
Pensieve Header: bb-calculus, revision 2.

bbSimplify = Simplify;

SetAttributes@bbCollect, ListableD;

bbCollect@B@Ω_, Σ_, Μ_DD := B@
bbSimplify@ΩD, Σ ,

Collect@Μ, _h, Collect@ð, _t, bbSimplifyD &D
D;

hL@b_D := Union@Cases@b, h@s_D ¦ s, InfinityDD;

tL@b_D := UnionACasesAb, t@s_D Ts_ ¦ s, InfinityEE;

dL@b_D := Union@hL@bD, tL@bDD;

Σ_ ¢ h_ := H¶h Σ �. 0 ® 1L;

bbForm@B@Ω_, Σ_, Μ_DD := Module@
8tails, heads, mat<,

tails = tL@B@Ω, Σ , ΜDD; heads = hL@B@Ω, Σ , ΜDD;

mat = Outer@bbSimplify@¶h@ð1D,t@ð2D ΜD &, heads, tailsD;

PrependTo@mat, t �� tailsD;

mat = Join@
8Prepend@h �� heads, ΩD<,

Transpose@matD,

8Prepend@HΣ ¢ h@ðDL & �� heads, "1+S�Ω"D<
D;

MatrixForm@matD
D;

bbForm@else_D := else �. b_B ¦ bbForm@bD;

Format@b_B, StandardFormD := bbForm@bD;

B �: B@Ω1_, Σ1_, Μ1_D � B@Ω2_, Σ2_, Μ2_D := Module@
8heads, tails<,

tails = tL@8B@Ω1, Σ1, Μ1D, B@Ω2, Σ2, Μ2D<D;

heads = hL@8B@Ω1, Σ1, Μ1D, B@Ω2, Σ2, Μ2D<D;

HΩ1 � Ω2L && HΣ1 � Σ2L && H
And �� Flatten@Outer@

HCoefficient@Μ1, t@ð1D h@ð2DD � Coefficient@Μ2, t@ð1D h@ð2DDL &,

tails, heads

DD
L

D;

tm@x_, y_, z_D@b_D := b �. 9t@xD ® t@zD, t@yD ® t@zD, Tx ® Tz, Ty ® Tz=;

hm@x_, y_, z_D@B@Ω_, Σ_, Μ_DD := BAΩ,

h@zD HΣ ¢ h@xDL HΣ ¢ h@yDL + HΣ �. h@xD h@yD ® 0L,

h@zD ID@Μ, h@xDD + HΣ ¢ h@xDL ¶h@yD ΜM + HΜ �. h@xD h@yD ® 0L
E �� bbCollect;

swapth@y_, x_D@B@Ω_, Σ_, Μ_DD := ModuleB
8Α, Β, Γ, ∆<,

K Α Β

Γ ∆
O = K Coefficient@Μ, t@yD h@xDD D@Μ, t@yDD �. h@xD ® 0

D@Μ, h@xDD �. t@yD ® 0 Μ �. h@xD t@yD ® 0
O;

BBΩ + Α, Σ ,

F �� bbCollect



8HΣ ¢ h@xDL t@yD, 1<.K Α Β

Γ HHΩ + ΑL ∆ - Γ * ΒL � Ω
O.8h@xD, 1<F �� bbCollect

F;

dm@x_, y_, z_D@b_D := b �� swapth@x, yD �� hm@x, y, zD �� tm@x, y, zD;

B �: B@Ω1_, Σ1_, Μ1_D B@Ω2_, Σ2_, Μ2_D := B@Ω1 * Ω2, Σ1 + Σ2, Ω2 Μ1 + Ω1 Μ2D;

Unprotect@NonCommutativeMultiplyD;

b1_B ** b2_B := ModuleA
8Ρ, Σ, labels<,

Ρ = b1 * Ib2 �. 9h@s_D ¦ h@Σ@sDD, t@s_D ¦ t@Σ@sDD, Ts_ ¦ TΣ@sD=M;

labels = dL@8b1, b2<D;

Do@Ρ = Ρ �� dm@s, Σ@sD, sD, 8s, labels<D;

Ρ

E;

Rp@x_, y_D := B@1, Tx h@yD, HTx - 1L * t@xD h@yDD;

Rm@x_, y_D := B@1, h@yD � Tx, H1 � Tx - 1L * t@xD h@yDD;

8Rp@1, 2D, Rm@1, 2D<

:
1 h@2D

t@1D -1 + T1

1+S�Ω T1

,

1 h@2D
t@1D -1 +

1

T1

1+S�Ω
1

T1

>

8Rp@1, 2D ** Rp@1, 3D ** Rp@2, 3D, Rp@2, 3D ** Rp@1, 3D ** Rp@1, 2D<

:
1 h@1D h@2D h@3D

t@1D 0 -1 + T1 -1 + T1

t@2D 0 0 T1 H-1 + T2L
1+S�Ω 1 T1 T1 T2

,

1 h@1D h@2D h@3D
t@1D 0 -1 + T1 -1 + T1

t@2D 0 0 T1 H-1 + T2L
1+S�Ω 1 T1 T1 T2

>

<< KnotTheory`

8b = Times �� HPD@Knot@8, 17DD �.

X@i_, j_, k_, l_D ¦ If@PositiveQ@X@i, j, k, lDD, Rp@l, iD, Rm@j, iDDL;

Do@b = dm@1, k, 1D@bD, 8k, 2, 16<D; b,

Alexander@Knot@8, 17DD@T1D �� bbSimplify

<
Loading KnotTheory` version of August 22, 2010, 13:36:57.55.

Read more at http:��katlas.org�wiki�KnotTheory.

KnotTheory::loading : Loading precomputed data in PD4Knots`.
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9n = 4;

b = BAΩ, SumAΣj h@jD, 8j, n<E, SumAΑ10 i+j t@iD h@jD, 8i, n<, 8j, n<EE,

b �� dm@1, 2, 1D
= �� ColumnForm

Ω h@1D h@2D h@3D h@4D
t@1D Α11 Α12 Α13 Α14

t@2D Α21 Α22 Α23 Α24

t@3D Α31 Α32 Α33 Α34

t@4D Α41 Α42 Α43 Α44

1+S�Ω Σ1 Σ2 Σ3 Σ4

Ω + Α12 h@1D h@3D h@4D
t@1D HΩ+Α12L Α21+Α22 H-Α11+Ω Σ1L

Ω
+ HΑ11 + Α12 Σ1L Σ2

HΩ+Α12L Α23+Α13 H-Α22+Ω Σ2L
Ω

HΩ+Α12L Α24+Α14 H-Α22+Ω Σ2L
Ω

t@3D HΩ+Α12L Α31+Α32 H-Α11+Ω Σ1L
Ω

-Α13 Α32+HΩ+Α12L Α33

Ω

-Α14 Α32+HΩ+Α12L Α34

Ω

t@4D HΩ+Α12L Α41+Α42 H-Α11+Ω Σ1L
Ω

-Α13 Α42+HΩ+Α12L Α43

Ω

-Α14 Α42+HΩ+Α12L Α44

Ω

1+S�Ω Σ1 Σ2 Σ3 Σ4

9n = 4;

b = BAΩ, SumAΣj h@jD, 8j, n<E, SumAΑ10 i+j t@iD h@jD, 8i, n<, 8j, n<EE,

t1 = b �� dm@1, 2, 1D �� dm@1, 3, 1D,

t2 = b �� dm@2, 3, 2D �� dm@1, 2, 1D,

t1 � t2 �� Simplify

= �� ColumnForm

Ω h@1D h@2D h@3D h@4D
t@1D Α11 Α12 Α13 Α14

t@2D Α21 Α22 Α23 Α24

t@3D Α31 Α32 Α33 Α34

t@4D Α41 Α42 Α43 Α44

1+S�Ω Σ1 Σ2 Σ3 Σ4

Ω + Α23 +
Α12 HΩ+Α23L

Ω
+ Α13 I-

Α22

Ω
+ Σ2M

t@1D Α13 Α21 Α32-Ω Α21 Α33-Α12 Α21 Α33+Ω
2

Α32 Σ1+Ω Α23 Α32 Σ1-Ω Α22 Α33 Σ1+Ω
2

Α33 Σ1 Σ2+Α31 HΩ HΩ+Α23

t@4D Α13 Α21 Α42-Ω Α21 Α43-Α12 Α21 Α43+Ω
2

Α42 Σ1+Ω Α23

1+S�Ω

Ω + Α23 +
Α12 HΩ+Α23L

Ω
+ Α13 I-

Α22

Ω
+ Σ2M

t@1D Α31 HΩ HΩ+Α23L+Α12 HΩ+Α23L+Α13 H-Α22+Ω Σ2LL+Ω Σ2 HΑ11 HΩ+Α23L+Α12 HΩ+Α23L Σ1-Α13 HΑ21+Σ1

t@4D Α21 HΑ13 Α42-HΩ+Α12L Α43L+Α41 HΩ

1+S�Ω

True
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