
Concise Proof of the Juv-property

Pensieve header: Concise proof of the $J_{uv}$ property.
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� The Juv equation

Ju@ΑD + HΒ �� RCu@ΑD �� Jv �� CCu@-ΑDL º Jv@ΒD + HΑ �� RCv@ΒD �� Ju �� CCv@-ΒDL
True

� The radial Α-variation equation

CongruentBPlusB
Α �� RCu@ΑD �� divu �� CCu@-ΑD,

Β �� RCu@ΑD �� adu@Α �� RCu@ΑDD �� adSeriesB
1 - ã-ad

ad

, Β �� RCu@ΑDF ��

RCv@Β �� RCu@ΑDD �� divv �� CCv@-Β �� RCu@ΑDD �� CCu@-ΑD,

Β �� RCu@ΑD �� Jv �� adu@-Α �� RCu@ΑDD �� CCu@-ΑD
F,

Α �� RCv@ΒD �� RCu@Α �� RCv@ΒDD �� divu �� CCu@-Α �� RCv@ΒDD �� CCv@-ΒDF

True

� Simplify using Cu Cv and RCu RCv and cancel CCu@-ΑD on the right

8HΓ �� RCv@ΒD �� RCu@Α �� RCv@ΒDDL º HΓ �� RCu@ΑD �� RCv@Β �� RCu@ΑDDL,

HΓ �� CCu@-Α �� RCv@ΒDD �� CCv@-ΒDL º HΓ �� CCv@-Β �� RCu@ΑDD �� CCu@-ΑDL<
8True, True<
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CongruentBPlusB
Α �� RCu@ΑD �� divu,

Β �� RCu@ΑD �� adu@Α �� RCu@ΑDD �� adSeriesB
1 - ã-ad

ad

, Β �� RCu@ΑDF ��

RCv@Β �� RCu@ΑDD �� divv �� CCv@-Β �� RCu@ΑDD,

Β �� RCu@ΑD �� Jv �� adu@-Α �� RCu@ΑDD
F,

Α �� RCu@ΑD �� RCv@Β �� RCu@ΑDD �� divu �� CCv@-Β �� RCu@ΑDDF

True

� Rename Α �� RCu@ΑD ® Α and Β �� RCu@ΑD ® Β. The equation below is “Equation Jad” used 

also in tJ.nb.

CongruentBPlusB
Α �� divu,

Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒD �� divv �� CCv@-ΒD,

Β �� Jv �� adu@-ΑD
F,

Α �� RCv@ΒD �� divu �� CCv@-ΒDF

True

� Now take the Β-radial variation

DB
1 - ã-s ad

s ad

, sF �. s ® 1 �� Simplify

ã-ad H1 + ad - ãadL
ad
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CongruentBPlusB

Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒD �� divv �� CCv@-ΒD,

Β �� adu@ΑD �� adSeriesB
ã-ad H1 + ad - ãadL

ad

, ΒF �� RCv@ΒD �� divv �� CCv@-ΒD,

Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒD �� adv@Β �� RCv@ΒDD �� divv ��

CCv@-ΒD,

Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒD �� divv ��

adv@-Β �� RCv@ΒDD �� CCv@-ΒD,

Β �� RCv@ΒD �� divv �� CCv@-ΒD �� adu@-ΑD
F,

Plus@
Α �� RCv@ΒD �� adv@Β �� RCv@ΒDD �� divu �� CCv@-ΒD,

Α �� RCv@ΒD �� divu �� adv@-Β �� RCv@ΒDD �� CCv@-ΒD
D

F

True

� Merge the first two terms and use div property uv on the last two terms

1 - ã-ad

ad

+
ã-ad H1 + ad - ãadL

ad

�� Simplify

ã
-ad

CongruentBPlusB
Β �� adu@ΑD �� adSeriesAã

-ad
, ΒE �� RCv@ΒD �� divv �� CCv@-ΒD,

Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒD �� adv@Β �� RCv@ΒDD �� divv ��

CCv@-ΒD,

Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒD �� divv ��

adv@-Β �� RCv@ΒDD �� CCv@-ΒD,

Β �� RCv@ΒD �� divv �� CCv@-ΒD �� adu@-ΑD
F,

Plus@
Β �� RCv@ΒD �� adu@Α �� RCv@ΒDD �� divv �� CCv@-ΒD,

Β �� RCv@ΒD �� divv �� adu@-Α �� RCv@ΒDD �� CCv@-ΒD
D

F

True

� The infinitesimal Cu Cv property
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HΓ �� CCu@Α �� RCv@-ΒDD �� CCv@ΒDL º HΓ �� CCv@Β �� RCu@-ΑDD �� CCu@ΑDL
True

CongruentB
Γ �� adu@Α �� RCv@-ΒDD �� CCv@ΒD,

PlusBΓ �� advBΒ �� adu@-ΑD �� adSeriesB
ãad - 1

ad

, ΒF �� RCv@-ΒDF �� CCv@ΒD,

Γ �� CCv@ΒD �� adu@ΑDFF

True

CongruentBPlusB
Β �� adu@ΑD �� adSeriesAã

-ad
, ΒE �� RCv@ΒD �� divv �� CCv@-ΒD,

Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒD �� adv@Β �� RCv@ΒDD �� divv ��

CCv@-ΒD,

Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒD �� divv ��

adv@-Β �� RCv@ΒDD �� CCv@-ΒD,

Β �� RCv@ΒD �� divv �� adu@-Α �� RCv@ΒDD �� CCv@-ΒD
F,

PlusB
Β �� RCv@ΒD �� adu@Α �� RCv@ΒDD �� divv �� CCv@-ΒD,

Β �� RCv@ΒD �� divv �� adu@-Α �� RCv@ΒDD �� CCv@-ΒD,

Β �� RCv@ΒD �� divv ��

advB-Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒDF �� CCv@-ΒD

F

F

True

� Cancel CCv@-ΒD on the right and one repeating term
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CongruentBPlusB
Β �� adu@ΑD �� adSeriesAã

-ad
, ΒE �� RCv@ΒD �� divv,

Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒD �� adv@Β �� RCv@ΒDD �� divv,

Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒD �� divv �� adv@-Β �� RCv@ΒDD

F,

PlusB
Β �� RCv@ΒD �� adu@Α �� RCv@ΒDD �� divv,

Β �� RCv@ΒD �� divv �� advB-Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒDF

F

F

True

� Use div property vv on terms 2&3

CongruentBPlusB
Β �� adu@ΑD �� adSeriesAã

-ad
, ΒE �� RCv@ΒD �� divv,

Β �� RCv@ΒD �� advBΒ �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒDF �� divv,

-Β �� RCv@ΒD �� divv �� advBΒ �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒDF,

bBΒ �� RCv@ΒD, Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒDF �� divv

F,

PlusB
Β �� RCv@ΒD �� adu@Α �� RCv@ΒDD �� divv,

Β �� RCv@ΒD �� divv �� advB-Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒDF

F

F

True

� Cancel terms 3&5, pull RCv@ΒD out of the bracket in term 4
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CongruentBPlusB
Β �� adu@ΑD �� adSeriesAã

-ad
, ΒE �� RCv@ΒD �� divv,

Β �� RCv@ΒD �� advBΒ �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒDF �� divv,

bBΒ, Β �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒFF �� RCv@ΒD �� divv

F,

Β �� RCv@ΒD �� adu@Α �� RCv@ΒDD �� divv

F

True

� Collapse bracket in term 3 into the adSeries, parially cancel against term 1, undiv

CongruentBPlusB
Β �� adu@ΑD �� RCv@ΒD,

Β �� RCv@ΒD �� advBΒ �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒDF

F,

Β �� RCv@ΒD �� adu@Α �� RCv@ΒDD
F

True

� Re-evaluate on Γ // CCv@- ΒD, post-compose with CCv@-ΒD

CongruentBPlusB
Γ �� CCv@-ΒD �� adu@ΑD,

Γ �� advBΒ �� adu@ΑD �� adSeriesB
1 - ã-ad

ad

, ΒF �� RCv@ΒDF �� CCv@-ΒD

F,

Γ �� adu@Α �� RCv@ΒDD �� CCv@-ΒD
F

True

� Negate Β
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CongruentBPlusB
Γ �� CCv@ΒD �� adu@ΑD,

-Γ �� advBΒ �� adu@ΑD �� adSeriesB
ãad - 1

ad

, ΒF �� RCv@-ΒDF �� CCv@ΒD

F,

Γ �� adu@Α �� RCv@-ΒDD �� CCv@ΒD
F

True

� This is the infinitesimal Cu Cv property!
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