
Cheat Sheet J - Verification

Pensieve header: Cheat Sheet $J$ Verification; continues pensieve://2013-04/; continued pen-

sieve://2014-01/.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\2013-12"D;

<< "..�2013-05�FreeLie.m";

tm@u_, v_, w_D := LieMorphism@Xu\ ® Xw\, Xv\ ® Xw\D;

CC@u_, Γ_LieSeriesD := LieMorphism@u ® Ad@ΓD@uDD;

CCu_@Γ_D := CC@u, ΓD;

RC@u_, Γ_LieSeries, ub_D@ser_D :=

StableApply@LieMorphism@Xu\ ® Ad@ΓD@Xub\DD, serD;

RC@u_, Γ_LieSeriesD@ser_D := ser �� RC@u, Γ, XΥ\D �� LieMorphism@XΥ\ ® Xu\D;

RCu_@Γ_D := RC@u, ΓD;

Print �� 88t = X"t"\, u = X"u"\, v = X"v"\, w = X"w"\<,

Α = RandomLieSeries@8t, u, v<D,

Β = RandomLieSeries@8t, u, v<D,

Γ = RandomLieSeries@8t, u, v<D
<;

$SeriesShowDegree = 3; $SeriesCompareDegree = 6;

8Xt\, Xu\, Xv\, Xw\<
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ad@u_, Γ_LieSeriesD := LieDerivation@u ® b@Γ, uDD;

adu_@Γ_D := ad@u, ΓD;

Ε �: Ε
2

= 0;

� Some preliminary testing

HΑ �� RCu@ΓD �� CCu@-ΓDL º Α

True

HΑ �� RCu@ΓD �� RCu@-Γ �� RCu@ΓDDL º Α

True

1.
The Definition of J

J@u_, Γ_D := ModuleB8s<, à
0

1HΓ �� RCu@s ΓD �� divu �� CCu@-s ΓDL âsF;

Ju_@Γ_D := J@u, ΓD;
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2.
The Juv equation

Print �� 8
0 ® 8Α, Β<,

1 ® Ht1 = Ju@ΑD + HJv@Β �� RCu@ΑDD �� CCu@-ΑDLL,

2 ® Ht2 = Jv@ΒD + HJu@Α �� RCv@ΒDD �� CCv@-ΒDLL,

3 ® t1 º t2

<;
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3 ® True

Print �� 8
0 ® 8Α, Β<,

1 ® Ht1 = Ju@ΑD + HJv@Β �� RCu@s ΑDD �� CCu@-s ΑDLL,

2 ® Ht2 = Jv@ΒD + HJu@Α �� RCv@s ΒDD �� CCv@-s ΒDLL,

3 ® t1 º t2

<;
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Print �� 8
0 ® 8Α, Β<,

1 ® Ht1 = Ju@ΑDL,

2 ® Ht2 = Ju@Α �� RCv@ΒDD �� CCv@-ΒDL,

3 ® t1 º t2

<;
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Print �� 8
0 ® 8Α, Β<,

1 ® Ht1 = Ju@ΑD �� RCu@ΑD �� RCv@ΒD �� RCu@ΑDL,

2 ® Ht2 = Ju@Α �� RCv@ΒDD �� RCu@Α �� RCv@ΒDDL,

3 ® t1 º t2

<;
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3.
The t equation

Print �� 8
0 ® Γ,

1 ® Ht1 = J@w, Γ �� tm@u, v, wDDL,

2 ® Ht2 = Ju@ΓD �� tm@u, v, wDL,

3 ® Ht3 = Jv@Γ �� RCu@ΓDD �� CCu@-ΓD �� tm@u, v, wDL,

4 ® t1 º t2 + t3

<;
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4 ® True

Print �� 8
0 ® 8Γ, Γw = Γ �� tm@u, v, wD<,

1 ® Ht1 = J@w, ΓwD �� RCw@ΓwDL,

2 ® Ht2 = Ju@ΓD �� tm@u, v, wD �� RCw@ΓwDL,

3 ® Ht3 = Jv@Γ �� RCu@ΓDD �� RCv@Γ �� RCu@ΓDD �� tm@u, v, wDL,

4 ® t1 º t2 + t3

<;
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4 ® True

� Splitting the t equation

Print �� :
0 ® 8Γ, Γw = Γ �� tm@u, v, wD<,

1 ® Ht1 = Γw �� RCw@s ΓwDL,

2 ® Ht2 = Γ �� RCu@s ΓD �� RCv@s Γ �� RCu@s ΓDD �� tm@u, v, wDL,

3 ® t1 º t2,

4 ® Ht3 = Γ �� RCu@s ΓD �� RCv@s Γ �� RCu@s ΓDD �� tm@u, v, wD �� divwL,

5 ® Ht4 = Γ �� RCu@s ΓD �� RCv@s Γ �� RCu@s ΓDD �� divu �� tm@u, v, wDL,

6 ® Ht5 = Γ �� RCu@s ΓD �� RCv@s Γ �� RCu@s ΓDD �� divv �� tm@u, v, wDL,

7 ® t3 º t4 + t5,

8 ® t6 = à
0

1Ht3 �� CCw@-s ΓwDL âs ,

9 ® t6 º Jw@ΓwD,

10 ® t7 = à
0

1Ht4 �� CCw@-s ΓwDL âs ,

11 ® t8 = à
0

1Ht5 �� CCw@-s ΓwDL âs ,

12 ® t6 º t7 + t8,

HJu@ΓD �� tm@u, v, wD �� RCw@ΓwDL º Ht7 �� RCw@ΓwDL
>;
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4.
The h equation

Print �� 8
1 ® Ht1 = J@u, BCH@Α, ΒDDL,

2 ® Ht2 = J@u, ΑDL,

3 ® Ht3 = J@u, Β �� RC@u, ΑDD �� CC@u, -ΑDL,

4 ® t1 º t2 + t3

<;
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4 ® True

� h and S

HPlus@
Ju@ΓD �� RCu@ΓD,

Ju@-Γ �� RCu@ΓDD
D �� RCu@-Γ �� RCu@ΓDDL � 86<

CWS@0, 0, 0, 0, 0, 0D

5.
The meaning(s) of RC

Print �� 8
1 ® Α,
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q

2
+

u v
q

2
,

-

5

3
t t u

q
s

+

5

3
t t v

q
s

- t u v
q

s

-

1

3
u u v

q
s

+

5

6
t u
q

u
s

- 2 t v
q

u
s

+

1

2
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q

v
s

-

11

6
u v
q

v
s

F

3 ® True

Print �� 8
1 ® Α,

2 ® Ht1 = Α �� CC@u, Γ �� RC@u, ΓDDL,

3 ® Ht2 = Α �� RC@u, ΓDL,

4 ® t1 º t2

<;
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1 ® LSBu
p

+ 2 v
p

, - t u
q

+

t v
q

2
+

u v
q

2
,

-

5

3
t t u

q
s

+

5

3
t t v

q
s

- t u v
q

s

-

1

3
u u v

q
s

+

5

6
t u
q

u
s

- 2 t v
q

u
s

+

1

2
t v
q

v
s

-

11

6
u v
q

v
s

F

2 ® LSBu
p

+ 2 v
p

, - t u
q

+

t v
q

2
+

u v
q

2
, -

5

3
t t u

q
s

+

5

3
t t v

q
s

- t u v
q

s

-

7

3
u u v

q
s

-

7

6
t u
q

u
s

+

1

2
t v
q

v
s

-

11

6
u v
q

v
s

F

3 ® LSBu
p

+ 2 v
p

, - t u
q

+

t v
q

2
+

u v
q

2
, -

5

3
t t u

q
s

+

5
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t t v

q
s

- t u v
q

s

-
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3
u u v

q
s

-

7

6
t u
q

u
s

+

1

2
t v
q

v
s

-

11

6
u v
q

v
s

F

4 ® True

6.
Cu Cv and RCu RCv

Print �� 8
1 ® 8Α, Β, Γ<,

2 ® Ht1 = Γ �� CCu@Α �� RCv@-ΒDD �� CCv@ΒDL,

3 ® Ht2 = Γ �� CCv@Β �� RCu@-ΑDD �� CCu@ΑDL,

4 ® t1 º t2

<;

1 ® :LSBu
p

+ 2 v
p

, - t u
q

+

t v
q

2
+

u v
q

2
,

-

5

3
t t u

q
s

+

5

3
t t v

q
s

- t u v
q

s

-

1

3
u u v

q
s

+

5

6
t u
q

u
s

- 2 t v
q

u
s

+

1

2
t v
q

v
s

-

11

6
u v
q

v
s

F,

LSB- u
p

, -2 t v
q

+

u v
q

2
, -

3

2
t t u

q
s

-

1

6
t t v

q
s

-

1

3
t u v

q
s

-

5

6
u u v

q
s

+ 2 t u
q

u
s

- 2 t v
q

v
s

+

11

6
u v
q

v
s

F,

LSB0, -2 t u
q

+ 2 t v
q

+ 2 u v
q

, -

2

3
t t u

q
s

-

3

2
t t v

q
s

-

1

6
t u v

q
s

- 2 t u
q

u
s

+

1

6
t v
q

u
s

- 2 t v
q

v
s

-

5

6
u v
q

v
s

F>

2 ® LSB0, -2 t u
q

+ 2 t v
q

+ 2 u v
q

,

-

2

3
t t u

q
s

-

3

2
t t v

q
s

+

11

6
t u v

q
s

- 2 u u v
q

s

- 2 t u
q

u
s

+

1

6
t v
q

u
s

- 2 t v
q

v
s

-

29

6
u v
q

v
s

F

3 ® LSB0, -2 t u
q

+ 2 t v
q

+ 2 u v
q

,

-

2

3
t t u

q
s

-

3

2
t t v

q
s

+

11

6
t u v

q
s

- 2 u u v
q

s

- 2 t u
q

u
s

+

1

6
t v
q

u
s

- 2 t v
q

v
s

-

29

6
u v
q

v
s

F

4 ® True

Print �� 8
1 ® 8Α, Β, Γ<,

2 ® Ht1 = Γ �� RCu@ΑD �� RCv@Β �� RCu@ΑDDL,

3 ® Ht2 = Γ �� RCv@ΒD �� RCu@Α �� RCv@ΒDDL,

4 ® t1 º t2

<;
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1 ® :LSBu
p

+ 2 v
p

, - t u
q

+

t v
q

2
+

u v
q

2
,

-

5

3
t t u

q
s

+

5

3
t t v

q
s

- t u v
q

s

-

1

3
u u v

q
s

+

5

6
t u
q

u
s

- 2 t v
q

u
s

+

1

2
t v
q

v
s

-

11

6
u v
q

v
s

F,

LSB- u
p

, -2 t v
q

+

u v
q

2
, -

3

2
t t u

q
s

-

1

6
t t v

q
s

-

1

3
t u v

q
s

-

5

6
u u v

q
s

+ 2 t u
q

u
s

- 2 t v
q

v
s

+

11

6
u v
q

v
s

F,

LSB0, -2 t u
q

+ 2 t v
q

+ 2 u v
q

, -

2

3
t t u

q
s

-

3

2
t t v

q
s

-

1

6
t u v

q
s

- 2 t u
q

u
s

+

1

6
t v
q

u
s

- 2 t v
q

v
s

-

5

6
u v
q

v
s

F>

2 ® LSB0, -2 t u
q

+ 2 t v
q

+ 2 u v
q

,

-

2

3
t t u

q
s

-

3

2
t t v

q
s

+

11

6
t u v

q
s

- 2 u u v
q

s

- 2 t u
q

u
s

+

1

6
t v
q

u
s

- 2 t v
q

v
s

-

29

6
u v
q

v
s

F

3 ® LSB0, -2 t u
q

+ 2 t v
q

+ 2 u v
q

,

-

2

3
t t u

q
s

-

3

2
t t v

q
s

+

11

6
t u v

q
s

- 2 u u v
q

s

- 2 t u
q

u
s

+

1

6
t v
q

u
s

- 2 t v
q

v
s

-

29

6
u v
q

v
s

F

4 ® True

7.

8.

9.

10.

11.
div property uv

Print �� 8
0 ® 8Α, Β<,

1 ® Ht1 = divu@ΑD �� adv@ΒDL,

2 ® Ht2 = divv@ΒD �� adu@ΑDL,

3 ® Ht3 = MakeCWSeries@0DL,

4 ® Ht4 = divu@Α �� adv@ΒDDL,

5 ® Ht5 = divv@Β �� adu@ΑDDL,

6 ® t1 - t2 º t3 + t4 - t5

<;
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0 ® :LSBu
p
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p
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q
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2
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q

2
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s

+
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+
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6
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q

+

u v
q

2
, -

3

2
t t u

q
s

-

1

6
t t v

q
s

-

1

3
t u v

q
s

-
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s
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v
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+

11

6
u v
q

v
s

F>

1 ® CWS@0, 0, 0D

2 ® CWS@0, 0, 0D

3 ® CWS@0, 0, 0D

4 ® CWSB0, 2 uv
�

,
tvu
�

2
+

uuv
�

2
+ uvv

�F

5 ® CWSB0, 2 uv
�

,
tvu
�

2
+

uuv
�

2
+ uvv

�F

6 ® True

12.
div property uu

Print �� 8
0 ® 8Α, Β<,

1 ® Ht1 = divu@ΑD �� adu@ΒDL,

2 ® Ht2 = divu@ΒD �� adu@ΑDL,

3 ® Ht3 = divu@b@Α, ΒDDL,

4 ® Ht4 = divu@Α �� adu@ΒDDL,

5 ® Ht5 = divu@Β �� adu@ΑDDL,

6 ® t1 - t2 º t3 + t4 - t5

<;
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p
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q
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2
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2
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q
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+
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+
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+
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s
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6
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-
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q
s
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s
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v
s

+
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6
u v
q

v
s

F>

1 ® CWS@0, 0, 0D

2 ® CWS@0, 0, 0D

3 ® CWSB0, -2 uv
�

, - tuu
�

-

3 tuv
�

2
+

3 tvu
�

2
- uuv

�
- uvv

�F

4 ® CWSB0, 0, 2 tuv
�

- 2 tvu
�

+

uuv
�

2
F

5 ® CWSB0, -2 uv
�

, - tuu
�

+

tuv
�

2
-

tvu
�

2
-

uuv
�

2
- uvv

�F

6 ® True

13.

14.
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15.
The relation with tder, 1

Print �� 8
0 ® Γ,

1 ® Ht1 = Γ �� DerivationExp@adu@ΓDDL,

2 ® Ht2 = Β �� DerivationExp@adu@ΓDDL,

3 ® Ht3 = Β �� CC@u, Γ �� DerivationExp@adu@ΓDDDL,

4 ® t2 º t3

<;
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+
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+
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q
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4 ® -

59 Xtttu\
12

+

31 Xtttv\
24

+

Xttuu\
3

+

7 Xttuv\
6

+

43 Xttvu\
24

-

11 Xttvv\
6

+

10 Xtutv\
3

+

7 Xtuuu\
8

+

9 Xtuuv\
2

+

17 Xtuvu\
12

-

29 Xtuvv\
6

-

13 Xtvuu\
4

-

97 Xtvuv\
12

-

115 Xtvvu\
24

+

15 Xtvvv\
8

+

13 Xuuuv\
24

-

7 Xuuvv\
3

-

5 Xuvvv\
24

�

-

59 Xtttu\
12

+

31 Xtttv\
24

+

5 Xttuu\
6

+

7 Xttuv\
6

+

43 Xttvu\
24

-

11 Xttvv\
6

+

10 Xtutv\
3

+

7 Xtuuu\
8

+

9 Xtuuv\
2

-

Xtuvu\
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-

29 Xtuvv\
6

-

19 Xtvuu\
4
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97 Xtvuv\
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-

115 Xtvvu\
24

+

15 Xtvvv\
8

+

13 Xuuuv\
24

-

7 Xuuvv\
3

-

5 Xuvvv\
24

16.

17.

18.

19.

20.
The differential of BCH

Dror Bar-Natan: Academic Pensieve: 2013-12: CheatSheetJ-Verification.nb 2014-01-08 15:25:17

http://drorbn.net/AcademicPensieve/2013-12/#MathematicaNotebooks



Print �� :
1 ® Hbch = BCH@u, vDL,

2 ®
BCH@u + Ε t, v + Ε wD - bch

Ε
,

3 ® t1 =
BCH@u + Ε t, v + Ε wD - bch

Ε
�� adSeriesB 1 - ã-ad

ad
, bchF ,

4 ® t2 = t �� adSeriesB 1 - ã-ad

ad
, uF �� Ad@-vD ,

5 ® t3 = w �� adSeriesB 1 - ã-ad

ad
, vF

>;

t1 º t2 + t3

1 ® LSBu
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+ v
p

,
u v
q

2
,

1
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u u v

q
s
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s

F
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+
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6
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F
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2
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+
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+
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p
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q
s

+
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6
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q
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+
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v
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F

5 ® LSBw
p
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v w
q

2
,

1

6
v v w

q
s

F

True

21.
The differential of C

Print �� :
0 ® 8Α, Β, Γ<,

1 ® t1 =
HΓ �� CC@u, Α + Ε ΒDL - HΓ �� CC@u, ΑDL

Ε
,

2 ® t2 = Γ �� adBu, adSeriesB ãad - 1

ad
, ΑF@ΒD �� RC@u, -ΑDF �� CC@u, ΑD ,

t1 º t2

>;
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F>

1 ® LS@0, 0, 0D

2 ® LS@0, 0, 0D

True

22.
The differential of RC

Print �� :
0 ® 8Α, Β, Γ<,

1 ® t1 =
HΓ �� RC@u, Α + Ε ΒDL - HΓ �� RC@u, ΑDL

Ε
,

2 ® t2 = Γ �� RC@u, ΑD �� adBu, adSeriesB 1 - ã-ad

ad
, ΑF@ΒD �� RC@u, ΑDF ,

t1 º t2

>;
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F>

1 ® LS@0, 0, 0D

2 ® LS@0, 0, 0D

True

23.
The differential of J

Dror Bar-Natan: Academic Pensieve: 2013-12: CheatSheetJ-Verification.nb 2014-01-08 15:25:17

http://drorbn.net/AcademicPensieve/2013-12/#MathematicaNotebooks



Print �� :
0 ® 8Α, Β<,

1 ® t0 =
J@u, Α + Ε ΒD - J@u, ΑD

Ε
,

2 ® t1 = à
0

1Hdiv@u, Β �� RC@u, s ΑDD �� CC@u, -s ΑDL âs ,
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