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b = Rp@2, 3D ** Rp@1, 3D ** Rp@1, 2D ** Rm@2, 1D ** Rp@3, 2D
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CT1@B@Ω_, Σ_, Μ_DD := Simplify@Ω HΣ - Total@h �� hL@Σ DDL � HΜ �. _t ® 1LD
CT1@bD
True

CT2@B@Ω_, _, Μ_DD := ModuleA
8Μ1, tails, heads, mat<,

Μ1 = Μ �. T_ ® T;

8tails, heads< = 8tL@Μ1D, hL@Μ1D<;

IfALength@tailsD < 2 ÈÈ Length@headsD < 2, True,

mat = Outer@H¶t@ð1D,h@ð2D Μ1L &, tL@Μ1D, hL@Μ1DD;

And �� II1 � DenominatorAFactorAT
1000 ð � ΩEEM & �� Flatten@Minors@mat, 2DDM

E
E

CT2@bD
True

BB �� b �. T_ ® T
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F



CT2B
BBT - 2,

h@1D
T

+ T
2

h@2D + T
2

h@3D, h@1D -1 +
1

T

T t@2D + 1 -
1

T

H-1 + TL t@3D +

h@2D H-1 + TL t@1D
T

+ -1 +
1

T

H1 - TL T t@2D +
H-1 + TL H-1 + 2 TL t@3D

T

+ h@3D
H-1 + TL t@1D

T

+ H-1 + TL H-1 + T H1 + TLL t@2D +
H1 - TL H-1 + TL H-1 + T H1 + TLL t@3D

T

F
F
1 � -2 + T && 1 � -2 + T && 1 � -2 + T &&

1 � -2 + T && 1 � -2 + T && 1 � -2 + T && 1 � -2 + T && 1 � -2 + T

CT@b_BD := CT1@bD && CT2@bD
CTB

BBT - 2,
h@1D

T

+ T
2

h@2D + T
2

h@3D, h@1D -1 +
1

T

T t@2D + 1 -
1

T

H-1 + TL t@3D +

h@2D H-1 + TL t@1D
T

+ -1 +
1

T

H1 - TL T t@2D +
H-1 + TL H-1 + 2 TL t@3D

T

+ h@3D
H-1 + TL t@1D

T

+ H-1 + TL H-1 + T H1 + TLL t@2D +
H1 - TL H-1 + TL H-1 + T H1 + TLL t@3D

T

F
F
I3 - 4 T + T2M H-h@1D + T H1 + TL Hh@2D + h@3DLL

T

� 0 && 1 � -2 + T && 1 � -2 + T &&

1 � -2 + T && 1 � -2 + T && 1 � -2 + T && 1 � -2 + T && 1 � -2 + T && 1 � -2 + T

CT@bD
True

Test@K_D := ModuleA
8b, ok<,

b = Times �� HPD@KD �.

X@i_, j_, k_, l_D ¦ If@PositiveQ@X@i, j, k, lDD, Rp@l, iD, Rm@j, iDDL;

b = b �. T_ ® T;

ok = CT2@bD;

Do@b = dm@1, k, 1D@bD; ok = ok && CT2@bD, 8k, 2, 2 Crossings@KD<D;

8ok, b@@1DD, Alexander@KD@TD<
E

Test@Knot@10, 165DD
KnotTheory::loading : Loading precomputed data in PD4Knots`.

:True, T
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3
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4M, -15 -

2

T2

+

10

T

+ 10 T - 2 T
2>
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Hð ® Test@ðD@@1DDL & �� AllKnots@7D
8Knot@7, 1D ® True, Knot@7, 2D ® True, Knot@7, 3D ® True,

Knot@7, 4D ® True, Knot@7, 5D ® True, Knot@7, 6D ® True, Knot@7, 7D ® True<

Analyze@K_D := ModuleA
8b, ok<,

b = Times �� HPD@KD �.

X@i_, j_, k_, l_D ¦ If@PositiveQ@X@i, j, k, lDD, Rp@l, iD, Rm@j, iDDL;

b = b �. T_ ® T;

ok = CT2@bD;

Do@
b = dm@1, k, 1D@bD;

ok = ok && CT2@bD;

Print@8k, b, ok<D,

8k, 2, 2 Crossings@KD<D;

8ok, b@@1DD, Alexander@KD@TD<
E

False && Analyze@Knot@7, 7DD
False
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bbSimplify = Expand@Factor@ðDD &; n = 10;

b = Product@If@Random@D < 1, Rp@i, iD, Rm@i, iDD, 8i, n<D;

b = b �. T_ ® T;

ts = hs = Range@nD;

Print@Β@k = 0D = bD;

While@CT2@bD && Length@tsD + Length@hsD > 2,

i = ts@@ RandomInteger@81, Length@tsD<D DD;

j = hs@@ RandomInteger@81, Length@hsD<D DD;

r = Random@D;

Which@
Hr -= 0.6L < 0, H

Print@8++k, 8ts, hs<, "swapth", 8i, j<<D;

Print@Β@kD = b = b �� swapth@i, jDD
L,

Hr -= 0.2L < 0, H
j = ts@@ RandomInteger@81, Length@tsD<D DD;

If@i ¹ j,

Print@8++k, 8ts, hs<, "tm", 8i, j, i<<D;

Print@Β@kD = b = b �� tm@i, j, iDD;

ts = DeleteCases@ts, jD
D

L,

True, H
i = hs@@ RandomInteger@81, Length@hsD<D DD;

If@i ¹ j,

Print@8++k, 8ts, hs<, "hm", 8i, j, i<<D;

Print@Β@kD = b = b �� hm@i, j, iDD;

hs = DeleteCases@hs, jD
D

L
D

D;

8CT2@bD, b<
1 h@1D h@2D h@3D h@4D h@5D h@6D h@7D h@8D h@9D h@10D

t@1D -1 + T 0 0 0 0 0 0 0 0 0

t@2D 0 -1 + T 0 0 0 0 0 0 0 0

t@3D 0 0 -1 + T 0 0 0 0 0 0 0

t@4D 0 0 0 -1 + T 0 0 0 0 0 0

t@5D 0 0 0 0 -1 + T 0 0 0 0 0

t@6D 0 0 0 0 0 -1 + T 0 0 0 0

t@7D 0 0 0 0 0 0 -1 + T 0 0 0

t@8D 0 0 0 0 0 0 0 -1 + T 0 0

t@9D 0 0 0 0 0 0 0 0 -1 + T 0

t@10D 0 0 0 0 0 0 0 0 0 -1 + T

1+S�Ω T T T T T T T T T T

81, 881, 2, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 4, 5, 6, 7, 8, 9, 10<<, swapth, 87, 6<<
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1 h@1D h@2D h@3D h@4D h@5D h@6D h@7D h@8D h@9D h@10D
t@1D -1 + T 0 0 0 0 0 0 0 0 0

t@2D 0 -1 + T 0 0 0 0 0 0 0 0

t@3D 0 0 -1 + T 0 0 0 0 0 0 0

t@4D 0 0 0 -1 + T 0 0 0 0 0 0

t@5D 0 0 0 0 -1 + T 0 0 0 0 0

t@6D 0 0 0 0 0 -1 + T -1 + 2 T - T2 0 0 0

t@7D 0 0 0 0 0 0 -T + T2 0 0 0

t@8D 0 0 0 0 0 0 0 -1 + T 0 0

t@9D 0 0 0 0 0 0 0 0 -1 + T 0

t@10D 0 0 0 0 0 0 0 0 0 -1 + T

1+S�Ω T T T T T T T T T T

82, 881, 2, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 4, 5, 6, 7, 8, 9, 10<<, swapth, 83, 9<<

1 h@1D h@2D h@3D h@4D h@5D h@6D h@7D h@8D h@9D h@10D
t@1D -1 + T 0 0 0 0 0 0 0 0 0

t@2D 0 -1 + T 0 0 0 0 0 0 0 0

t@3D 0 0 -T + T2 0 0 0 0 0 0 0

t@4D 0 0 0 -1 + T 0 0 0 0 0 0

t@5D 0 0 0 0 -1 + T 0 0 0 0 0

t@6D 0 0 0 0 0 -1 + T -1 + 2 T - T2 0 0 0

t@7D 0 0 0 0 0 0 -T + T2 0 0 0

t@8D 0 0 0 0 0 0 0 -1 + T 0 0

t@9D 0 0 -1 + 2 T - T2 0 0 0 0 0 -1 + T 0

t@10D 0 0 0 0 0 0 0 0 0 -1 + T

1+S�Ω T T T T T T T T T T

83, 881, 2, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 4, 5, 6, 7, 8, 9, 10<<, hm, 81, 4, 1<<

1 h@1D h@2D h@3D h@5D h@6D h@7D h@8D h@9D h@10D
t@1D -1 + T 0 0 0 0 0 0 0 0

t@2D 0 -1 + T 0 0 0 0 0 0 0

t@3D 0 0 -T + T2 0 0 0 0 0 0

t@4D -T + T2 0 0 0 0 0 0 0 0

t@5D 0 0 0 -1 + T 0 0 0 0 0

t@6D 0 0 0 0 -1 + T -1 + 2 T - T2 0 0 0

t@7D 0 0 0 0 0 -T + T2 0 0 0

t@8D 0 0 0 0 0 0 -1 + T 0 0

t@9D 0 0 -1 + 2 T - T2 0 0 0 0 -1 + T 0

t@10D 0 0 0 0 0 0 0 0 -1 + T

1+S�Ω T2 T T T T T T T T

84, 881, 2, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 7, 8, 9, 10<<, swapth, 86, 3<<

1 h@1D h@2D h@3D h@5D h@6D h@7D h@8D h@9D h@10

t@1D -1 + T 0 0 0 0 0 0 0 0

t@2D 0 -1 + T 0 0 0 0 0 0 0

t@3D 0 0 -T + T2 0 -T + 2 T2
- T3

-T + 3 T2
- 3 T3

+ T4 0 0 0

t@4D -T + T2 0 0 0 0 0 0 0 0

t@5D 0 0 0 -1 + T 0 0 0 0 0

t@6D 0 0 0 0 -T + T2
-T + 2 T2

- T3 0 0 0

t@7D 0 0 0 0 0 -T + T2 0 0 0

t@8D 0 0 0 0 0 0 -1 + T 0 0

t@9D 0 0 -1 + 2 T - T2 0 -1 + 3 T - 3 T2
+ T3

-1 + 4 T - 6 T2
+ 4 T3

- T4 0 -1 + T 0

t@10D 0 0 0 0 0 0 0 0 -1

1+S�Ω T2 T T T T T T T T
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85, 881, 2, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 7, 8, 9, 10<<, tm, 86, 1, 6<<

1 h@1D h@2D h@3D h@5D h@6D h@7D h@8D h@9D h@10

t@2D 0 -1 + T 0 0 0 0 0 0 0

t@3D 0 0 -T + T2 0 -T + 2 T2
- T3

-T + 3 T2
- 3 T3

+ T4 0 0 0

t@4D -T + T2 0 0 0 0 0 0 0 0

t@5D 0 0 0 -1 + T 0 0 0 0 0

t@6D -1 + T 0 0 0 -T + T2
-T + 2 T2

- T3 0 0 0

t@7D 0 0 0 0 0 -T + T2 0 0 0

t@8D 0 0 0 0 0 0 -1 + T 0 0

t@9D 0 0 -1 + 2 T - T2 0 -1 + 3 T - 3 T2
+ T3

-1 + 4 T - 6 T2
+ 4 T3

- T4 0 -1 + T 0

t@10D 0 0 0 0 0 0 0 0 -1

1+S�Ω T2 T T T T T T T T

86, 882, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 7, 8, 9, 10<<, hm, 810, 7, 10<<

1 h@1D h@2D h@3D h@5D h@6D h@8D h@9D h@10D
t@2D 0 -1 + T 0 0 0 0 0 0

t@3D 0 0 -T + T2 0 -T + 2 T2
- T3 0 0 -T2

+ 3 T3
- 3 T4

+ T5

t@4D -T + T2 0 0 0 0 0 0 0

t@5D 0 0 0 -1 + T 0 0 0 0

t@6D -1 + T 0 0 0 -T + T2 0 0 -T2
+ 2 T3

- T4

t@7D 0 0 0 0 0 0 0 -T2
+ T3

t@8D 0 0 0 0 0 -1 + T 0 0

t@9D 0 0 -1 + 2 T - T2 0 -1 + 3 T - 3 T2
+ T3 0 -1 + T -T + 4 T2

- 6 T3
+ 4 T4

- T5

t@10D 0 0 0 0 0 0 0 -1 + T

1+S�Ω T2 T T T T T T T2

87, 882, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 8, 9, 10<<, swapth, 88, 6<<

1 h@1D h@2D h@3D h@5D h@6D h@8D h@9D h

t@2D 0 -1 + T 0 0 0 0 0

t@3D 0 0 -T + T2 0 -T + 2 T2
- T3

-T + 3 T2
- 3 T3

+ T4 0 -T2
+ 3

t@4D -T + T2 0 0 0 0 0 0

t@5D 0 0 0 -1 + T 0 0 0

t@6D -1 + T 0 0 0 -T + T2
-T + 2 T2

- T3 0 -T2
+

t@7D 0 0 0 0 0 0 0 -

t@8D 0 0 0 0 0 -T + T2 0

t@9D 0 0 -1 + 2 T - T2 0 -1 + 3 T - 3 T2
+ T3

-1 + 4 T - 6 T2
+ 4 T3

- T4
-1 + T -T + 4 T2

-

t@10D 0 0 0 0 0 0 0 -

1+S�Ω T2 T T T T T T

88, 882, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 8, 9, 10<<, swapth, 810, 6<<

1 h@1D h@2D h@3D h@5D h@6D h@8D h@9D
t@2D 0 -1 + T 0 0 0 0 0

t@3D 0 0 -T + T2 0 -T + 2 T2
- T3

-T + 3 T2
- 3 T3

+ T4 0 -T +

t@4D -T + T2 0 0 0 0 0 0

t@5D 0 0 0 -1 + T 0 0 0

t@6D -1 + T 0 0 0 -T + T2
-T + 2 T2

- T3 0 -T

t@7D 0 0 0 0 0 0 0

t@8D 0 0 0 0 0 -T + T2 0

t@9D 0 0 -1 + 2 T - T2 0 -1 + 3 T - 3 T2
+ T3

-1 + 4 T - 6 T2
+ 4 T3

- T4
-1 + T -1 + 3 T - 2

t@10D 0 0 0 0 0 0 0

1+S�Ω T2 T T T T T T

89, 882, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 8, 9, 10<<, hm, 89, 8, 9<<
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1 h@1D h@2D h@3D h@5D h@6D h@9D h@10

t@2D 0 -1 + T 0 0 0 0 0

t@3D 0 0 -T + T2 0 -T + 2 T2
- T3

-T2
+ 3 T3

- 3 T4
+ T5

-T + 2 T2
- 2

t@4D -T + T2 0 0 0 0 0 0

t@5D 0 0 0 -1 + T 0 0 0

t@6D -1 + T 0 0 0 -T + T2
-T2

+ 2 T3
- T4

-T + T2
+ T3

t@7D 0 0 0 0 0 0 -T2
+

t@8D 0 0 0 0 0 -T2
+ T3 0

t@9D 0 0 -1 + 2 T - T2 0 -1 + 3 T - 3 T2
+ T3

-1 + 4 T2
- 6 T3

+ 4 T4
- T5

-1 + 3 T - 2 T2
- 2

t@10D 0 0 0 0 0 0 -T + T2

1+S�Ω T2 T T T T T2 T2

810, 882, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 9, 10<<, swapth, 85, 9<<

1 h@1D h@2D h@3D h@5D h@6D h@
t@2D 0 -1 + T 0 0 0 0

t@3D 0 0 -T + T2
-T2

+ 4 T3
- 6 T4

+ 4 T5
- T6

-T + 2 T2
- T3

-T2
+ 3 T3

t@4D -T + T2 0 0 0 0 0

t@5D 0 0 0 -T2
+ T3 0 0

t@6D -1 + T 0 0 -T2
+ 3 T3

- 3 T4
+ T5

-T + T2
-T2

+ 2

t@7D 0 0 0 0 0 0

t@8D 0 0 0 -T2
+ 2 T3

- T4 0 -T2

t@9D 0 0 -1 + 2 T - T2
-1 + T + 4 T2

- 10 T3
+ 10 T4

- 5 T5
+ T6

-1 + 3 T - 3 T2
+ T3

-1 + 4 T2
- 6

t@10D 0 0 0 0 0 0

1+S�Ω T2 T T T T T2

811, 882, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 9, 10<<, swapth, 83, 9<<

1 - T2
+ 3 T3

- 3 T4
+ T5 h@1D h@2D h@3D

t@2D 0 -1 + T + T2
- 4 T3

+ 6 T4
- 4 T5

+ T6 0

t@3D 0 0 -T3
+ T4

t@4D -T + T2
+ T3

- 4 T4
+ 6 T5

- 4 T6
+ T7 0 0

t@5D 0 0 0

t@6D -1 + T + T2
- 4 T3

+ 6 T4
- 4 T5

+ T6 0 -T3
+ 3 T4

- 3 T5

t@7D 0 0 0

t@8D 0 0 -T3
+ 2 T4

-

t@9D 0 0 -1 + T + T2
-

t@10D 0 0 0

1+S�Ω T2 T T

812, 882, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 9, 10<<, swapth, 84, 9<<

1 - T2
+ 3 T3

- 3 T4
+ T5 h@1D h@2D h@3

t@2D 0 -1 + T + T2
- 4 T3

+ 6 T4
- 4 T5

+ T6 0

t@3D -T5
+ 4 T6

- 6 T7
+ 4 T8

- T9 0 -T3
+

t@4D -T3
+ T4

+ T5
- 4 T6

+ 6 T7
- 4 T8

+ T9 0 0

t@5D 0 0 0

t@6D -1 + T + T2
- 5 T3

+ 9 T4
- 7 T5

+ 2 T6 0 -T3
+ 3 T4

-

t@7D 0 0 0

t@8D -T3
+ 2 T4

- T5 0 -T3
+ 2 T4

t@9D -T + T2
+ 4 T3

- 10 T4
+ 10 T5

- 5 T6
+ T7 0 -1 + T +

t@10D 0 0 0

1+S�Ω T2 T T

813, 882, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 9, 10<<, swapth, 82, 10<<
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1 - T2
+ 3 T3

- 3 T4
+ T5 h@1D h@2D

t@2D 0 -T2
+ T3

+ T4
- 4 T5

+ 6 T6
- 4 T7

+ T8

t@3D -T5
+ 4 T6

- 6 T7
+ 4 T8

- T9
-T3

+ 3 T4
- 2 T5

- 2 T6
+ 3 T7

- T8

t@4D -T3
+ T4

+ T5
- 4 T6

+ 6 T7
- 4 T8

+ T9 0

t@5D 0 0

t@6D -1 + T + T2
- 5 T3

+ 9 T4
- 7 T5

+ 2 T6
-T + 2 T2

- 2 T4
+ T5

-T3

t@7D 0 -T2
+ 2 T3

- 5 T5
+ 10 T6

- 10 T7
+ 5 T8

- T9

t@8D -T3
+ 2 T4

- T5
-T3

+ 4 T4
- 5 T5

+ 5 T7
- 4 T8

+ T9

t@9D -T + T2
+ 4 T3

- 10 T4
+ 10 T5

- 5 T6
+ T7

-1 + 3 T - T2
- 5 T3

+ 5 T4
+ T5

- 3 T6
+ T7

t@10D 0 -T + 2 T2
- 5 T4

+ 10 T5
- 10 T6

+ 5 T7
- T8

1+S�Ω T2 T

814, 882, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 9, 10<<, swapth, 88, 2<<

1 - T2
+ 2 T3

+ T4
- 4 T5

+ 5 T7
- 4 T8

+ T9 h@1D
t@2D -T5

+ 3 T6
- 3 T7

+ T8
-

t@3D -T5
+ 3 T6

- T7
- 5 T8

+ 4 T9
+ 5 T10

- 9 T11
+ 5 T12

- T13

t@4D -T3
+ T4

+ T5
- 3 T6

+ T7
+ 5 T8

- 4 T9
- 5 T10

+ 9 T11
- 5 T12

+ T13

t@5D 0

t@6D -1 + T + T2
- 4 T3

+ 3 T4
+ 6 T5

- 8 T6
- 5 T7

+ 14 T8
- 9 T9

+ 2 T10

t@7D -T5
+ 4 T6

- 6 T7
+ 4 T8

- T9
-T2

t@8D -T4
+ 2 T5

- T6
-

t@9D -T + T2
+ 3 T3

- 4 T4
- 4 T5

+ 9 T6
+ T7

- 14 T8
+ 14 T9

- 6 T10
+ T11

-1 +

t@10D -T4
+ 4 T5

- 6 T6
+ 4 T7

- T8
-T +

1+S�Ω T2

815, 882, 3, 4, 5, 6, 7, 8, 9, 10<, 81, 2, 3, 5, 6, 9, 10<<, swapth, 84, 6<<

1 - T2
+ 2 T3

+ T4
- 4 T5

+ 5 T7
- 4 T8

+ T9 h@1D
t@2D -T5

+ 3 T6
- 3 T7

+ 5 T9
- 10 T10

+ 10 T11
- 5 T12

+ T13

t@3D -T5
+ 2 T6

+ 2 T7
- 8 T8

+ 5 T9
+ 5 T10

- 9 T11
+ 5 T12

- T13

t@4D -T4
+ T5

+ T6
- 3 T7

+ T8
+ 5 T9

- 4 T10
- 5 T11

+ 9 T12
- 5 T13

+ T14

t@5D 0

t@6D -1 + T + T2
- 4 T3

+ 2 T4
+ 8 T5

- 9 T6
- 5 T7

+ 14 T8
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