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BF Theory, and an Ultimate Alexander Invariant

Balloons and Hoops and their Universal Finite—Type Invariant,

Dror Bar—Natan in HambMrg, August 2012
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Scheme. o Balloons and hoops in RY, algebraic structure anc
relations with 3D.

o An ansatz for a “homomorphic” invariant: computable
related to finite-type and to BF.

o Reduction to an “ultimate Alexander invariant”.
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Thus we seek homomorphic invariants of X
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[nvariant #0. With II; denoting “hon-
st 7", map v € K (m, n) to the triple
(I (). (ui). (x;)), where the meridian of
the balls u; normally generate IT;, and the
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meridians/generators, hm acts by multi-
plving two longtitudes, and hta™ acts by
“conjugating a meridian by a longtitude™:

(IL, (u, . ...), (2, ...)) = (T (@) /(u = zax™"),

N

u

% 2 ” oy
r=u —uww=uv=u""v=u""v=u

Fangles "\ I}
u/v/w). \ -

,(K': \/_\ES’ — \_\’//\ as A»f/—; S % \t}c(t‘;m“ % %T-

longtitudes™ x; are some elements of 11;.
% acts like *, tm acts by “merging” two

Failure #0. Can we write the 's as free words in the u’s?
i # = wv, compute x J/ hta™:
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o  injects u-Knots into K (likely u-tanglo&‘rf ).
o & maps v/w-tangles map to K; the kernel £
ains Reidemeister moves and the “overcrogsi
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vegtor space of cyelic words on 7', so there's

— T Y
Jperations _ ' Connected
Punctures & Cuts | Sums. ) —

Meta-Group-Action.  K: K ftm}:

bl W | A | | A
is a group, mo(X) is an

Abelian group. and v v

1cts on 7. ‘ “

/MG;‘
K [f hm?¥: K [ hta™:

“f7 is newspeak ‘ ‘ ‘ ‘
for  “apply an v ‘ v
perator” and for
“composition lefi
=5 R0 OO

Properties.
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o Associativities: m2 /% = mp J m&, for m = tm., hm.

o Action axiom t: tm!! J hta™ = hta™™ [ hta™ [ tm4",
o Action axiom h: hmn:” J hta®" = hta™ [ htaV" [ hins”.
o SD Product: dm@® := hta® J tm2" J hin@ is associative.

with g = (A;w) define
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“stable apply”

[The Meta-Group-Action M. Let T be a set of “tail labels”

colours™). Let FL = FL(T') and FA = FA(T) be the (com
bleted graded) free Lie and free associative algebras on gen|
ehtors T and let CW = CW(T) be the (completed graded
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Balloons and Hoops and their Universal Finite—Type Invariant, 2
I'he Meta-Cocyele J. Set J,(A) := J(1) where I'he 3 quotient, 2. Let B = Q[{cu}uer] and Lg := R® 1
J(0) =0, A=A[ felen with central I? and with [u, v] = ¢, v — e u for w,v € T. Then|
L(s) ; “ FL — Lgand CW — R. Under this,
(I AR — -
2 ((5) f dertu = Drosu) + divi A, o (Rw) with 3= Y Awur Awwe R
nd where divy, A i= tr(ucy(A)), 0, (v) = Gy, ou([A1, A2]) == J-&H.:«eT )
(A1) O'u(/\z} — /\2 (A1) and ¢ is the inclusion FIL — FA: beh(u, v) — :?;j' Cv I (" t o wr e 11,) )
pratee — Co o,
if A =73 Ao then with ey := 3 Apey,
dw“
ey -1 5,
A o, =1 N et —1
f;;}’CC”=(I+r,,A“ o ) e u— e, Z/\:
v
- behidq,Az) ' 1Az oot . - .
laim, CCPhAA) (olerly Nelen 4 and livy, A = e, Ay, and the ODE for J 111tcg1'n,t(“i to
Ju(beh(A Ag)) = Ju(h) | CORICCE 4 1, (g ] CCN), 1(\) = log (1+ e
and hf!llr:(' tm, hm, all(ll a fli)l oA Ill(}t(\'glIO]l[)-?l(‘.tl()Il, s0 ¢ is formula-computable to all :mlm's! Can we simplify?
Why ODEs? Q. Find fs.t. f(e+y) = f(a)f(y). - - —
AL n‘{[:) _ é%,."{ﬁ-i-f _ E'!{ $f(e) = f(s)C. Repackaging. Given ((z : /\ :]):u.,'),_ set ¢ = 3 Cudpg,
Now solve this ODE using Picard’s theorem or lace Ay — up 1= ey —— and w — logw, use t, = ¢
S leherer Toroeiadlld Write o, a5 a matrix. G(‘t “3 calculus”.
I“Iu" I11\'a‘1rizmr g Set ((pT) = (:t:f..,:i{I}). This at lfmr df*ﬁnm. 3 Caleulus. Let S(H T) be
\:11 111\;:1‘1“1:111.t. of 11.;’ v/ v\::-r.anglcs._ nl.ldllf the t()p‘ologl:-;t:»' \’\:’r],}*l de- w| x Y w and the ay,.'s are
liver a “Reidemeister” theorem, it is well defined on K. o o .
. ur Cuy rational functions in
] | e 0y . iables Y S
¢ b _ 6:: +‘ i 0 b (r: - ) v vy variables f,, one for Lk
4 — each uwe T. Sl BN,
I'heorem. ¢ 'is (the lofé of) a universal finite type invariant (a ol w | Hy wy | Hy
wmomorphic expansion} of w-tangles. BN T T a
- . . P T— - - | o e 2 | ay
lensorial Interpretation. Let g be a finite dimensional Lie tmi | g = W a+ 3 wiws | Hy Ha
gebra (any!). Then there’s 7 : FL(T) — Fun(®&rg — @ v : =11 |a1 0 .
and 7 0 CW(T) — Fun(@&rg). Together, 7« M(T.H) — Sl ' 7 T 0 as
Fun(@rg — S gg). and henee wlz y - w | .
e M(T,H) — Fun(@rg — U (g)). hmf = ‘ ' - ‘
_ : e 3 la+ 0+ 3
. and BF Theorv. Let A denote a g-connection v B+ (o)
m St with curvature Fly, and B a g*-valued 2- wla - we | T
form on S*. For a hoop =, let hol,_(A) € U(g) ha™ . wla G u + {v)/e) B+ (v)/e)
se the holonomy of A along .. For a ball ~,, let = _;"\ N : . P
.. (B) € g be the integral of B (transported via 1( . v e 1€ 3 =B/
A to oc) on 7. M vhere € := 14 . {a) = 5y, and () = Z”#” ~ury and let
Loose Conjecture. For v € K(T, H), R = 1 * R, = ! = L A
w |ty —1 ! u |ty —1
[ BAF, .. (B) ) T . .
/ DADBe ! H(’ ®h°l A) = e"(¢(7)- In long knots, w is the Alexander polynomial!
I'hat is, ¢ is rl{l)]llpllT( !\wllurﬂ"}]l of the BF TQFT. Why bother? (1) An ultimate Alexander invariant: Man-

Issues. How exactly is B transported via A to co? How doesifestly polynomial (time and size) extension of the (multi
the ribbon condition arise? Or if it doesn’t, could it be thatvariable) Alexander polynomial to tangles. Every step of
. can be generalized?? the computation is the computation of the invariant of somg
topological thing (no fishy Gaussian elimination!). If there
should be an Alerander invariant to have an algebraic cated

I'he 4 quotient, 1. e Arises when g is the 2D non-Abelian
Lie algebra.

o Arises when reducing by relations satisfied by the wcightf{?]ﬂf CTHOT" r,)f m,fmf Olﬂ » | A &’I“ :(IH(J,“J’{[(;’II‘]‘L wf'\fﬁ"wfll

svstem of the Alexander polynomial. ly bother? [‘_] {'_( ated to A-T, K-V, and E-l, shoulc
have vast generalization—berend—w=laet th r 'Qt /
polynomial. See also wedfwko, wedicach, wedswissP

~ "God ereated the knots, all else in Fiog -4
topology is the work of mortals.” :
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