
Pensieve header: Solving the WKO equations using free-Lie Μ-calculus technology, running on sphere.

Solving the Equations

SetDirectory@"~�AcademicPensieve�2013-04"D;

<< ./init.m

<< FreeLie.m

$SeriesShowDegree = 3; $SeriesCompareDegree = 5;

<< muCalculus-MathematicaV8.m

ΜCoefficients@expr_D := Flatten@Last@Reap@Collect@expr, _LW _CW, Sow@ðD &DDDD;

ΜCoefficients@l_ListD := ΜCoefficients �� l;

Α = MakeLieSeries@8"1", "2"<, ΑsD;

Β = MakeLieSeries@8"1", "2"<, ΒsD;

Γ = MakeCWSeries@8"1", "2"<, ΓsD;

V = M@81 ® Α, 2 ® Β<, ΓD;

Κs@d_, 1D := If@OddQ@dD, 0, Κs@dDD;

Κ = MakeCWSeries@8"1"<, ΚsD;

Unprotect@CD; C = M@81 ® MakeLieSeries@0D<, ΚD;

HardR4@d_, V_D :=

Module@8lhs = R
+@2, 3D ** R

+@1, 3D ** V, rhs = V ** HR
+@1, 3D �� dD@1, 1, 2DL<,

8lhs@1D�d - rhs@1D�d, lhs@2D�d - rhs@2D�d,

lhs@3D�d - rhs@3D�d, lhs@WD�d - rhs@WD�d<
D;

TwistEq@d_, V_D :=

Module@8lhs = V ** Q@1, 2D, rhs = R
+@1, 2D ** HV �� dΣ@81, 2< ® 82, 1<DL<,

8lhs@1D�d - rhs@1D�d, lhs@2D�d - rhs@2D�d, lhs@WD�d - rhs@WD�d<
D;

UnitarityEq@d_, V_D :=

Module@8lhs = V ** HV �� dA@1D �� dA@2DL, rhs = dΕ@1D Ü dΕ@2D<,

8lhs@1D�d - rhs@1D�d, lhs@2D�d - rhs@2D�d, lhs@WD�d - rhs@WD�d<
D;

CapEq@d_, V_, C_D :=

Module@8lhs = V ** HC �� dD@1, 1, 2DL �� dc@1D �� dc@2D, rhs = C Ü HC �� dΣ@1, 2DL<,

8lhs@WD�d - rhs@WD�d<
D;

VerticalFlipEq@d_, V_D :=

Module@8lhs = V ** HV �� dS@1D �� dS@2DL, rhs = R
+@1, 2D<,

8lhs@1D�d - rhs@1D�d, lhs@2D�d - rhs@2D�d, lhs@WD�d - rhs@WD�d<
D;
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8V, C<
:MB:1 ® LSB1

p
Αs@1, 1D + 2

p
Αs@1, 2D, 1 2

q
Αs@2, 1D, 1 1 2

q
s

Αs@3, 1D + 1 2
q

2

s

Αs@3, 2DF,

2 ® LSB1
p

Βs@1, 1D + 2
p

Βs@1, 2D, 1 2
q

Βs@2, 1D, 1 1 2
q

s

Βs@3, 1D + 1 2
q

2

s

Βs@3, 2DF>,

CWSA1
�

Γs@1, 1D + 2
�

Γs@1, 2D, 11
�

Γs@2, 1D + 12
�

Γs@2, 2D + 22
�

Γs@2, 3D,

111
�

Γs@3, 1D + 112
�

Γs@3, 2D + 122
�

Γs@3, 3D + 222
�

Γs@3, 4DEF,

MA81 ® LS@0, 0, 0D<, CWSA0, 11
�

Κs@2D, 0EE>

HardR4@2, VD
:-X12\ Αs@1, 1D Αs@1, 2D + X12\ Αs@1, 2D Βs@1, 1D,

-X12\ Αs@1, 2D Βs@1, 1D + X12\ Βs@1, 1D Βs@1, 2D,

-

X12\
2

- X12\ Αs@1, 2D + X12\ Βs@1, 1D,
1

2

CW@12D Αs@1, 1D Αs@1, 2D - CW@12D Αs@2, 1D -

CW@12D Αs@1, 2D Βs@1, 1D +

1

2

CW@12D Βs@1, 1D Βs@1, 2D + CW@12D Βs@2, 1D>

HardR4@2, VD �� ΜCoefficients

:8-Αs@1, 1D Αs@1, 2D + Αs@1, 2D Βs@1, 1D<,

8-Αs@1, 2D Βs@1, 1D + Βs@1, 1D Βs@1, 2D<, :-

1

2

- Αs@1, 2D + Βs@1, 1D>,

:
1

2

Αs@1, 1D Αs@1, 2D - Αs@2, 1D - Αs@1, 2D Βs@1, 1D +

1

2

Βs@1, 1D Βs@1, 2D + Βs@2, 1D>>

TwistEq@1, VD �� ΜCoefficients

:8Αs@1, 1D - Βs@1, 1D, Αs@1, 2D - Βs@1, 2D<,

:-

1

2

- Αs@1, 1D + Βs@1, 1D, -

1

2

- Αs@1, 2D + Βs@1, 2D>,

:-

1

2

- Βs@1, 1D + Γs@1, 1D - Γs@1, 2D, -1 - Αs@1, 2D - Γs@1, 1D + Γs@1, 2D>>

CapEq@1, V, CD �� ΜCoefficients

88-Αs@1, 1D + Γs@1, 1D, -Βs@1, 2D + Γs@1, 2D<<

VerticalFlipEq@1, VD
80, -X1\, -2 CW@1D Αs@1, 1D - 2 CW@2D Βs@1, 2D<

VerticalFlipEq@1, VD �� ΜCoefficients

880<, 8-1<, 8-2 Αs@1, 1D, -2 Βs@1, 2D<<

solve@eqns_ListD :=

Solve@Hð � 0L & �� eqns, Union@Cases@eqns, _Αs _Βs _Γs _Κs, InfinityDDD;
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sol1 = solve@Union@ΜCoefficients@8
HardR4@2, VD, TwistEq@1, VD, CapEq@1, V, CD, VerticalFlipEq@1, VD

<DDD
8<

sol1 �. Rule ® Set; 8V, C<
:MB:1 ® LSB1

p
Αs@1, 1D + 2

p
Αs@1, 2D, 1 2

q
Αs@2, 1D, 1 1 2

q
s

Αs@3, 1D + 1 2
q

2

s

Αs@3, 2DF,

2 ® LSB1
p

Βs@1, 1D + 2
p

Βs@1, 2D, 1 2
q

Βs@2, 1D, 1 1 2
q

s

Βs@3, 1D + 1 2
q

2

s

Βs@3, 2DF>,

CWSA1
�

Γs@1, 1D + 2
�

Γs@1, 2D, 11
�

Γs@2, 1D + 12
�

Γs@2, 2D + 22
�

Γs@2, 3D,

111
�

Γs@3, 1D + 112
�

Γs@3, 2D + 122
�

Γs@3, 3D + 222
�

Γs@3, 4DEF,

MA81 ® LS@0, 0, 0D<, CWSA0, 11
�

Κs@2D, 0EE>

UnitarityEq@2, VD
8-X12\ Αs@1, 1D Αs@1, 2D + X12\ Αs@1, 2D Βs@1, 1D,

-X12\ Αs@1, 2D Βs@1, 1D + X12\ Βs@1, 1D Βs@1, 2D, 2 CW@12D Αs@1, 1D Αs@1, 2D +

2 CW@12D Αs@2, 1D - 4 CW@12D Αs@1, 2D Βs@1, 1D + 2 CW@12D Βs@1, 1D Βs@1, 2D -

2 CW@12D Βs@2, 1D + 2 CW@11D Γs@2, 1D + 2 CW@12D Γs@2, 2D + 2 CW@22D Γs@2, 3D<
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HardR4@3, VD �� ΜCoefficients

::
1

2

Αs@1, 1D2
Αs@1, 2D - Αs@1, 1D Αs@2, 1D - Αs@1, 1D Αs@1, 2D Βs@1, 1D +

Αs@2, 1D Βs@1, 1D +

1

2

Αs@1, 2D Βs@1, 1D2
,

1

2

Αs@1, 1D Αs@1, 2D2
- Αs@1, 2D Αs@2, 1D -

Αs@1, 2D2
Βs@1, 1D +

1

2

Αs@1, 2D Βs@1, 1D Βs@1, 2D + Αs@1, 2D Βs@2, 1D>,

:
1

2

Αs@1, 1D Αs@1, 2D Βs@1, 1D - Αs@2, 1D Βs@1, 1D - Αs@1, 2D Βs@1, 1D2
+

1

2

Βs@1, 1D2
Βs@1, 2D + Βs@1, 1D Βs@2, 1D,

1

2

Αs@1, 2D2
Βs@1, 1D - Αs@1, 2D Βs@1, 1D Βs@1, 2D +

1

2

Βs@1, 1D Βs@1, 2D2
- Αs@1, 2D Βs@2, 1D + Βs@1, 2D Βs@2, 1D>,

:
1

12

+

1

2

Αs@1, 1D Αs@1, 2D - Αs@2, 1D -

1

2

Βs@1, 1D - Αs@1, 2D Βs@1, 1D +

1

2

Βs@1, 1D2
,

1

12

+

1

2

Αs@1, 2D +

1

2

Αs@1, 2D2
- Αs@1, 2D Βs@1, 1D +

1

2

Βs@1, 1D Βs@1, 2D + Βs@2, 1D>,

:-

1

6

Αs@1, 1D2
Αs@1, 2D +

1

2

Αs@1, 1D Αs@2, 1D - Αs@3, 1D +

1

2

Αs@1, 1D Αs@1, 2D Βs@1, 1D -

Αs@2, 1D Βs@1, 1D -

1

2

Αs@1, 2D Βs@1, 1D2
+

1

6

Βs@1, 1D2
Βs@1, 2D +

1

2

Βs@1, 1D Βs@2, 1D + Βs@3, 1D,
1

6

Αs@1, 1D Αs@1, 2D2
-

1

2

Αs@1, 2D Αs@2, 1D +

Αs@3, 2D -

1

2

Αs@1, 2D2
Βs@1, 1D +

1

2

Αs@1, 2D Βs@1, 1D Βs@1, 2D -

1

6

Βs@1, 1D Βs@1, 2D2
+ Αs@1, 2D Βs@2, 1D -

1

2

Βs@1, 2D Βs@2, 1D - Βs@3, 2D>>

TwistEq@2, VD �� ΜCoefficients

::
1

2

Αs@1, 2D + Αs@2, 1D - Αs@1, 1D Βs@1, 2D + Βs@1, 1D Βs@1, 2D - Βs@2, 1D>,

:-

3

8

-

1

2

Αs@1, 2D - Αs@1, 1D Αs@1, 2D - Αs@2, 1D -

1

4

Βs@1, 1D +

5

4

Βs@1, 2D + Αs@1, 1D Βs@1, 2D + Βs@2, 1D>,

:-

1

4

-

1

2

Αs@1, 1D Αs@1, 2D - Αs@2, 1D + Αs@1, 1D Βs@1, 2D -

1

2

Βs@1, 1D Βs@1, 2D + Βs@2, 1D,

Γs@2, 1D - Γs@2, 3D, -Γs@2, 1D + Γs@2, 3D>>
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CapEq@2, V, CD �� ΜCoefficients

::
1

2

Αs@1, 1D Αs@1, 2D + Αs@2, 1D - Αs@1, 2D Βs@1, 1D +

1

2

Βs@1, 1D Βs@1, 2D - Βs@2, 1D + Γs@2, 2D + 2 Κs@2D, Γs@2, 1D, Γs@2, 3D>>

sol2 = Solve@Hð � 0L & �� Union@ΜCoefficients@8
HardR4@3, VD, TwistEq@2, VD, UnitarityEq@2, VD, CapEq@2, V, CD

<DDD
8<

sol2 �. Rule ® Set; 8V, C<
:MB:1 ® LSB1

p
Αs@1, 1D + 2

p
Αs@1, 2D, 1 2

q
Αs@2, 1D, 1 1 2

q
s

Αs@3, 1D + 1 2
q

2

s

Αs@3, 2DF,

2 ® LSB1
p

Βs@1, 1D + 2
p

Βs@1, 2D, 1 2
q

Βs@2, 1D, 1 1 2
q

s

Βs@3, 1D + 1 2
q

2

s

Βs@3, 2DF>,

CWSA1
�

Γs@1, 1D + 2
�

Γs@1, 2D, 11
�

Γs@2, 1D + 12
�

Γs@2, 2D + 22
�

Γs@2, 3D,

111
�

Γs@3, 1D + 112
�

Γs@3, 2D + 122
�

Γs@3, 3D + 222
�

Γs@3, 4DEF,

MA81 ® LS@0, 0, 0D<, CWSA0, 11
�

Κs@2D, 0EE>

UnitarityEq@3, VD �� ΜCoefficients

::-Αs@1, 1D2
Αs@1, 2D - Αs@1, 1D Αs@2, 1D +

5

2

Αs@1, 1D Αs@1, 2D Βs@1, 1D +

Αs@2, 1D Βs@1, 1D -

3

2

Αs@1, 2D Βs@1, 1D2
, -Αs@1, 1D Αs@1, 2D2

- Αs@1, 2D Αs@2, 1D +

3

2

Αs@1, 2D2
Βs@1, 1D -

1

2

Αs@1, 2D Βs@1, 1D Βs@1, 2D + Αs@1, 2D Βs@2, 1D>,

:-

1

2

Αs@1, 1D Αs@1, 2D Βs@1, 1D - Αs@2, 1D Βs@1, 1D +

3

2

Αs@1, 2D Βs@1, 1D2
- Βs@1, 1D2

Βs@1, 2D + Βs@1, 1D Βs@2, 1D,

-

3

2

Αs@1, 2D2
Βs@1, 1D +

5

2

Αs@1, 2D Βs@1, 1D Βs@1, 2D -

Βs@1, 1D Βs@1, 2D2
- Αs@1, 2D Βs@2, 1D + Βs@1, 2D Βs@2, 1D>,

:
4

3

Αs@1, 1D2
Αs@1, 2D + 2 Αs@1, 1D Αs@2, 1D + 2 Αs@3, 1D -

4 Αs@1, 1D Αs@1, 2D Βs@1, 1D - 4 Αs@2, 1D Βs@1, 1D + 4 Αs@1, 2D Βs@1, 1D2
-

4

3

Βs@1, 1D2
Βs@1, 2D + 2 Βs@1, 1D Βs@2, 1D - 2 Βs@3, 1D + 2 Γs@3, 2D,

-

4

3

Αs@1, 1D Αs@1, 2D2
- 2 Αs@1, 2D Αs@2, 1D - 2 Αs@3, 2D + 4 Αs@1, 2D2

Βs@1, 1D -

4 Αs@1, 2D Βs@1, 1D Βs@1, 2D +

4

3

Βs@1, 1D Βs@1, 2D2
+ 4 Αs@1, 2D Βs@2, 1D -

2 Βs@1, 2D Βs@2, 1D + 2 Βs@3, 2D + 2 Γs@3, 3D, 2 Γs@3, 1D, 2 Γs@3, 4D>>
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HardR4@4, VD �� ΜCoefficients

::-

1

6

Αs@1, 1D3
Αs@1, 2D +

1

2

Αs@1, 1D2
Αs@2, 1D - Αs@1, 1D Αs@3, 1D +

1

2

Αs@1, 1D2
Αs@1, 2D Βs@1, 1D - Αs@1, 1D Αs@2, 1D Βs@1, 1D + Αs@3, 1D Βs@1, 1D -

1

2

Αs@1, 1D Αs@1, 2D Βs@1, 1D2
+

1

2

Αs@2, 1D Βs@1, 1D2
+

1

6

Αs@1, 2D Βs@1, 1D3
,

-

2

3

Αs@1, 1D2
Αs@1, 2D2

+ 2 Αs@1, 1D Αs@1, 2D Αs@2, 1D - Αs@2, 1D2
-

Αs@1, 2D Αs@3, 1D - Αs@1, 1D Αs@3, 2D + 2 Αs@1, 1D Αs@1, 2D2
Βs@1, 1D -

3 Αs@1, 2D Αs@2, 1D Βs@1, 1D + Αs@3, 2D Βs@1, 1D -

3

2

Αs@1, 2D2
Βs@1, 1D2

-

1

2

Αs@1, 1D Αs@1, 2D Βs@1, 1D Βs@1, 2D +

1

2

Αs@2, 1D Βs@1, 1D Βs@1, 2D +

2

3

Αs@1, 2D Βs@1, 1D2
Βs@1, 2D - Αs@1, 1D Αs@1, 2D Βs@2, 1D +

Αs@2, 1D Βs@2, 1D +

3

2

Αs@1, 2D Βs@1, 1D Βs@2, 1D + Αs@1, 2D Βs@3, 1D,

-

1

6

Αs@1, 1D Αs@1, 2D3
+

1

2

Αs@1, 2D2
Αs@2, 1D - Αs@1, 2D Αs@3, 2D +

1

2

Αs@1, 2D3
Βs@1, 1D -

1

2

Αs@1, 2D2
Βs@1, 1D Βs@1, 2D +

1

6

Αs@1, 2D Βs@1, 1D Βs@1, 2D2
-

Αs@1, 2D2
Βs@2, 1D +

1

2

Αs@1, 2D Βs@1, 2D Βs@2, 1D + Αs@1, 2D Βs@3, 2D>,

:-

1

6

Αs@1, 1D2
Αs@1, 2D Βs@1, 1D +

1

2

Αs@1, 1D Αs@2, 1D Βs@1, 1D - Αs@3, 1D Βs@1, 1D +

1

2

Αs@1, 1D Αs@1, 2D Βs@1, 1D2
- Αs@2, 1D Βs@1, 1D2

-

1

2

Αs@1, 2D Βs@1, 1D3
+

1

6

Βs@1, 1D3
Βs@1, 2D +

1

2

Βs@1, 1D2
Βs@2, 1D + Βs@1, 1D Βs@3, 1D,

-

2

3

Αs@1, 1D Αs@1, 2D2
Βs@1, 1D +

3

2

Αs@1, 2D Αs@2, 1D Βs@1, 1D - Αs@3, 2D Βs@1, 1D +

3

2

Αs@1, 2D2
Βs@1, 1D2

+

1

2

Αs@1, 1D Αs@1, 2D Βs@1, 1D Βs@1, 2D -

Αs@2, 1D Βs@1, 1D Βs@1, 2D - 2 Αs@1, 2D Βs@1, 1D2
Βs@1, 2D +

2

3

Βs@1, 1D2
Βs@1, 2D2

+

1

2

Αs@1, 1D Αs@1, 2D Βs@2, 1D - Αs@2, 1D Βs@2, 1D -

3 Αs@1, 2D Βs@1, 1D Βs@2, 1D + 2 Βs@1, 1D Βs@1, 2D Βs@2, 1D +

Βs@2, 1D2
- Αs@1, 2D Βs@3, 1D + Βs@1, 2D Βs@3, 1D + Βs@1, 1D Βs@3, 2D,

-

1

6

Αs@1, 2D3
Βs@1, 1D +

1

2

Αs@1, 2D2
Βs@1, 1D Βs@1, 2D -

1

2

Αs@1, 2D Βs@1, 1D Βs@1, 2D2
+

1

6

Βs@1, 1D Βs@1, 2D3
+

1

2

Αs@1, 2D2
Βs@2, 1D - Αs@1, 2D Βs@1, 2D Βs@2, 1D +

1

2

Βs@1, 2D2
Βs@2, 1D - Αs@1, 2D Βs@3, 2D + Βs@1, 2D Βs@3, 2D>,
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:-

1

24

-

1

12

Αs@1, 2D -

1

4

Αs@1, 1D Αs@1, 2D -

2

3

Αs@1, 1D Αs@1, 2D2
+

1

2

Αs@2, 1D +

3

2

Αs@1, 2D Αs@2, 1D - Αs@3, 2D +

1

12

Βs@1, 1D + Αs@1, 2D Βs@1, 1D +

1

2

Αs@1, 1D Αs@1, 2D Βs@1, 1D +

3

2

Αs@1, 2D2
Βs@1, 1D - Αs@2, 1D Βs@1, 1D -

3

2

Αs@1, 2D Βs@1, 1D2
-

1

4

Βs@1, 1D Βs@1, 2D -

1

2

Αs@1, 2D Βs@1, 1D Βs@1, 2D +

2

3

Βs@1, 1D2
Βs@1, 2D -

1

2

Βs@2, 1D - Αs@1, 2D Βs@2, 1D +

3

2

Βs@1, 1D Βs@2, 1D + Βs@3, 1D,

-

1

12

Αs@1, 2D -

1

4

Αs@1, 2D2
-

1

6

Αs@1, 2D3
+

1

2

Αs@1, 2D2
Βs@1, 1D -

1

2

Αs@1, 2D Βs@1, 1D Βs@1, 2D +

1

6

Βs@1, 1D Βs@1, 2D2
- Αs@1, 2D Βs@2, 1D +

1

2

Βs@1, 2D Βs@2, 1D + Βs@3, 2D, -

1

6

Αs@1, 1D2
Αs@1, 2D +

1

2

Αs@1, 1D Αs@2, 1D - Αs@3, 1D +

1

12

Βs@1, 1D +

1

2

Αs@1, 1D Αs@1, 2D Βs@1, 1D -

Αs@2, 1D Βs@1, 1D -

1

4

Βs@1, 1D2
-

1

2

Αs@1, 2D Βs@1, 1D2
+

1

6

Βs@1, 1D3>,

:
1

24

Αs@1, 1D3
Αs@1, 2D -

1

6

Αs@1, 1D2
Αs@2, 1D +

1

2

Αs@1, 1D Αs@3, 1D - Αs@4, 1D -

1

6

Αs@1, 1D2
Αs@1, 2D Βs@1, 1D +

1

2

Αs@1, 1D Αs@2, 1D Βs@1, 1D - Αs@3, 1D Βs@1, 1D +

1

4

Αs@1, 1D Αs@1, 2D Βs@1, 1D2
-

1

2

Αs@2, 1D Βs@1, 1D2
-

1

6

Αs@1, 2D Βs@1, 1D3
+

1

24

Βs@1, 1D3
Βs@1, 2D +

1

6

Βs@1, 1D2
Βs@2, 1D +

1

2

Βs@1, 1D Βs@3, 1D + Βs@4, 1D,

5

12

Αs@1, 1D2
Αs@1, 2D2

-

5

3

Αs@1, 1D Αs@1, 2D Αs@2, 1D +

3

2

Αs@2, 1D2
+

1

2

Αs@1, 2D Αs@3, 1D +

1

2

Αs@1, 1D Αs@3, 2D - Αs@4, 2D -

5

3

Αs@1, 1D Αs@1, 2D2
Βs@1, 1D +

7

2

Αs@1, 2D Αs@2, 1D Βs@1, 1D - Αs@3, 2D Βs@1, 1D +

7

4

Αs@1, 2D2
Βs@1, 1D2

+

3

4

Αs@1, 1D Αs@1, 2D Βs@1, 1D Βs@1, 2D -

3

2

Αs@2, 1D Βs@1, 1D Βs@1, 2D -

5

3

Αs@1, 2D Βs@1, 1D2
Βs@1, 2D +

5

12

Βs@1, 1D2
Βs@1, 2D2

+

3

2

Αs@1, 1D Αs@1, 2D Βs@2, 1D -

3 Αs@2, 1D Βs@2, 1D -

7

2

Αs@1, 2D Βs@1, 1D Βs@2, 1D +

5

3

Βs@1, 1D Βs@1, 2D Βs@2, 1D +

3

2

Βs@2, 1D2
- Αs@1, 2D Βs@3, 1D +

1

2

Βs@1, 2D Βs@3, 1D +

1

2

Βs@1, 1D Βs@3, 2D + Βs@4, 2D,

-

7

12

Αs@1, 1D2
Αs@1, 2D2

+

7

3

Αs@1, 1D Αs@1, 2D Αs@2, 1D - 2 Αs@2, 1D2
-

Αs@1, 2D Αs@3, 1D - Αs@1, 1D Αs@3, 2D + 2 Αs@4, 2D +

7

3

Αs@1, 1D Αs@1, 2D2
Βs@1, 1D -

+ - -
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5 Αs@1, 2D Αs@2, 1D Βs@1, 1D + 2 Αs@3, 2D Βs@1, 1D -

5

2

Αs@1, 2D2
Βs@1, 1D2

-

Αs@1, 1D Αs@1, 2D Βs@1, 1D Βs@1, 2D + 2 Αs@2, 1D Βs@1, 1D Βs@1, 2D +

7

3

Αs@1, 2D Βs@1, 1D2
Βs@1, 2D -

7

12

Βs@1, 1D2
Βs@1, 2D2

- 2 Αs@1, 1D Αs@1, 2D Βs@2, 1D +

4 Αs@2, 1D Βs@2, 1D + 5 Αs@1, 2D Βs@1, 1D Βs@2, 1D -

7

3

Βs@1, 1D Βs@1, 2D Βs@2, 1D -

2 Βs@2, 1D2
+ 2 Αs@1, 2D Βs@3, 1D - Βs@1, 2D Βs@3, 1D - Βs@1, 1D Βs@3, 2D - 2 Βs@4, 2D,

1

24

Αs@1, 1D Αs@1, 2D3
-

1

6

Αs@1, 2D2
Αs@2, 1D +

1

2

Αs@1, 2D Αs@3, 2D - Αs@4, 3D -

1

6

Αs@1, 2D3
Βs@1, 1D +

1

4

Αs@1, 2D2
Βs@1, 1D Βs@1, 2D -

1

6

Αs@1, 2D Βs@1, 1D Βs@1, 2D2
+

1

24

Βs@1, 1D Βs@1, 2D3
+

1

2

Αs@1, 2D2
Βs@2, 1D -

1

2

Αs@1, 2D Βs@1, 2D Βs@2, 1D +

1

6

Βs@1, 2D2
Βs@2, 1D - Αs@1, 2D Βs@3, 2D +

1

2

Βs@1, 2D Βs@3, 2D + Βs@4, 3D>>

TwistEq@3, VD �� ΜCoefficients
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::
1

8

Αs@1, 2D +

1

2

Αs@2, 1D + Αs@3, 1D -

1

2

Αs@1, 1D2
Βs@1, 2D + Αs@1, 1D Βs@1, 1D Βs@1, 2D -

1

2

Βs@1, 1D2
Βs@1, 2D - Αs@1, 1D Βs@2, 1D + Βs@1, 1D Βs@2, 1D - Βs@3, 1D,

-

1

4

Αs@1, 2D + Αs@3, 2D -

1

2

Αs@1, 1D Αs@1, 2D Βs@1, 2D - Αs@2, 1D Βs@1, 2D +

Αs@1, 1D Βs@1, 2D2
-

1

2

Βs@1, 1D Βs@1, 2D2
+ Βs@1, 2D Βs@2, 1D - Βs@3, 2D>,

:-

13

96

-

1

12

Αs@1, 2D -

5

12

Αs@1, 1D Αs@1, 2D -

1

2

Αs@1, 1D2
Αs@1, 2D -

1

2

Αs@2, 1D -

Αs@1, 1D Αs@2, 1D - Αs@3, 1D -

1

6

Βs@1, 1D -

1

24

Βs@1, 1D2
+

1

48

Βs@1, 2D +

Αs@1, 1D Βs@1, 2D + Αs@1, 1D2
Βs@1, 2D -

13

24

Βs@1, 1D Βs@1, 2D -

1

2

Αs@1, 1D Βs@1, 1D Βs@1, 2D +

5

4

Βs@2, 1D + Αs@1, 1D Βs@2, 1D + Βs@3, 1D,

13

96

-

1

12

Αs@1, 2D2
-

1

2

Αs@1, 1D Αs@1, 2D2
- Αs@1, 2D Αs@2, 1D - Αs@3, 2D +

1

48

Βs@1, 1D -

1

6

Βs@1, 2D +

1

2

Αs@1, 2D Βs@1, 2D + Αs@1, 1D Αs@1, 2D Βs@1, 2D + Αs@2, 1D Βs@1, 2D +

1

24

Βs@1, 1D Βs@1, 2D -

11

24

Βs@1, 2D2
-

1

2

Αs@1, 1D Βs@1, 2D2
-

1

4

Βs@2, 1D + Βs@3, 2D>,

:-

1

16

-

1

6

Αs@1, 1D2
Αs@1, 2D -

1

2

Αs@1, 1D Αs@2, 1D - Αs@3, 1D +

1

2

Αs@1, 1D2
Βs@1, 2D -

1

2

Αs@1, 1D Βs@1, 1D Βs@1, 2D +

1

6

Βs@1, 1D2
Βs@1, 2D +

Αs@1, 1D Βs@2, 1D -

1

2

Βs@1, 1D Βs@2, 1D + Βs@3, 1D + Γs@3, 2D - Γs@3, 3D,

-

1

16

+

1

6

Αs@1, 1D Αs@1, 2D2
+

1

2

Αs@1, 2D Αs@2, 1D + Αs@3, 2D -

1

2

Αs@1, 1D Αs@1, 2D Βs@1, 2D - Αs@2, 1D Βs@1, 2D +

1

2

Αs@1, 1D Βs@1, 2D2
-

1

6

Βs@1, 1D Βs@1, 2D2
+

1

2

Βs@1, 2D Βs@2, 1D - Βs@3, 2D - Γs@3, 2D + Γs@3, 3D,

Γs@3, 1D - Γs@3, 4D, -Γs@3, 1D + Γs@3, 4D>>
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CapEq@3, V, CD �� ΜCoefficients

::
1

6

Αs@1, 1D2
Αs@1, 2D +

1

2

Αs@1, 1D Αs@2, 1D + Αs@3, 1D -

1

2

Αs@1, 1D Αs@1, 2D Βs@1, 1D - Αs@2, 1D Βs@1, 1D +

1

2

Αs@1, 2D Βs@1, 1D2
-

1

6

Βs@1, 1D2
Βs@1, 2D +

1

2

Βs@1, 1D Βs@2, 1D - Βs@3, 1D + Γs@3, 2D,

-

1

6

Αs@1, 1D Αs@1, 2D2
-

1

2

Αs@1, 2D Αs@2, 1D - Αs@3, 2D +

1

2

Αs@1, 2D2
Βs@1, 1D -

1

2

Αs@1, 2D Βs@1, 1D Βs@1, 2D +

1

6

Βs@1, 1D Βs@1, 2D2
+ Αs@1, 2D Βs@2, 1D -

1

2

Βs@1, 2D Βs@2, 1D + Βs@3, 2D + Γs@3, 3D, Γs@3, 1D, Γs@3, 4D>>

sol3 = Solve@Hð � 0L & �� Union@ΜCoefficients@8
HardR4@4, VD, TwistEq@3, VD, UnitarityEq@3, VD, CapEq@3, V, CD

<DDD
8<

sol3 �. Rule ® Set; 8V, C<
:MB:1 ® LSB1

p
Αs@1, 1D + 2

p
Αs@1, 2D, 1 2

q
Αs@2, 1D, 1 1 2

q
s

Αs@3, 1D + 1 2
q

2

s

Αs@3, 2DF,

2 ® LSB1
p

Βs@1, 1D + 2
p

Βs@1, 2D, 1 2
q

Βs@2, 1D, 1 1 2
q

s

Βs@3, 1D + 1 2
q

2

s

Βs@3, 2DF>,

CWSA1
�

Γs@1, 1D + 2
�

Γs@1, 2D, 11
�

Γs@2, 1D + 12
�

Γs@2, 2D + 22
�

Γs@2, 3D,

111
�

Γs@3, 1D + 112
�

Γs@3, 2D + 122
�

Γs@3, 3D + 222
�

Γs@3, 4DEF,

MA81 ® LS@0, 0, 0D<, CWSA0, 11
�

Κs@2D, 0EE>

UnitarityEq@4, VD �� ΜCoefficients

::-

7

12

Αs@1, 1D3
Αs@1, 2D - Αs@1, 1D2

Αs@2, 1D - Αs@1, 1D Αs@3, 1D +

13

6

Αs@1, 1D2
Αs@1, 2D Βs@1, 1D +

5

2

Αs@1, 1D Αs@2, 1D Βs@1, 1D + Αs@3, 1D Βs@1, 1D -

11

4

Αs@1, 1D Αs@1, 2D Βs@1, 1D2
-

3

2

Αs@2, 1D Βs@1, 1D2
+

7

6

Αs@1, 2D Βs@1, 1D3
,

-

17

6

Αs@1, 1D2
Αs@1, 2D2

- 4 Αs@1, 1D Αs@1, 2D Αs@2, 1D - Αs@2, 1D2
-

Αs@1, 2D Αs@3, 1D - Αs@1, 1D Αs@3, 2D +

26

3

Αs@1, 1D Αs@1, 2D2
Βs@1, 1D +

11

2

Αs@1, 2D Αs@2, 1D Βs@1, 1D + Αs@3, 2D Βs@1, 1D -

25

4

Αs@1, 2D2
Βs@1, 1D2

-

9

4

Αs@1, 1D Αs@1, 2D Βs@1, 1D Βs@1, 2D -

1

2

Αs@2, 1D Βs@1, 1D Βs@1, 2D +

8

3

Αs@1, 2D Βs@1, 1D2
Βs@1, 2D +

5

2

Αs@1, 1D Αs@1, 2D Βs@2, 1D +

- + ,
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Αs@2, 1D Βs@2, 1D -

7

2

Αs@1, 2D Βs@1, 1D Βs@2, 1D + Αs@1, 2D Βs@3, 1D,

-

7

12

Αs@1, 1D Αs@1, 2D3
- Αs@1, 2D2

Αs@2, 1D - Αs@1, 2D Αs@3, 2D +

7

6

Αs@1, 2D3
Βs@1, 1D -

3

4

Αs@1, 2D2
Βs@1, 1D Βs@1, 2D +

1

6

Αs@1, 2D Βs@1, 1D Βs@1, 2D2
+

3

2

Αs@1, 2D2
Βs@2, 1D -

1

2

Αs@1, 2D Βs@1, 2D Βs@2, 1D + Αs@1, 2D Βs@3, 2D>,

:-

1

6

Αs@1, 1D2
Αs@1, 2D Βs@1, 1D -

1

2

Αs@1, 1D Αs@2, 1D Βs@1, 1D - Αs@3, 1D Βs@1, 1D +

3

4

Αs@1, 1D Αs@1, 2D Βs@1, 1D2
+

3

2

Αs@2, 1D Βs@1, 1D2
-

7

6

Αs@1, 2D Βs@1, 1D3
+

7

12

Βs@1, 1D3
Βs@1, 2D - Βs@1, 1D2

Βs@2, 1D + Βs@1, 1D Βs@3, 1D,

-

8

3

Αs@1, 1D Αs@1, 2D2
Βs@1, 1D -

7

2

Αs@1, 2D Αs@2, 1D Βs@1, 1D - Αs@3, 2D Βs@1, 1D +

25

4

Αs@1, 2D2
Βs@1, 1D2

+

9

4

Αs@1, 1D Αs@1, 2D Βs@1, 1D Βs@1, 2D +

5

2

Αs@2, 1D Βs@1, 1D Βs@1, 2D -

26

3

Αs@1, 2D Βs@1, 1D2
Βs@1, 2D +

17

6

Βs@1, 1D2
Βs@1, 2D2

-

1

2

Αs@1, 1D Αs@1, 2D Βs@2, 1D - Αs@2, 1D Βs@2, 1D +

11

2

Αs@1, 2D Βs@1, 1D Βs@2, 1D - 4 Βs@1, 1D Βs@1, 2D Βs@2, 1D +

Βs@2, 1D2
- Αs@1, 2D Βs@3, 1D + Βs@1, 2D Βs@3, 1D + Βs@1, 1D Βs@3, 2D,

-

7

6

Αs@1, 2D3
Βs@1, 1D +

11

4

Αs@1, 2D2
Βs@1, 1D Βs@1, 2D -

13

6

Αs@1, 2D Βs@1, 1D Βs@1, 2D2
+

7

12

Βs@1, 1D Βs@1, 2D3
-

3

2

Αs@1, 2D2
Βs@2, 1D +

5

2

Αs@1, 2D Βs@1, 2D Βs@2, 1D -

Βs@1, 2D2
Βs@2, 1D - Αs@1, 2D Βs@3, 2D + Βs@1, 2D Βs@3, 2D>,

:
2

3

Αs@1, 1D3
Αs@1, 2D +

4

3

Αs@1, 1D2
Αs@2, 1D + 2 Αs@1, 1D Αs@3, 1D +

2 Αs@4, 1D -

8

3

Αs@1, 1D2
Αs@1, 2D Βs@1, 1D - 4 Αs@1, 1D Αs@2, 1D Βs@1, 1D -

4 Αs@3, 1D Βs@1, 1D + 4 Αs@1, 1D Αs@1, 2D Βs@1, 1D2
+

4 Αs@2, 1D Βs@1, 1D2
-

8

3

Αs@1, 2D Βs@1, 1D3
+

2

3

Βs@1, 1D3
Βs@1, 2D -

4

3

Βs@1, 1D2
Βs@2, 1D + 2 Βs@1, 1D Βs@3, 1D - 2 Βs@4, 1D + 2 Γs@4, 2D,

31

6

Αs@1, 1D2
Αs@1, 2D2

+

28

3

Αs@1, 1D Αs@1, 2D Αs@2, 1D + 4 Αs@2, 1D2
+

2 Αs@1, 2D Αs@3, 1D + 2 Αs@1, 1D Αs@3, 2D + 2 Αs@4, 2D -

62

3

Αs@1, 1D Αs@1, 2D2
Βs@1, 1D -

20 Αs@1, 2D Αs@2, 1D Βs@1, 1D - 4 Αs@3, 2D Βs@1, 1D + 22 Αs@1, 2D2
Βs@1, 1D2

+

9 Αs@1, 1D Αs@1, 2D Βs@1, 1D Βs@1, 2D + 8 Αs@2, 1D Βs@1, 1D Βs@1, 2D -

+ - -
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62

3

Αs@1, 2D Βs@1, 1D2
Βs@1, 2D +

31

6

Βs@1, 1D2
Βs@1, 2D2

- 8 Αs@1, 1D Αs@1, 2D Βs@2, 1D -

8 Αs@2, 1D Βs@2, 1D + 20 Αs@1, 2D Βs@1, 1D Βs@2, 1D -

28

3

Βs@1, 1D Βs@1, 2D Βs@2, 1D +

4 Βs@2, 1D2
- 4 Αs@1, 2D Βs@3, 1D + 2 Βs@1, 2D Βs@3, 1D + 2 Βs@1, 1D Βs@3, 2D - 2 Βs@4, 2D +

4 Αs@1, 1D Αs@1, 2D Γs@2, 2D + 4 Αs@2, 1D Γs@2, 2D - 8 Αs@1, 2D Βs@1, 1D Γs@2, 2D +

4 Βs@1, 1D Βs@1, 2D Γs@2, 2D - 4 Βs@2, 1D Γs@2, 2D + 2 Γs@4, 3D,

-

47

6

Αs@1, 1D2
Αs@1, 2D2

-

44

3

Αs@1, 1D Αs@1, 2D Αs@2, 1D - 6 Αs@2, 1D2
-

4 Αs@1, 2D Αs@3, 1D - 4 Αs@1, 1D Αs@3, 2D - 4 Αs@4, 2D +

94

3

Αs@1, 1D Αs@1, 2D2
Βs@1, 1D +

32 Αs@1, 2D Αs@2, 1D Βs@1, 1D + 8 Αs@3, 2D Βs@1, 1D - 34 Αs@1, 2D2
Βs@1, 1D2

-

13 Αs@1, 1D Αs@1, 2D Βs@1, 1D Βs@1, 2D - 12 Αs@2, 1D Βs@1, 1D Βs@1, 2D +

94

3

Αs@1, 2D Βs@1, 1D2
Βs@1, 2D -

47

6

Βs@1, 1D2
Βs@1, 2D2

+ 12 Αs@1, 1D Αs@1, 2D Βs@2, 1D +

12 Αs@2, 1D Βs@2, 1D - 32 Αs@1, 2D Βs@1, 1D Βs@2, 1D +

44

3

Βs@1, 1D Βs@1, 2D Βs@2, 1D -

6 Βs@2, 1D2
+ 8 Αs@1, 2D Βs@3, 1D - 4 Βs@1, 2D Βs@3, 1D - 4 Βs@1, 1D Βs@3, 2D + 4 Βs@4, 2D -

4 Αs@1, 1D Αs@1, 2D Γs@2, 2D - 4 Αs@2, 1D Γs@2, 2D + 8 Αs@1, 2D Βs@1, 1D Γs@2, 2D -

4 Βs@1, 1D Βs@1, 2D Γs@2, 2D + 4 Βs@2, 1D Γs@2, 2D + 2 Γs@4, 4D,

2

3

Αs@1, 1D Αs@1, 2D3
+

4

3

Αs@1, 2D2
Αs@2, 1D + 2 Αs@1, 2D Αs@3, 2D +

2 Αs@4, 3D -

8

3

Αs@1, 2D3
Βs@1, 1D + 4 Αs@1, 2D2

Βs@1, 1D Βs@1, 2D -

8

3

Αs@1, 2D Βs@1, 1D Βs@1, 2D2
+

2

3

Βs@1, 1D Βs@1, 2D3
- 4 Αs@1, 2D2

Βs@2, 1D +

4 Αs@1, 2D Βs@1, 2D Βs@2, 1D -

4

3

Βs@1, 2D2
Βs@2, 1D - 4 Αs@1, 2D Βs@3, 2D +

2 Βs@1, 2D Βs@3, 2D - 2 Βs@4, 3D + 2 Γs@4, 5D, 2 Γs@4, 1D, 2 Γs@4, 6D>>

sol4 = Solve@Hð � 0L & �� Union@ΜCoefficients@8
HardR4@5, VD, TwistEq@4, VD, UnitarityEq@4, VD, CapEq@4, V, CD

<DDD
sol4 �. Rule ® Set; $SeriesShowDegree = 4; 8V, C<
VerticalFlipEq@ð, VD & �� 82, 3, 4<
sol5 = Solve@Hð � 0L & �� Union@ΜCoefficients@8

HardR4@6, VD, TwistEq@5, VD, UnitarityEq@5, VD, CapEq@5, V, CD
<DDD

sol5 �. Rule ® Set; $SeriesShowDegree = 5; 8V, C<
VerticalFlipEq@5, VD
sol6 = Solve@Hð � 0L & �� Union@ΜCoefficients@8

HardR4@7, VD, TwistEq@6, VD, UnitarityEq@6, VD, CapEq@6, V, CD
<DDD
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sol6 �. Rule ® Set; $SeriesShowDegree = 6; 8V, C<
VerticalFlipEq@6, VD
sol7 = Solve@Hð � 0L & �� Union@ΜCoefficients@8

HardR4@8, VD, TwistEq@7, VD, UnitarityEq@7, VD, CapEq@7, V, CD
<DDD

sol7 �. Rule ® Set; $SeriesShowDegree = 7; 8V, C<
VerticalFlipEq@7, VD
sol8 = Solve@Hð � 0L & �� Union@ΜCoefficients@8

HardR4@9, VD, TwistEq@8, VD, UnitarityEq@8, VD, CapEq@8, V, CD
<DDD

Βs@8, 27D = 0; sol8 �. Rule ® Set; $SeriesShowDegree = 8; 8V, C<
VerticalFlipEq@8, VD
sol9 = Solve@Hð � 0L & �� Union@ΜCoefficients@8

HardR4@10, VD, TwistEq@9, VD, UnitarityEq@9, VD, CapEq@9, V, CD
<DDD

sol9 �. Rule ® Set; $SeriesShowDegree = 9; 8V, C<
VerticalFlipEq@9, VD
sol10 = Solve@Hð � 0L & �� Union@ΜCoefficients@8

HardR4@11, VD, TwistEq@10, VD, UnitarityEq@10, VD, CapEq@10, V, CD
<DDD

sol10 �. Rule ® Set; $SeriesShowDegree = 10; 8V, C<
VerticalFlipEq@10, VD
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