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Abstract, The a priovi expectation of fivst year elementary schoold lexander Tssues.
Ftudents who were just 1'"'}'“‘1'_“‘“! to the natural numbers, if theyy Cuick to compute, but computation departs from topology ' /
would be ready to verbalize it, mmst be that soon, perhaps by Extends to tangles, but at an exponential cost. r!r A l\ L/JJ /{1\ -
pecond grade, they'd master the theory and know all there is j C / e_(’.(

. o Hard to categorify.
lenow nbout those mumbers, But they would be wrong, for Iultulau
heory remains a thriving sabject, well-connected to practically — j
anything there s ont there in mathematios. \J ﬁ/’\«/ A / .
[l was a bit more sophisticated when T first heard of knot theory.
MMy first thought was that it was either trivial or intractable, and
most definitely, I wasn't going to learn it is interesting, But it is
and T owas wrong, for the reader of knot theory is often lead to the
fost interesting and beantiful structures in topology, geometry
puantum field theory, and algebra. [dea. Given a group G and two “YB” "
Today T will talk about just one minor example, mostly having sairs BE = [q’,:.(ji] e 2 map them ™~ zZ N\ i
o do with the link to algebra: A straightforward proposal for W xings ;I.l]d ~.-u’||l-1tuipl\' along”, =0 that N o \‘J('-t
prronp-theoretic invariant of knots fails if one really means gronps
[but works once generalized to meta-groups (to be defined). We willl N
onstrict one complicated but elementary meta-gronp as a metas fJ‘,._.fI.T.fI
[icrossed-product (to be defined). and explain how the resulting ,-> I
nvariant is a not-yet-understood yet potentially significant #en
sralization of the Alexander polynomial, while at the \{
swing o specialization of o somewhat-understood “univ I'his F ' H? implies that Q‘, g =e g and then R
vpe invariant of w-knots” and of an elusive “universal finite typdimplies that g and g commute, so T]In‘ result is a simple
frvariant of v-knots”. ounting invariant,
[The wgenerators, A Croup Computer. Given G can store gronp clements and
perform operations on them:

LB lJml myt
speak).

rsion, e, for unit insertion, d, for register deled
_—r iom, A7, for ut eloning, pf for renamings, and (D, Dy —
{2y L for merging, and many obwvions composition axioms relai4
ng those, P={r:gy:gml=P={dPlu{d.r}
A Meta-Group. s a similar “computer”, only its interna
Btructure is unknown to us, Namely it is a collection of setd
(G5} mdexed by all finite sets v, and a collection of operad
tions mi?, S, e, dy, o A7, (sometimes), pg, and U, satisfyi
he exact same finear properties,
Fxample 1. The non-meta example, G5 = G7.
[ocample 2. Gy i= My (2), with simultaneons row and col
unn operations, and “block diagonal” merges.

Nete

o) ,

If ¢ = HT is a group presented as P J {F u ; 7
subgronps, with H 07 = {e}, then alsc \lﬂ

oA )

Broken surface

g > 2D Symibalm (o=

lso has 5,

A Standard Alexander Formula, Label the ares 1 through|
n+ 1) = 1, make an n x n matrix as below, delete one row
and one column, and compute the determinant:

Bicrossed Produc

X0 a b e
Pl sroduct of two of i
+N o 7 =TH and 7 is determined by H, T, and the “swap” maj
LA o b . o (4 h) e (W) defined by th = K. The map su

D
I

n =2l
1 patisfies (1) and (2) below: conversely, if sw: Tx H — HxT r
katisfies (1) and (2) (4 lesser conditions), then (3 ) defines /\/.u ¢ - "D/Ol’\. f

_11 : : g z xa N N ?x 'nx p;mup striucture on H o« T the “hicrossed prodoct”
@ -1 X o 1-x © © 0 \ N
e TR P T [ ‘(@
x;ll_'l?x _: -11 : g g : 11157, 1:: 7910 47 ve W) ! r M:S K’ /)W/ j/ l/?/ </
e o @ o -Xx 1 0 X-1 : (1) -
4 0 1-x 0 0 -1 X @0 : = / k 07‘ _'L t
@ 0 0 x-1 0 0 X 1 7/ f n M /.-\ -\/W/ m .,

L1oax-nu?ot11x —axtsan®—x¢ .'ru“@"xlru—wh;,?'xn u,,flm
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A Meta-Bicrossed-Product is a collection of sets 8(n, 7) and
perations fm??, hin®® and sw ', (and lesser ones), such that
m and hm are “associative” nnd (1) and (2) hold (+ lesser|
ronditions). A meta-bicrossed-product defines a meta-grouy
with G, == 3(7.7) and gm as in (3).

13 Calculus. Let 3(n.7) be

pasep  Facter; Setht
pootiece(Bls , A1) o=

breoneies 1 s .
Pumasir v, Stantusatesn) e grom(s]s — el

mean business! b,

e—
Dlrmsmple]
dment |

W+ Cuter{Simp[Cortticient (i, du tul] & Aa. ta]/

Frepasdto(N, t. & /8 ta)i

Frepesd [Temsspese (M) . Prepeot (b & /@ bo. o117 o (4]

Mateiaromm[¥l] P
alee b 20w Wormla):

)
[CRE

hj €, t; € 7, and w and
the a; are rational func- ¢,
tions in a variable X

M2
ay 2| @

Wiwa [m R

t
tmZ%: Y

{8 = Blw, Sum[asos.3 ts hy, (1, (1,2, 3)}, (3, (4, 5)}]],
(B// tmizay // swie) = (B// swaa /) sWre /] tmizn)}

w by "
{ t & ﬂn True [1) &(»lflt
tz 02 G5 |’ testing
a3q 33

{Rmsy Rmgz Rp3q // giyg.y // Gmzs.z // 936,53,
\‘/ Rpgy Rmgq Rmys // gmyg,y // gigs. /7 g@ze.s)

= 7 |ap 0
™ 0 o
wl|he h W h.
hm?¥ | he by : |
a G :|u+;i+(n)f3 ol
w |hy - we | hy e

sur:.';, ct|a Bt [a{l+(3)/e) B+ (7}/e) |

vy 8 : /e — 8/

where € := 1 +a and (¢} := Y, e and let

Pheorent. Z7 is a tangle invariant (and more). Restricted t
knots. the w part is the Alexander polynomial. On braids, it

contains the multivariable Alexander polynomial.

s equivalent to the Buran representation. A variant for links-

Ny Happy? e Applications to w-knots.

pan be expressed cleanly in this language (even if without
proof}, except HF, but including genus, ribbonness, cabling|
v-knots, knotted graphs, ete.. and there's potential for vas
peneralizations.

o The least wasteful “Alexander for tangles™ 1'm aware of.
e Every step along the computation is the invariant of some
thing.

e Fits on one sheet, including implementation.

o Everything that I know about the Alexander polynomial N

T
Waddel!
Abkxander

hy hz {1 hy ha
tz - —" 0 |, [tz - M 0 }
I'd '\ t ; _=lx t .1.3 _lex
3 3
3 X X X X
A .. divide and conguer!
B = Rmyz, Rmgs Rmg, 3 §
1 Rmgy 11 Rpyg, 5 RPg,13 RP1¢,s RPro 1] 8i5
1 m hs hs hy hs hin hiz hs
tz 0 0 L L 0 0 0
ty 0 0 0 (] 0 - J;B 0 0
te 0 ] 0 0 0 0 -1+X 0
tg 0 - ;‘;"-‘ 0 0 0 0 0 o
tip 0 0 0 0 0 0 0 -1eX
tiz -AF 0 0 0 0 0 o o
tis 0 ) 0 0 -1+X 0 0 0
tie 0 0 -1+X 0 0 0 0 0
PolB = B // gogeay, (K, 2,10}]: B &7, cont.
: hy by LIE] his
4 - k) (1-XeXP) (-14%) (1-Xe%T) -19X
P ) 0 0
x
tae “1+% -1-1\7"1-1-)!1‘ = ~1-x"ljx.-x-x2w a
tre At (-1 v X% g s;ii!_’ 0

Dol = B // Gy, (k, 11, 16}1; B

5. Find the “reality condition™.

6. Do some “Algebraic Knot Theory™.

7. Categorify.

R. Do the same in other natural quotients of the

( _1-ax-8x%2-11%3.8 %44 x%.x6 )
X
A Partial To Do List. 1. Where does it more =y
simply come from? [ 3
2. Remove all the denominators, J
3. How do determinants arise in this context? rivial
1. Understand links. ~

&

)

ribbon

v/w-story.

-

"God created the knots, all else in
-2 topology is the work of mortals.”

7
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Where does it come from? The accidental! answer is that it
is a1 symbaolic caleulus for a natural reduetion® of the unigne
homomorphic expansion® of w-tangles®,

1. “Accidental” for its only how | came about it Therd

onght to he a better answer,
- A “homomorphic expansion”, aka as a homomorphic nni
wersal finite type invariant, is a completely canonical con-
struet whose presence implies that the objects in questions
are susceptible to study nsing graded algebra.

modulo Reidemeister moves.  “w-Tangles” are a natural

haps identical to a certain class of 1D/2D knots in 4D,
4. To “only what is visible by the 2D Lie algebra™.

A cortain generalization will arise by not reduecing as in 4. Al
ast generalization may arise when homomorphic expansions
for v-tangles are understood, a task likely equivalent to th
Etingof-Kazhdan quantization of Lie bialgebras,
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L v-Tangles™ are the meta-group generated by crossings

guatient of v-tangles. They are at least related and perd

Alexander [Enot[8, 17]][X] // Factor
Loading KnotTheory™ version of August 22, 2010, 13:36:57.55.|
Read more at http://katlas.org/wiki/KnotTheory.

| rasesdnipdoaud g us gf
LARST KBV YR
X

. oy w | by : o
The key trick: T{_'ﬁ‘—; Bl A= z:m-_ft,-kj}.
L]




