@c1D, 0DD,

A@VD = ΑCollectBABΩ, 8t�1, t�2<.K Α Β

Γ ∆
O.8h�1, h�2<FF,

A@ViD = A@VD �� dA@1D �� dA@2D
>

F

:

1

21�4
SinhB

c1

2
F

c1

1�4

t@1D
,

21�4
SinhB

c1

2
F

c1

1�4
SinhB

c2

2
F

c2

1�4

SinhB
1

2
Hc1+c2LF

c1+c2

1�4 h@1D

t@1D
- 2

SinhB
c2

2
F

c2

c2+2
SinhB

c1

2
F

c1

c2

SinhB
1

2
Hc1+c2LF

c1+c2

2
SinhB

c1

2
F

c1

c1
2

SinhB
1

2
Hc1+c2LF

c1+c2

+2
SinhB

c1

2
F

c1

c1 c2

SinhB
1

2
Hc1+c2LF

c1+c2

t@2D
2

SinhB
c2

2
F

c2

-2
SinhB

c1

2
F

c1

SinhB
1

2
Hc1+c2LF

c1+c2

2
SinhB

c1

2
F

c1

c1

SinhB
1

2
Hc1+c2LF

c1+c2

+2
SinhB

c1

2
F

c1

c2

SinhB
1

2
Hc1+c2LF

c1+c2

-ã

c1

2 c1

>
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qD (“renormalized cabling”)

qD@a_, x_, y_D@A@Ω_, Μ_DD := ModuleB
8Α, Θ, Φ, X, M<,

K Α Θ

Φ X
O =

¶h@aD,t@aD Μ ¶t@aD Μ

¶h@aD Μ Μ
�. Hh tL@aD ® 0;

M =

Hãca -ãcy L Α ca

H-1+ãca L cx

Hãca -ãcy L Α ca

H-1+ãca L cx

Hãca -ãcy L Θ ca

H-1+ãca L cx

H-1+ãcy L Α ca

H-1+ãca L cy

H-1+ãcy L Α ca

H-1+ãca L cy

H-1+ãcy L Θ ca

H-1+ãca L cy

Φ Φ X

;

ΑCollectAA@Ω, 8t@xD, t@yD, 1<.M.8h@xD, h@yD, 1<D �. ca ® cx + cyE
F;

G-Calculus

GSimp = Factor; SetAttributes@GCollect, ListableD;

GCollect@G@Ω_, Σ_, Λ_DD := GCollect@GSimpD@G@Ω, Σ , ΛDD;

GCollect@simp_D@G@Ω_, Σ_, Λ_DD := GAsimp@ΩD, simp@Σ D,

CollectAΛ, h_, CollectAð, t_, simpE &EE;

dL@G@_, _, Λ_DD := UnionACasesAΛ, Hh tLa_ ¦ a, InfinityEE;

G@Ω1_, _, _D@ΩD := Ω1;

G@Ω_, Σ_, Λ_D@SD := H¶hð
Σ L & �� dL@G@Ω, Σ , ΛDD;

G@Ω_, Σ_, Λ_D@AD :=

Module@8S = dL@G@Ω, Σ , ΛDD<, Outer@GSimp@H¶tð1hð2 ΛLD &, S, SDD;

GForm@G@Ω_, Σ_, Λ_DD := Module@8S, M<,

S = dL@G@Ω, Σ , ΛDD;

M = G@Ω, Σ , ΛD@AD �� Transpose;

PrependTo@M, sð & �� SD;

M = Join@
8Prepend@sð & �� S, ΩD<,

Transpose@MD,

8Prepend@G@Ω, Σ , ΛD@SD, "S"D<
D;

MatrixForm@MD
D;

GForm@else_D := else �. G@Ω_, Σ_, Λ_D ¦ GForm@G@Ω, Σ , ΛDD;

Format@G@Ω_, Σ_, Λ_D, StandardFormD := GForm@G@Ω, Σ , ΛDD;
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G �: G@Ω1_, Σ1_, Μ1_D � G@Ω2_, Σ2_, Μ2_D := Module@
8S<,

S = dL@G@Ω1, Σ1, Μ1DD Ü dL@G@Ω2, Σ2, Μ2DD;

HΩ1 � Ω2L && HAnd �� HH¶hð
Σ1 � ¶hð

Σ2L & �� SLL && H
And �� Flatten@Outer@

H¶tð1,hð2 Μ1 � ¶tð1,hð2 Μ2L &,

S, S

DD
L

D
G �: G@Ω1_, Σ1_, Λ1_D G@Ω2_, Σ2_, Λ2_D := G@Ω1 * Ω2, Σ1 + Σ2, Λ1 + Λ2D;

dma_b_®c_@G@Ω_, Σ_, Λ_DD := ModuleB8Α, Β, Γ, ∆, Θ, Ε, Φ, Ψ, X, Μ<,

Α Β Θ

Γ ∆ Ε

Φ Ψ X

=

¶ta,ha Λ ¶ta,hb Λ ¶ta Λ

¶tb,ha Λ ¶tb,hb Λ ¶tb Λ

¶ha Λ ¶hb Λ Λ

�. Ht hLa b ® 0;

GCollectBGBHΜ = 1 - ΒL Ω,

hc H¶ha Σ L H¶hb Σ L + HΣ �. ha b ® 0L,

8tc, 1<.K Γ + Α ∆ � Μ Ε + ∆ Θ � Μ

Φ + Α Ψ � Μ X + Θ Ψ � Μ
O.8hc, 1<

FF �. 8Ta ® Tc, Tb ® Tc< �� GCollect

F;

dm@a_, b_, c_D@G@Ω_, Σ_, Λ_DD := dmab®c@G@Ω, Σ , ΛDD;

dΗ@a_D@Γ_GD := Γ �. 8Hh tLa ® 0, Ta ® 1<;

FullStitch@Γ1_G, Γ2_GD := ModuleA8S1, S2, S, Γ, Τ<,

S = HS1 = dL@Γ1DL Ü HS2 = dL@Γ2DL;

Γ = Γ1 HTimes �� HG �� Ε �� Complement@S, S1DLL;

Γ *= IΓ2 �. 9ha_ ¦ hΤ@aD, ta_ ¦ tΤ@aD, Ta_ ¦ TΤ@aD=M
HTimes �� HG �� Ε �� Τ �� Complement@S, S2DLL;

Do@
Γ = Γ �� dm@s, Τ@sD, sD,

8s, S<
D;

Γ

E;

G �: Γ1_G ** Γ2_G := Module@8S1, S2, S, Γ1p, Γ2p<,

S = HS1 = dL@Γ1DL Ü HS2 = dL@Γ2DL;

Γ1p = Γ1 HTimes �� HG �� Ε �� Complement@S, S1DLL;

Γ2p = Γ2 HTimes �� HG �� Ε �� Complement@S, S2DLL;

G@
Γ1p@ΩD * Γ2p@ΩD,

HΓ1p@SD Γ2p@SDL.Hhð & �� SL,

Htð & �� SL.HΓ2p@AD.Γ1p@ADL.Hhð & �� SL
D

D;
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G �: G@Ω_, Σ_, Λ_D-1 := ModuleA8S = dL@G@Ω, Σ , ΛDD<,

GA
Ω-1, CollectAΣ , h_, H1 � ðL &E,

Htð & �� SL.Inverse@ Outer@GSimp@H¶tð1hð2 ΛLD &, S, SDD.Hhð & �� SL
E

E;

dA@a_D@G@Ω_, Σ_, Λ_DD := ModuleB
8Α, Θ, Φ, X, Σa<,

K Α Θ

Φ X
O =

¶ta,ha Λ ¶ta Λ

¶ha Λ Λ
�. Hh tLa ® 0;

Σa = ¶ha Σ ;

GCollectBGB
Α Ω � Σa,

HHΣ �. ha ® 0L + ha � ΣaL,

8ta, 1<.K 1 Θ

-Φ Α X - Φ Θ
O.8ha, 1< � Α

FF
F;

dS@a_D@Γ_GD := GCollect@dA@aD@ΓD �. Ta ® 1 � TaD;

tΣ@rules___RuleD@Γ_GD := GCollectA
Γ �. 9tu_ ¦ tu �. 8rules<, Tu_ ¦ Tu �. 8rules<=

E;

hΣ@rules___RuleD@Γ_GD := GCollectAΓ �. hx_ ¦ hx �. 8rules<E;

SetAttributes@G, ListableD;

G@p_Times p_NonCommutativeMultiply D := G �� p;

G@Ε@a_DD := G@1, ha, ha taD;

G@Xp@a_, b_DD := GB1, ha + hb Ta, 8ta, tb<.K 1 1 - Ta

0 Ta
O.8ha, hb<F;

G@Xm@a_, b_DD := G@Xp@a, bDD �. Ta ® 1 � Ta;

MVA@G, L_LinkD := ModuleB8Hs, Ω, Σ, Μ, A<,

8Ω, Σ, Μ< = List �� Z@G, LD;

Hs = Rest@hð & �� HFirst �� Skeleton@LDLD;

A = OuterACoefficient@Μ, ð1 * ð2D &, Hs, Hs �. ha_ ¦ taE;

FactorB Ω Det@A - IdentityMatrix�Length�HsD
1 - TSkeleton@LDP1,1T

F
F
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qD (“renormalized cabling”)

qD@a_, x_, y_D@G@Ω_, Σ_, Λ_DD := ModuleB
8Α, Θ, Φ, X, Σa, Ta, M<,

K Α Θ

Φ X
O =

¶ta,ha Λ ¶ta Λ

¶ha Λ Λ
�. Hh tLa ® 0 �. Ta ® Ta;

Σa = ¶ha Σ ;

M =

-Σa+Α Ta+H-Α+ΣaL Ty

-1+Ta

H-1+TxL Ty HΑ-ΣaL
-1+Ta

Θ H-1+TxL Ty

-1+Ta

I-1+TyM HΑ-ΣaL
-1+Ta

-Α+Σa Ta+HΑ-ΣaL Ty

-1+Ta

Θ I-1+TyM
-1+Ta

Φ Φ X

;

GCollect@G@
Ω �. Ta ® Tx Ty,

HHΣ �. ha ® 0L + Hhx + hyL ΣaL �. Ta ® Tx Ty,

8tx, ty, 1<.M.8hx, hy, 1< �. Ta ® Tx Ty

DD
F;
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The Exact KV Solution in G

G@VD = GB
J -1+T1

Log@T1D N1�4 J -1+T2

Log@T2D N1�4

J -1+T1 T2

Log@T1 T2D N1�4
, h1 + h2 T1 ,

8t1, t2<.

Log@T1D 1+

Log@T2D I-1+T1M T1

LogAT1E
-1+T2

LogAT2E

H-1+T1L -1+T1 T2

LogAT1 T2E

Log@T1 T2D

Log@T1D 1-

I-1+T1M T1

LogAT1E T2

-1+T2

LogAT2E
-1+T1 T2

LogAT1 T2E

Log@T1 T2D

Log@T2D 1-

T1

-1+T2

LogAT2E

I-1+T1M T1

LogAT1E
-1+T1 T2

LogAT1 T2E

Log@T1 T2D

Log@T2D 1+

Log@T1D I-1+T1M T1

LogAT1E T2

Log@T2D -1+T2

LogAT2E
-1+T1 T2

LogAT1 T2E

Log@T1 T2D

.8h1, h2<

F;

G@ViD = GB
J -1+T1 T2

Log@T1 T2D N1�4

J -1+T1

Log@T1D N1�4 J -1+T2

Log@T2D N1�4
, h1 + h2 � T1 ,

8t1, t2<.

H-1+T1L T2+Log@T2D -1+T1

Log@T1D T1

-1+T2

Log@T2D
-1+T1 T2

Log@T1 T2D
-1+T1 T2

H-1+T1L T2-Log@T1D -1+T1

Log@T1D T1

-1+T2

Log@T2D
-1+T1 T2

Log@T1 T2D
-1+T1 T2

-1+T2-Log@T2D -1+T1

Log@T1D T1

-1+T2

Log@T2D
-1+T1 T2

Log@T1 T2D
-1+T1 T2

-1+T2+Log@T1D -1+T1

Log@T1D T1

-1+T2

Log@T2D
-1+T1 T2

Log@T1 T2D
-1+T1 T2

.

8h1, h2<
F;

Α«G Convertions

A@Ω_, Μ_D �� G := ModuleA8S<,

S = dL@8Ω, Μ<D;

G@Ω,

Total@hð & �� SD + Μ �. 8h@a_D ¦ ha, t@a_D ¦ ca<,

Total@Htð hð L & �� SD + HΜ �. t@a_D ¦ ca �. h@a_D ¦ ha taL - Μ �.

8h@a_D ¦ ha, t@a_D ¦ ca ta<
D �. ca_ ¦ Log@TaD �� GCollect

E;
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G@Ω_, Σ_, Λ_D �� A := ModuleA8S, Μ<,

S = dL@G@Ω, Σ , ΛDD;

Μ = Total@HH¶hð
Σ L tð hð L & �� SD - Λ;

AAΩ,

Μ �. 9ha_ ¦ h@aD, ta_ ¦ t@aD � ca=
E �. Ta_ ¦ ãca �� ΑCollect

E;
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