
Free Lie Algebras Tests
Pensieve header: Tests for FreeLie.nb.

Global Definitions

SetDirectory@"C:\\drorbn\\AcademicPensieve\\2013-05"D;

<< FreeLie.m

Words and Lyndon Words

8LyndonQ@AW �"abba"D, LyndonQ@AW �"ababb"D<
8False, True<

8AllWords@3, 8"1", "2"<D, AllLyndonWords@83<, 8"1", "2"<D<
88AW@111D, AW@112D, AW@121D, AW@122D, AW@211D, AW@212D, AW@221D, AW@222D<,

8X1\, X2\, X12\, X112\, X122\<<

Table@Length@AllLyndonWords@k, 8"1", "2"<DD, 8k, 10<D
82, 1, 2, 3, 6, 9, 18, 30, 56, 99<

Table@Length@AllLyndonWords@k, 8"1", "2", "3"<DD, 8k, 10<D
83, 3, 8, 18, 48, 116, 312, 810, 2184, 5880<

BracketForm@LW@"12122"DD
@@12D@@12D2DD

TopBracketForm@LW@"12122"DD

1 2
q

1 2
q

2

s

The Bracket for Lie Elements

b@LW@"112"D, LW@"122"DD
X112122\ + X112212\

Outer@b, AllLyndonWords@83<, 8"1", "2"<D,

AllLyndonWords@83<, 8"1", "2"<DD �� MatrixForm

0 X12\ X112\ X1112\ X1122\
-X12\ 0 -X122\ -X1122\ -X1222\

-X112\ X122\ 0 -X11212\ X12122\
-X1112\ X1122\ X11212\ 0 X112122\ + X112212\
-X1122\ X1222\ -X12122\ -X112122\ - X112212\ 0
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Union@Flatten@Outer@Hb@ð1, ð2D + b@ð2, ð1DL &,

AllLyndonWords@86<, 8"1", "2"<D, AllLyndonWords@86<, 8"1", "2"<D
DDD

80<

Outer@Hb@ð1, b@ð2, ð3DD + b@ð2, b@ð3, ð1DD + b@ð3, b@ð1, ð2DDL &,

AllLyndonWords@85<, 8"1", "2"<D,

AllLyndonWords@85<, 8"1", "2"<D, AllLyndonWords@85<, 8"1", "2"<D
D �� Flatten �� Union

80<

LieSeries

Print �� 8ts1 = X"1122"\ �� MakeLieSeries, ts1@D, ts1 �� Range@6D<;

LS@0, 0, 0D

Hold@MakeLieSeries@MakeLieSeries$351, X1122\DD

80, 0, 0, X1122\, 0, 0<

Α = RandomLieSeries@8"a", "b"<D
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q

s
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b bF

8ts2 = X"122"\ + X"11122"\ �� MakeLieSeries,

ts3 = b@ts1, ts2D, ts3@D, ts3 �� Range@10D<

:LSB0, 0, 1 2
q

2

s

F, LS@0, 0, 0D, HoldBbBLS@0, 0, 0D, LSB0, 0, 1 2
q

2

s

FFF,

80, 0, 0, 0, 0, 0, X1122122\, 0, -X111221122\, 0<>

8ts4 = EulerE@ts3D, ts4@D, ts4 �� Range@10D<
8LS@0, 0, 0D, Hold@EulerE@LS@0, 0, 0DDD,

80, 0, 0, 0, 0, 0, 7 X1122122\, 0, -9 X111221122\, 0<<

adPower, adSeries, and Ad

8xs = MakeLieSeries@LW@"x"DD, ys = MakeLieSeries@LW@"y"DD,

ts5 = adPower@0, xsD@ysD, ts5@D, ts5 �� Range@5D<
8LS@x

p
, 0, 0D, LS@y

p
, 0, 0D, LS@y

p
, 0, 0D,

Hold@adPower@0, LS@x
p

, 0, 0DD@LS@y
p

, 0, 0DDD, 8Xy\, 0, 0, 0, 0<<
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adPower@3, xsD@ysD�85<

LSB0, 0, 0, x x x y
q

s

, 0F

8adSeries@E^H-adL, xsD@ysD�85<, adSeries@E^H-adL, ysD@xsD�85<<

:LSBy
p

, -x y
q

,
1

2
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q

s
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,
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s

F, LSBx
p
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q
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s
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24
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s

y yF>

Ad@xsD@ysD@5D
Xxxxxy\

24

Ad@xsD@ysD@D

HoldAadSeriesAã
ad

, LS@x
p

, 0, 0DE@LS@y
p

, 0, 0DDE

LieDerivation, DerivationPower, DerivationSeries

Print �� 8
ld1 = LieDerivation@8X1\ ® b@X3\, X1\D<D,

ld1@D,

Hð ® ld1@ðD@84<DL & �� AllLyndonWords@83<, 8"1", "2"<D,

HX"112"\ �� ld1 �� ld1L@85<D
<;

LieDerivation@LieDerivation$486D

Hold@LieDerivation@LieDerivation$486, 8X1\ ® -X13\<DD

:X1\ ® LSA0, - 1 3
q

, 0, 0E, X2\ ® LS@0, 0, 0, 0D, X12\ ® LSB0, 0, - 1 3
q

2

s

, 0F,

X112\ ® LSB0, 0, 0, -1 1 3
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2

s
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2F>
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3
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+ 2 1 3
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F

X"112"\ �� MakeLieSeries �� DerivationExp@LieDerivation@8X1\ ® b@X3\, X1\D<DD ��
ShowLieSeries@6D
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X"122"\ �� MakeLieSeries �� DerivationExp@LieDerivation@8X1\ ® b@X3\, X1\D<DD ��
ShowLieSeries@6D
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LieMorphism

Print �� 8
lm0 = LieMorphism@8LW@"x"D ® LW@"y"D<D,

LW@"x"D �� lm0,

AW@"x"D �� lm0,

CW@"x"D �� lm0<;

LieMorphism@LieMorphism$4445D

LSAy
p

, 0, 0E

AS@0, AW@yD, 0, 0D

CWSAy
�

, 0, 0E

Print �� 8
lm1 = LieMorphism@8LW@"x"D ® Ad@LW@"y"DD@LW@"x"DD<D,

lm1@D,

lm1@LW@"y"DD,

lm1@LW@"x"DD,

lm1@LW@"x"DD@4D,

lm1@X"xxy"\D,

lm1@X"xxy"\D@8D,

lm1@AW@"x"DD,

lm1@CW@"x"DD
<;

LieMorphism@LieMorphism$4455D

HoldBLieMorphismBLieMorphism$4455, :Xx\ ® LSBx
p

, - x y
q

,

1

2

x y
q

y

s

F>FF

LSAy
p

, 0, 0E

LSBx
p

, - x y
q

,
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x y
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y

s

F

-
Xxyyy\

6

LSB0, 0, x x y
q

s

F

-
Xxxyyyyyy\

120

-
Xxyxyyyyy\

30

-
Xxyyxyyyy\

24

ASB0, AW@xD, -AW@xyD + AW@yxD,

AW@xyyD
2

- AW@yxyD +
AW@yyxD

2

F

CWSAx
�

, 0, 0E
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StableApply

BCH

8BCHBase, BCHBase@D, BCHBase@8D<

:LSBx
p

+ y
p

,
x y
q

2

,
1

12

x x y
q

s

+
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12

x y
q

y

s

F, Hold@BCHBaseD,

Xxxxxxxyy\
60 480

-
Xxxxxxyxy\

15 120

-
Xxxxxxyyy\

10 080

+
Xxxxxyxxy\

20 160

-
Xxxxxyxyy\

20 160

+
Xxxxxyyxy\
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+

23 Xxxxxyyyy\
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+
Xxxxyxxyy\
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-
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+
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+
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-
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+
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-
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+
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>

8BCH@LW@"y"D, LW@"z"DD, BCH@LW@"y"D, LW@"z"DD@6D<
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p
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y z
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-
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+
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+
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+
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-
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>

8
t1 = BCH@LW@"x"D, BCH@LW@"y"D, LW@"z"DDD,

t2 = BCH@BCH@LW@"x"D, LW@"y"DD, LW@"z"DD,

t1 � t2,

Table@t1@dD � t2@dD, 8d, 10 <D
< �� Timing

:3.697224,
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8True, True, True, True, True, True, True, True, True, True<>>
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AW, ASeries, Ι, Σ

Ι@BCHBase@3DD
AW@xxyD

12

-
AW@xyxD

6

+
AW@xyyD

12

+
AW@yxxD

12

-
AW@yxyD

6

+
AW@yyxD

12

8as = Ι@BCHBaseD, as@5D<

Power::infy : Infinite expression 

1

0

 encountered. �

Infinity::indet : Indeterminate expression 0 ComplexInfinity encountered. �

:ASBIndeterminate, AW@xD + AW@yD,
AW@xyD

2

-
AW@yxD

2

,

AW@xxyD
12

-
AW@xyxD

6

+
AW@xyyD

12

+
AW@yxxD

12

-
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6

+
AW@yyxD

12

F,

-
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720

+
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+
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-
AW@xxyxyD
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-
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+
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+
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+
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-
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>

Hð -> Σ@1, ðDL & �� AllLyndonWords@85<, 8"1", "2"<D
8X1\ ® AW@D, X2\ ® 0, X12\ ® -AW@2D, X112\ ® -2 AW@12D + AW@21D, X122\ ® AW@22D,

X1112\ ® -3 AW@112D + 3 AW@121D - AW@211D, X1122\ ® 2 AW@212D - AW@221D,

X1222\ ® -AW@222D, X11112\ ® -4 AW@1112D + 6 AW@1121D - 4 AW@1211D + AW@2111D,

X11122\ ® -AW@1122D + 4 AW@1212D - AW@1221D - 2 AW@2121D + AW@2211D,

X11212\ ® -AW@1122D + 4 AW@1212D - AW@1221D - 3 AW@2112D + AW@2121D,

X11222\ ® -2 AW@1222D + 3 AW@2122D - 3 AW@2212D + AW@2221D,

X12122\ ® 2 AW@1222D - 3 AW@2122D + AW@2212D, X12222\ ® AW@2222D<

8Σ@"x", BCHBaseD@5D, Σ@"y", BCHBaseD@5D<

:-
AW@yxxxyD
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+
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+
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CW, CWSeries, tr, div

tr@AW@"yxxyxx"DD
CW@xxyxxyD

t1 = Σ@"y", BCHBaseD �� tr

CWSB
x
�
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,
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�

12

-
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�
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�

24

F

t1@5D
CW@xxxxyD
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-
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+
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+
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-
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720

8div@"x", BCHBaseD@7D, div@"y", BCHBaseD@7D<

:-
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+
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-
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+
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-
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+
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+
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>

t1 = MakeCWSeries@CW@"xyxyyyy"DD ��
LieDerivation@8LW@"x"D ® MakeLieSeries@b@LW@"x"D, LW@"z"DDD<D

CWS@0, 0, 0D

t1 �� Range@10D
80, 0, 0, 0, 0, 0, 0, -CW@xyxyyyyzD + CW@xyxzyyyyD - CW@xyyyyxyzD + CW@xyyyyxzyD, 0, 0<
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The Meta-Cocycle JA

Print �� 8y0 = LW@"y"D, Μ0 = BCHBase,

JA@0, y0, Μ0, sD,

JA@1, y0, Μ0, sD,

JA@2, y0, Μ0, sD,

JA@y0, Μ0D
<;
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F

$SeriesCompareDegree = $SeriesShowDegree = 8;

JA@3, y0, Μ0, sD º JA@4, y0, Μ0, sD
True

JA@y0, Μ0D@6D
CW@xxxxxyD
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-
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