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Abstract. The a priovi expectation of first year elementary schoo
Btudents who were just introduced to the natural nnmbers, if they
vould be ready to verbalize it, must be that soon, perhaps by
tecond grade, they'd master the theory and know all there is to
linow about those mumbers. But they would be wrong, [or niunber
heory remains a thriving subject, well-connected to practically
anything there is ont there in mathematics,

was a bit more sophisticated when [ first heard of knot theory.
My first thought was that it was either trivial or intractable, ane
most definitely, I wasn't going to learn it is inferesting. But it isfldea, Given a group G and two “YB” 4

il T owas wrong, for the reader of knot theory is often lead to lh']]:iil‘h‘ Rt - (‘;‘T_q:] e 62, map them S oA
nost interesting and beantiful structures in topology, geomet ™ito xings and "'mullti])lv along”, so that N - \9\,}
uantum field theory, and algebra. - '
Today T will talk about just one minor example, mostly having]

. . E
o do with the link to algebra; A rward proposal for ,’\I’_,\,' i 7 ofaratararatarat
il one really means groups ' \_{ N = G il
\ G !
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bronp-theoretic invariant of knots fal
ni works once generalized to meta-groups (to be defined). We wil
-onstruct one complicated but clementary meta-group as a meta
sicrossed-product (to be defined), and explain how the resultingThis Fails! R2 implies that _q;f'_r;‘:f = = _r;:_r}ff and then R:
nvariant is a not-yet-understood yet potentially significant gendimplies that g and g} commute, so the result is a simple
ralization of the Alexander polynomial, while at the same time SETPE

" m N\ //
\ing a specializati L S what- TS T T mm T - - T - s
wing a specialization of a somewhat-undersiood “univ 1 ﬁg 7R! - W D the”/ﬂ% S
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wpe invariant of w-knots” and of an elusive “universal Anite Qe ( [-\

/

Dvvariant of v-knots”.
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erform []]){‘-l'iiti()“-“ on them:

...s0 that m2¥
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Also has 5, for inversion, e, for unit insertion, o, for register dele
iom, ;'_\j.y for element cloning, p‘,:; for renamings, and (LY, Dq)
W2y U Dy for merging, and many obvious composition axioms relat
ling those, P={r:gryigm}=P={dP}u{d.r}
A Meta-Group. s a similar “computer”, only its intern:
structure is unknown to us, Namely it is a collection of setd
{Gx} indexed by all finite sets X, and a collection of operad
tions m", Sp. ep,de, A (sometimes), pf, and U, satisfying
the exact same lnear properties.

IExample 1. The non-meta example, Gy = G,

Example 2. Gy = My.x(Z), with simultaneous row and
olumn operations, and “block diagonal” merges.

\ . . P
Bicrossed Products, 1E G = HT is a gronp presented as s
711 a/J/f)v/j APW e M

product of two of its subgroups, with H 1T = {e}, then alsc
7= TH and 7 is determined by H, T, and the “swap” maj
s (b h) o (W) defined by tho = W't The map su

. F~ katisfies (1) and (2) below; conversely, if s : T'x H — H =T
/' Q"'{('/C 1[0 Co,v)/'] 74’ / AV‘ patisfies (1) and (2) (+ lesser conditions), then (3) defines :
M/?"IK'IL/"’\ Jl,/‘_/ﬂ F/‘ﬂ/) rronp structure on H x T, the “bicrossed product”.
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IA Meta-Bicrossed-Product is a collection of sets 3(H.T') and|
perations tm™’, hm™ and swth (and lesser ones), such that
tm and hm are “associative” <111(l (1) and (2) hold (+ lesser
sonditions). A meta-bicrossed-product defines a meta-grouy
with Gy := 8(X, X) and gm as in (3).

(B = B[w, sum[ajos,y ts hy,/ (i, (1, 2, 3}}, {3. (4, 5}}]],
(B /1 tmyzay [/ swie) = (f /7 swag /] swaa [/ tmiza)}
wehy hs

t; oy s |
{ 1 9 X5 [ True}
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Some
testing

(1)

3 Calenlus, Let 3(H,T) be

hje H.t; €T, and w and
the a;; are rational func- p .
tions in a variable 7

»] Rpg; Rmaf Rmas // gmyg,y // gmps,, // gmag s}

/2(( {Rms; Rmg2 Rpag // giygly // GMas.z // gWagls,
ha

hz 1 2
VL t - 0|, |ta 0 }

-1-T -1-T

T ) \B S T

. divide and conquer!

hm¥ :

Rmq,11 Rp1g,s RPe,13 RP14,5 RP10,18

(1 hs hy hg hyy hyy hys
ta 0 - '11{’ 0 0 0 0
ty 0 0 0 -2T o 0
ts 0 0 0 0 -1 0
ty 0 Q 0 0 0 0
tio 0 0 0 0 0  -1+T
tiz - 0 a 0 0 0

0 0 -1+T 0 0 0
0 0

%
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Py 6 /e — ~Bfe

I'heorem. Z7 is a tangle invariant (and more). Rcstrict&(\:{‘
knots, the w part is the Alexander polynomial. On links, Vit
contains the multivariable Alexander polynomial. On braids,
t is equivalent to the Burau representation.

hy hyy hys
(=1+T) (BEToT2) (<147) (1-T+T2) ~14T
o 0 0
1 2;x.x.:3 L "-xx 2 S
(-1+T) - 1;7’ 0
Do(B = B // gmy,y, {k,11,16}]; B

_1-4T.872-119%%p 14 415,76 \
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Vhy Happy? e Applications to w-knots.
o Everything that I know about the Alexander polynomih
an be expressed cleanly in this language (even il withgu
proof), except HE, but including genus, ribbonness, cablifig,
~knots, knotted graphs, ete., and there’s potential for
eneralizations.

lLoading KnotTheor:

qust 22, 2010,
70rg/wiki/KnotTheory.

13:36:57.55.
Read more at http://ka

KnotTheory:loading : Loa, data in PD4Knots

ANt corrbing:

thing.
e its on one sheet, including implementation.

A Partial To Do List. 1. Where does it more
simply come from?

2. Remove all the denominators.

2

. How do determinants arise in this context?

~
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| miean business!
Simp » Factor: SetAttzibutes(fCellect, Listeble]
. esimp] &)}

.+, Intioswy]]
1. he s, Infinsty]]
W = Outee |[Sbimp[Contiotent[4, N tul] & Wy 3]/
PrependTo(¥, t, & /® 3],
3 = Propand{Prasepose(u], Prepend(Ns & /8 s, o1}:
MatraxForm (]| ;
precs
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"[7. Categorify.
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H. Understand links.
5. Find the “reality condition”™.
5. Do some “Algebraic Knot Theory™

8. Do the same in other natural quotients of the
v/w-story.

example

Standardrora] <« SFerm|f]:

B Baa= 3" agitahy).
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T'he key trick
Qg

Q'E - "God created the knots, all else in
=2 topology is the work of mortals."
Y Leopold Kronecker (modified)
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(Where does it come from? The accidental® answer is that itThe w—generators

Cl's) Q w Broken surface -

ias i ; ion? ; N = >< -
is a symbolic calenlus for a natural reduction” of the uniqud ~ ey ‘ -
homomorphic expansion” of w-tangles?. : o) -1 Loy S.WFM:
1. *Accidental” for it’s only how 1 came about it. Therg x E () “ E
ought to be a better answer, i Dim. rectuc. |
gh Crossing = OO & Vinual crossing Movie s

0 0
0[P

2. A “homomorphic expansion”, aka as a homomorphic unid
versal finite type invariant, is a completely canonical cond
strict whose presence implies that the objects in questions
are susceptible to study using graded algebra.

kel

“v=Tangles” are the meta-group generated by crossings
maodulo Reidemeister moves,  “w-Tangles” are a natural
quotient of v-tangles. They are at least related and perd
haps identical to a certain class of 1D/2D knots in 4D.

4. To “only what is visible by the 2D Lie algebra”.

A certain generalization will arise by not reducing as in 4. Al
rast generalization may arise when homomorphic expansions
for v-tangles are understood, a task likely equivalent to the
[Etingof-Kazhdan quantization of Lie bialgebras.
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