
Pensieve header: Exact Β-calculations.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\2012-05\\beta5.1"D;

<< betaCalculus.m

Clear@ÑD

The Knot-Theoretic Equations

8
V0 = ΒCollect@

B@Ω@Ñ c1, Ñ c2D, Α@Ñ c1, Ñ c2D t@1D h@1D +

Β@Ñ c1, Ñ c2D t@1D h@2D + Γ@Ñ c1, Ñ c2D t@2D h@1D + ∆@Ñ c1, Ñ c2D t@2D h@2DD
D,

C0 = ΒCollect@B@Κ@Ñ c1D, 0DD,

eqns0 = GroupLikeQ@V0, 1 � 2 c1 h@2DD,

eqns1 = HardR4@V0D,

eqns2 = TwistEq@V0D,

eqns3 = And@HV0 �� dΗ@1DL � B@1, 0D, HV0 �� dΗ@2DL � B@1, 0DD,

eqns4 = V0 ** HV0 �� dA@1D �� dA@2DL � B@1, 0D,

eqns5 = CapEquation@V0, C0D,

eqns6 = HC0 �� tΗ@1DL � B@1, 0D,

eqns7 = HV0 � Rot120@V0DL,

eqns8 = V0 ** HV0 �� dS@1D �� dS@2DL � R@1, 2D
< �� ColumnForm

Ω@Ñ c1, Ñ c2D h@1D h@2D
t@1D Α@Ñ c1, Ñ c2D Β@Ñ c1, Ñ c2D
t@2D Γ@Ñ c1, Ñ c2D ∆@Ñ c1, Ñ c2D

K Κ@Ñ c1D
t@1D O

1 + Ñ c1 Α@Ñ c1, Ñ c2D + Ñ c2 Γ@Ñ c1, Ñ c2D � 1 && 1 + Ñ c1 Β@Ñ c1, Ñ c2D + Ñ c2 ∆@Ñ c1, Ñ c2D � ã

Ñ c1

2

-ãÑ c2 +ãÑ c1+Ñ c2 +Ñ c1 Β@Ñ c1,Ñ c2D-ãÑ c2 Ñ c1 Β@Ñ c1,Ñ c2D-ãÑ c2 Ñ c2 Γ@Ñ c1,Ñ c2D+ãÑ c1+Ñ c2 Ñ c2 Γ@Ñ c1,Ñ c2D
Ñ c1

�
-1+ãÑ Hc1+c2L

Ñ c1+Ñ c2
&& -1+ãÑ c2 -Ñ c1

Ω@Ñ c1, Ñ c2D � Ω@Ñ c2, Ñ c1D &&
-ã

Ñ c1

2 c1+ã

1

2
Ñ Hc1+c2L

c1+ã

1

2
Ñ Hc1+c2L

c2-ã

Ñ c1

2
+

1

2
Ñ Hc1+c2L

c2+ã

1

2
Ñ Hc1+c2L

Ñ c1
2 Α@Ñ c1,Ñ c2D+ã

1

2
Ñ Hc1+c2L

Ñ

Ω@0, Ñ c2D � 1 && ∆@0, Ñ c2D � 0 && Ω@Ñ c1, 0D � 1 && Α@Ñ c1, 0D � 0
Ω@Ñ c1,Ñ c2D2

+Ñ c1 Β@Ñ c1,Ñ c2D Ω@Ñ c1,Ñ c2D2
+Ñ c2 Γ@Ñ c1,Ñ c2D Ω@Ñ c1,Ñ c2

2

1+Ñ c1 Α@Ñ c1,Ñ c2D+Ñ c1 Β@Ñ c1,Ñ c2D+Ñ
2 c1

2 Α@Ñ c1,Ñ c2D Β@Ñ c1,Ñ c2D+Ñ c2 Γ@Ñ c1,Ñ c2D+Ñ
2 c1 c2 Β@Ñ c1,Ñ c2D Γ@Ñ c1,Ñ c2D+Ñ c2 ∆@Ñ c1,Ñ c2

Κ@Ñ Hc1+c2LD Ω@Ñ c1,Ñ c2D+Ñ c1 Β@Ñ c1,Ñ c2D Κ@Ñ Hc1+c2LD Ω@Ñ c1,Ñ c2D+Ñ c2 Γ@Ñ c1,Ñ c2D Κ@Ñ

1+Ñ c1 Α@Ñ c1,Ñ c2D+Ñ c1 Β@Ñ c1,Ñ c2D+Ñ
2 c1

2 Α@Ñ c1,Ñ c2D Β@Ñ c1,Ñ c2D+Ñ c2 Γ@Ñ c1,Ñ c2D+Ñ
2 c1 c2 Β@Ñ c1,Ñ c2D Γ@Ñ c1,Ñ c2D+Ñ c2 ∆@Ñ c1,Ñ c2

Κ@0D � 1

Ω@Ñ c1, Ñ c2D �
Ω@Ñ c2,-Ñ Hc1+c2LD

1+Ñ c2 Β@Ñ c2,-Ñ Hc1+c2LD-Ñ c1 ∆@Ñ c2,-Ñ Hc1+c2LD-Ñ c2 ∆@Ñ c2,-Ñ Hc1+c2LD && Α@Ñ c1, Ñ c2D � -
-1-Ñ c2 Β@

Ω@-Ñ c1,-Ñ c2D Ω@Ñ c1,Ñ c2D-Ñ c1 Β@-Ñ c1,-Ñ c2D Ω@-Ñ c1,-Ñ c2D Ω@Ñ c1,Ñ c2D-Ñ c2 Γ

1-Ñ c1 Α@-Ñ c1,-Ñ c2D-Ñ c1 Β@-Ñ c1,-Ñ c2D+Ñ
2 c1

2 Α@-Ñ c1,-Ñ c2D Β@-Ñ c1,-Ñ c2D-Ñ c2 Γ@-Ñ c1,-Ñ c2D+Ñ
2 c1 c2 Β@-Ñ c1,-Ñ c2D Γ@-Ñ c1,-Ñ c2D

eqns = FullSimplify@
Heqns0 && eqns1 && eqns2 && eqns3 && eqns4 && eqns5 && eqns6 && eqns8L �. Ñ ® 1D;
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eqns

c1 Α@c1, c2D + c2 Γ@c1, c2D � 0 && ã

c1

2 � 1 + c1 Β@c1, c2D + c2 ∆@c1, c2D &&

1 - ãc1+c2

c1 + c2

+
ãc2 H-1 + ãc1L H1 + c2 Γ@c1, c2DL

c1

� H-1 + ã
c2L Β@c1, c2D &&

1 - ãc1+c2

c1 + c2

+
H-1 + ãc2L H1 + c1 Β@c1, c2DL

c2

� ã
c2 H-1 + ã

c1L Γ@c1, c2D &&

Ω@c1, c2D � Ω@c2, c1D &&
1

c1 Hc1 + c2L
J-c1 + ã

c2

2 JHc1 + c2L H1 + c1 Α@c1, c2D + c2 Γ@c1, c2DL - ã

c1

2 c2 H1 + Hc1 + c2L Γ@c1, c2DLNN �

∆@c2, c1D &&
-1 + ã

1

2
Hc1+c2L H1 + Hc1 + c2L Β@c1, c2DL

c1 + c2

�

-1 + H-1 + ãc1L c2 Β@c2, c1D + ãc1 H1 + c1 Γ@c2, c1DL
c1

&&

-1 + ã

1

2
Hc1+c2L H1 + Hc1 + c2L Γ@c1, c2DL

c1 + c2

� Β@c2, c1D &&

1

c2 Hc1 + c2L
K-c2 + ã

c1

2 K-ã

c2

2 c1 H1 + Hc1 + c2L Β@c1, c2DL +

Hc1 + c2L K1 + c1 Β@c1, c2D + c2 K2 SinhB
c1

2
F Β@c2, c1D + ∆@c1, c2DOOOO �

ã
c1 Α@c2, c1D && Ω@0, c2D � 1 && ∆@0, c2D � 0 && Ω@c1, 0D � 1 && Α@c1, 0D � 0 &&

IH1 + c1 Β@c1, c2D + c2 Γ@c1, c2DL Ω@c1, c2D2M �
HH1 + c1 Α@c1, c2D + c2 Γ@c1, c2DL H1 + c1 Β@c1, c2D + c2 ∆@c1, c2DLL � 1 &&

Κ@c1D Κ@c2D � HH1 + c1 Β@c1, c2D + c2 Γ@c1, c2DL Κ@c1 + c2D Ω@c1, c2DL �
HH1 + c1 Α@c1, c2D + c2 Γ@c1, c2DL H1 + c1 Β@c1, c2D + c2 ∆@c1, c2DLL &&

Κ@0D � 1 && 1 + HH-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2DL Ω@-c1, -c2D Ω@c1, c2DL �
HH-1 + c1 Α@-c1, -c2D + c2 Γ@-c1, -c2DL H-1 + c1 Β@-c1, -c2D + c2 ∆@-c1, -c2DLL � 0 &&

HΑ@c1, c2D H-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2DL + c2 Β@-c1, -c2D HΓ@-c1, -c2D + Γ@c1, c2DL +

Α@-c1, -c2D H-1 + c1 Β@-c1, -c2D - c2 Γ@c1, c2DLL �
HH-1 + c1 Α@-c1, -c2D + c2 Γ@-c1, -c2DL H-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2DLL � 0 &&

-
Β@-c1, -c2D + Β@c1, c2D

-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2D
�

-1 + ãc1

c1

&&

Γ@-c1, -c2D + Γ@c1, c2D
-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2D

� 0 &&

HH-1 + c2 Γ@-c1, -c2DL H∆@-c1, -c2D + ∆@c1, c2DL +

c1 HΒ@c1, c2D HΓ@-c1, -c2D - ∆@-c1, -c2DL + Β@-c1, -c2D HΓ@-c1, -c2D + ∆@c1, c2DLLL �
HH-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2DL H-1 + c1 Β@-c1, -c2D + c2 ∆@-c1, -c2DLL � 0
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red1 = Simplify@eqns �. Hrule0 = Α@x_, y_D ¦ -y � x Γ@x, yDLD

ã

c1

2 � 1 + c1 Β@c1, c2D + c2 ∆@c1, c2D &&

1 - ãc1+c2

c1 + c2

+
ãc2 H-1 + ãc1L H1 + c2 Γ@c1, c2DL

c1

� H-1 + ã
c2L Β@c1, c2D &&

1 - ãc1+c2

c1 + c2

+
H-1 + ãc2L H1 + c1 Β@c1, c2DL

c2

� ã
c2 H-1 + ã

c1L Γ@c1, c2D &&

Ω@c1, c2D � Ω@c2, c1D &&
-c1 + ã

c2

2 Jc1 + c2 - ã

c1

2 c2 H1 + Hc1 + c2L Γ@c1, c2DLN

c1 Hc1 + c2L
� ∆@c2, c1D &&

-1 + ã

1

2
Hc1+c2L H1 + Hc1 + c2L Β@c1, c2DL

c1 + c2

�
-1 + H-1 + ãc1L c2 Β@c2, c1D + ãc1 H1 + c1 Γ@c2, c1DL

c1

&&

-1 + ã

1

2
Hc1+c2L H1 + Hc1 + c2L Γ@c1, c2DL

c1 + c2

� Β@c2, c1D &&

1

c2

Kã
c1 c1 Γ@c2, c1D + 1 � Hc1 + c2L K-c2 + ã

c1

2 K-ã

c2

2 c1 H1 + Hc1 + c2L Β@c1, c2DL +

Hc1 + c2L K1 + c1 Β@c1, c2D + c2 K2 SinhB
c1

2
F Β@c2, c1D + ∆@c1, c2DOOOOO � 0 &&

Ω@0, c2D � 1 && ∆@0, c2D � 0 && Ω@c1, 0D � 1 &&
H1 + c1 Β@c1, c2D + c2 Γ@c1, c2DL Ω@c1, c2D2

1 + c1 Β@c1, c2D + c2 ∆@c1, c2D
�

1 && Κ@c1D Κ@c2D �
H1 + c1 Β@c1, c2D + c2 Γ@c1, c2DL Κ@c1 + c2D Ω@c1, c2D

1 + c1 Β@c1, c2D + c2 ∆@c1, c2D
&&

Κ@0D � 1 && HH-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2DL Ω@-c1, -c2D Ω@c1, c2DL �
H-1 + c1 Β@-c1, -c2D + c2 ∆@-c1, -c2DL � 1 &&

c2 HΓ@-c1, -c2D + Γ@c1, c2DL
c1 H-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2DL

� 0 &&

-
Β@-c1, -c2D + Β@c1, c2D

-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2D
�

-1 + ãc1

c1

&&

Γ@-c1, -c2D + Γ@c1, c2D
-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2D

� 0 &&

HH-1 + c2 Γ@-c1, -c2DL H∆@-c1, -c2D + ∆@c1, c2DL +

c1 HΒ@c1, c2D HΓ@-c1, -c2D - ∆@-c1, -c2DL + Β@-c1, -c2D HΓ@-c1, -c2D + ∆@c1, c2DLLL �
HH-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2DL H-1 + c1 Β@-c1, -c2D + c2 ∆@-c1, -c2DLL � 0

Length@red1D
19
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red2 = Simplify@red1 �. Hrule1 = ∆@x_, y_D ¦ HE^Hx � 2L - 1 - x Β@x, yDL � yLD
1 - ãc1+c2

c1 + c2

+
ãc2 H-1 + ãc1L H1 + c2 Γ@c1, c2DL

c1

� H-1 + ã
c2L Β@c1, c2D &&

1 - ãc1+c2

c1 + c2

+
H-1 + ãc2L H1 + c1 Β@c1, c2DL

c2

� ã
c2 H-1 + ã

c1L Γ@c1, c2D &&

Ω@c1, c2D � Ω@c2, c1D &&
1 - ã

c2

2 + c2 Β@c2, c1D +

-c1+ã

c2

2 c1+c2-ã

c1

2 c2 H1+Hc1+c2L Γ@c1,c2DL

c1+c2

c1

� 0 &&

-1 + ã

1

2
Hc1+c2L H1 + Hc1 + c2L Β@c1, c2DL

c1 + c2

�
-1 + H-1 + ãc1L c2 Β@c2, c1D + ãc1 H1 + c1 Γ@c2, c1DL

c1

&&

-1 + ã

1

2
Hc1+c2L H1 + Hc1 + c2L Γ@c1, c2DL

c1 + c2

� Β@c2, c1D &&

1

c2

J1 � Hc1 + c2L J-ã

1

2
Hc1+c2L c1

2
Β@c1, c2D + H-1 + ã

c1L c2 H1 + c2 Β@c2, c1DL + c1 Jã
c1 - ã

1

2
Hc1+c2L

+

c2 J-ã

1

2
Hc1+c2L

Β@c1, c2D + H-1 + ã
c1L Β@c2, c1DNNN + ã

c1 c1 Γ@c2, c1DN � 0 &&

Ω@0, c2D � 1 && Ω@c1, 0D � 1 && ã
-

c1

2 H1 + c1 Β@c1, c2D + c2 Γ@c1, c2DL Ω@c1, c2D2
� 1 &&

Κ@c1D Κ@c2D � ã
-

c1

2 H1 + c1 Β@c1, c2D + c2 Γ@c1, c2DL Κ@c1 + c2D Ω@c1, c2D && Κ@0D � 1 &&

1 + ã

c1

2 H-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2DL Ω@-c1, -c2D Ω@c1, c2D � 0 &&

c2 HΓ@-c1, -c2D + Γ@c1, c2DL
c1 H-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2DL

� 0 &&

-
Β@-c1, -c2D + Β@c1, c2D

-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2D
�

-1 + ãc1

c1

&&

Γ@-c1, -c2D + Γ@c1, c2D
-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2D

� 0 &&

Hc1 Hã
c1 Β@-c1, -c2D + Β@c1, c2DL + H-1 + ã

c1L H-1 + c2 Γ@-c1, -c2DLL �
Hc2 H-1 + c1 Β@-c1, -c2D + c2 Γ@-c1, -c2DLL � 0

Length@red2D
17

SolveB
1 - ãc1+c2

c1 + c2

+
ãc2 H-1 + ãc1L H1 + c2 Γ@c1, c2DL

c1

� H-1 + ã
c2L Β@c1, c2D, Γ@c1, c2DF �.

8c1 ® x, c2 ® y<
99Γ@x, yD ®

Iã
-y I-x + ã

y x + ã
y y - ã

x+y y - x2
Β@x, yD + ã

y x2
Β@x, yD - x y Β@x, yD + ã

y x y Β@x, yDMM �
HH-1 + ã

xL y Hx + yLL==
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red3 =

FullSimplifyAred2 �. Irule2 = Γ@x_, y_D ¦ Iã
-y I-x + ã

y x + ã
y y - ã

x+y y - x2
Β@x, yD +

ã
y x2

Β@x, yD - x y Β@x, yD + ã
y x y Β@x, yDMM � HH-1 + ã

xL y Hx + yLLME

Ω@c1, c2D � Ω@c2, c1D &&
1

c1 + c2

J-1 + ã

1

2
Hc1+c2L H1 + Hc1 + c2L Β@c1, c2DL + 1 � HH-1 + ã

c2L c1L

H-c1 + ã
c2 HHc1 + c2L H1 + c2 Β@c2, c1DL - ã

c1 c2 H1 + Hc1 + c2L Β@c2, c1DLLLN � 0 &&

-c2 + CschA c1

2
E SinhA c2

2
E c1 H1 + Hc1 + c2L Β@c1, c2DL

c2 Hc1 + c2L
� Β@c2, c1D &&

1

c2 Hc1 + c2L

ã

1

2
Hc1+c2L Kc1 H-1 - Hc1 + c2L Β@c1, c2DL + CschB

c2

2
F SinhB

c1

2
F c2 H1 + Hc1 + c2L Β@c2, c1DLO �

0 && Ω@0, c2D � 1 && Ω@c1, 0D � 1 &&

ã
-

c1

2
-c2 H-1 + ãc1+c2L c1 H1 + Hc1 + c2L Β@c1, c2DL Ω@c1, c2D2

H-1 + ãc1L Hc1 + c2L
� 1 &&

Κ@c1D Κ@c2D � Jã
-

c1

2
-c2 H-1 + ã

c1+c2L c1 H1 + Hc1 + c2L Β@c1, c2DL Κ@c1 + c2D Ω@c1, c2DN �
HH-1 + ã

c1L Hc1 + c2LL && Κ@0D � 1 &&

JH-1 + ã
c1L c2 + ã

c1

2 H-1 + ã
c1+c2L c1

2
Β@-c1, -c2D Ω@-c1, -c2D Ω@c1, c2D +

c1 J-1 + ã
c1 + ã

c1

2 H-1 + ã
c1+c2L H-1 + c2 Β@-c1, -c2DL Ω@-c1, -c2D Ω@c1, c2DNN �

HH-1 + ã
c1L Hc1 + c2LL � 0 &&

Hã
-c2 H-1 + ã

c2L H1 + ã
c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �

HH-1 + ã
c1+c2L c1 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0 &&

H-1 + ãc1L J-1 -
Hc1+c2L HΒ@-c1,-c2D+Β@c1,c2DL

H-1+ãc1+c2 L H-1+Hc1+c2L Β@-c1,-c2DL N

c1

� 0 &&

Hã
-c2 H-1 + ã

c2L H1 + ã
c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �

HH-1 + ã
c1+c2L c2 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0 &&

HH-1 + ã
c1L H1 + ã

c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �
HH-1 + ã

c1+c2L c2 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0

Length@red3D
14
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red4 =

FullSimplifyBred3 �. Β@c2, c1D ®

-c2 + CschA c1

2
E SinhA c2

2
E c1 H1 + Hc1 + c2L Β@c1, c2DL

c2 Hc1 + c2L
F

Ω@c1, c2D � Ω@c2, c1D && Ω@0, c2D � 1 && Ω@c1, 0D � 1 &&

ã
-

c1

2
-c2 H-1 + ãc1+c2L c1 H1 + Hc1 + c2L Β@c1, c2DL Ω@c1, c2D2

H-1 + ãc1L Hc1 + c2L
� 1 &&

Κ@c1D Κ@c2D � Jã
-

c1

2
-c2 H-1 + ã

c1+c2L c1 H1 + Hc1 + c2L Β@c1, c2DL Κ@c1 + c2D Ω@c1, c2DN �
HH-1 + ã

c1L Hc1 + c2LL && Κ@0D � 1 &&

JH-1 + ã
c1L c2 + ã

c1

2 H-1 + ã
c1+c2L c1

2
Β@-c1, -c2D Ω@-c1, -c2D Ω@c1, c2D +

c1 J-1 + ã
c1 + ã

c1

2 H-1 + ã
c1+c2L H-1 + c2 Β@-c1, -c2DL Ω@-c1, -c2D Ω@c1, c2DNN �

HH-1 + ã
c1L Hc1 + c2LL � 0 &&

Hã
-c2 H-1 + ã

c2L H1 + ã
c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �

HH-1 + ã
c1+c2L c1 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0 &&

H-1 + ãc1L J-1 -
Hc1+c2L HΒ@-c1,-c2D+Β@c1,c2DL

H-1+ãc1+c2 L H-1+Hc1+c2L Β@-c1,-c2DL N

c1

� 0 &&

Hã
-c2 H-1 + ã

c2L H1 + ã
c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �

HH-1 + ã
c1+c2L c2 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0 &&

HH-1 + ã
c1L H1 + ã

c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �
HH-1 + ã

c1+c2L c2 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0

Length@red4D
11

SeriesB
Sinh@x � 2D

x � 2

-1�4

, 8x, 0, 4<F

1 -
x2

96
+

13 x4

92 160
+ O@xD5
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red5 = FullSimplifyBred4 �. rule4 = :Κ@0D ® 1, Κ@x_D ¦
Sinh@x � 2D

x � 2

-1�4

> F

Ω@c1, c2D � Ω@c2, c1D && Ω@0, c2D � 1 && Ω@c1, 0D � 1 &&

ã
-

c1

2
-c2 H-1 + ãc1+c2L c1 H1 + Hc1 + c2L Β@c1, c2DL Ω@c1, c2D2

H-1 + ãc1L Hc1 + c2L
� 1 &&

1

2
SinhA c1

2
E

c1

1�4 SinhA c2

2
E

c2

1�4
�

1

-1 + ãc1

23�4
ã

-
c2

2 c1

SinhA 1

2
Hc1 + c2LE

c1 + c2

3�4

H1 + Hc1 + c2L Β@c1, c2DL Ω@c1, c2D &&

JH-1 + ã
c1L c2 + ã

c1

2 H-1 + ã
c1+c2L c1

2
Β@-c1, -c2D Ω@-c1, -c2D Ω@c1, c2D +

c1 J-1 + ã
c1 + ã

c1

2 H-1 + ã
c1+c2L H-1 + c2 Β@-c1, -c2DL Ω@-c1, -c2D Ω@c1, c2DNN �

HH-1 + ã
c1L Hc1 + c2LL � 0 &&

Hã
-c2 H-1 + ã

c2L H1 + ã
c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �

HH-1 + ã
c1+c2L c1 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0 &&

H-1 + ãc1L J-1 -
Hc1+c2L HΒ@-c1,-c2D+Β@c1,c2DL

H-1+ãc1+c2 L H-1+Hc1+c2L Β@-c1,-c2DL N

c1

� 0 &&

Hã
-c2 H-1 + ã

c2L H1 + ã
c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �

HH-1 + ã
c1+c2L c2 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0 &&

HH-1 + ã
c1L H1 + ã

c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �
HH-1 + ã

c1+c2L c2 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0

Length@red5D
10
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red6 = FullSimplifyAred5 �. Irule5 = Ω@x_, y_D ¦ Κ@x + yD Κ@xD-1
Κ@yD-1M �. rule4E

2 ã
-

c1

2
-c2 H-1 + ã

c1+c2L
SinhA c1

2
E

c1

c1

SinhA c2

2
E

c2

H1 + Hc1 + c2L Β@c1, c2DL �

H-1 + ã
c1L

SinhA 1

2
Hc1 + c2LE

c1 + c2

Hc1 + c2L � 1 &&
1

2
SinhA c1

2
E

c1

1�4 SinhA c2

2
E

c2

1�4
�

1

-1 + ãc1

2 ã
-

c2

2

SinhA c1

2
E

c1

1�4

c1

SinhA c2

2
E

c2

1�4
SinhA 1

2
Hc1 + c2LE

c1 + c2

H1 + Hc1 + c2L Β@c1, c2DL &&

H-1 + ã
c1L c2 + 2 ã

c1

2 H-1 + ã
c1+c2L

SinhA c1

2
E

c1

c1
2

SinhA c2

2
E

c2

Β@-c1, -c2D �

SinhA 1

2
Hc1 + c2LE

c1 + c2

+

c1 -1 + ã
c1 + 2 ã

c1

2 H-1 + ã
c1+c2L

SinhA c1

2
E

c1

SinhA c2

2
E

c2

H-1 + c2 Β@-c1, -c2DL �

SinhA 1

2
Hc1 + c2LE

c1 + c2

� HH-1 + ã
c1L Hc1 + c2LL � 0 &&

Hã
-c2 H-1 + ã

c2L H1 + ã
c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �

HH-1 + ã
c1+c2L c1 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0 &&

H-1 + ãc1L J-1 -
Hc1+c2L HΒ@-c1,-c2D+Β@c1,c2DL

H-1+ãc1+c2 L H-1+Hc1+c2L Β@-c1,-c2DL N

c1

� 0 &&

Hã
-c2 H-1 + ã

c2L H1 + ã
c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �

HH-1 + ã
c1+c2L c2 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0 &&

HH-1 + ã
c1L H1 + ã

c1+c2 H-1 + Hc1 + c2L Β@-c1, -c2DL + Hc1 + c2L Β@c1, c2DLL �
HH-1 + ã

c1+c2L c2 H-1 + Hc1 + c2L Β@-c1, -c2DLL � 0

Length@red6D
7
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SolveB 2 ã
-

c1

2
-c2 H-1 + ã

c1+c2L
SinhA c1

2
E

c1

c1

SinhA c2

2
E

c2

H1 + Hc1 + c2L Β@c1, c2DL �

H-1 + ã
c1L

SinhA 1

2
Hc1 + c2LE

c1 + c2

Hc1 + c2L � 1, Β@c1, c2DF �. 8c1 ® x, c2 ® y<

::Β@x, yD ® ã

x

2
+y H-1 + ã

xL
SinhA x+y

2
E

x + y
1 -

2 ã
-

x

2
-y H-1 + ãx+yL x

SinhA x

2
E

x

SinhA y

2
E

y

H-1 + ãxL Hx + yL SinhA x+y

2
E

x+y

�

2 H-1 + ã
x+yL x

SinhA x

2
E

x

SinhA y

2
E

y
>>

FullSimplifyB

ã

x

2
+y H-1 + ã

xL
SinhA x+y

2
E

x + y
1 -

2 ã
-

x

2
-y H-1 + ãx+yL x

SinhA x

2
E

x

SinhA y

2
E

y

H-1 + ãxL Hx + yL SinhA x+y

2
E

x+y

�

2 H-1 + ã
x+yL x

SinhA x

2
E

x

SinhA y

2
E

y
F

- 2 H-1 + ã
x+yL x

SinhA x

2
E

x

SinhA y

2
E

y
+ ã

x

2
+y H-1 + ã

xL y
SinhA x+y

2
E

x + y
+

2 ã
x+y x SinhB

x

2
F

SinhA x+y

2
E

x + y
� 2 H-1 + ã

x+yL x Hx + yL
SinhA x

2
E

x

SinhA y

2
E

y
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FullSimplifyB

red6 �. rule6 = Β@x_, y_D ¦ - 2 H-1 + ã
x+yL x

SinhA x

2
E

x
SinhA y

2
E

y
+ ã

x

2
+y

H-1 + ã
xL y

SinhA x+y

2
E

x + y
+ 2 ã

x+y x SinhB
x

2
F

SinhA x+y

2
E

x + y
�

2 H-1 + ã
x+yL x Hx + yL

SinhA x

2
E

x

SinhA y

2
E

y
F

True

FullSimplifyB - 2 H-1 + ã
x+yL x

SinhA x

2
E

x

SinhA y

2
E

y
+

ã

x

2
+y H-1 + ã

xL y
SinhA x+y

2
E

x + y
+ 2 ã

x+y x SinhB
x

2
F

SinhA x+y

2
E

x + y
�

2 H-1 + ã
x+yL x Hx + yL

SinhA x

2
E

x

SinhA y

2
E

y
�. 8x ® 2 x, y ® 2 y<F

Csch@xD
Sinh@xD

x

-I-1 + ã
2 Hx+yLM x

Sinh@xD
x

Sinh@yD
y

+ ã
x+2 y I-1 + ã

2 xM y
Sinh@x + yD

x + y
+

2 ã
2 Hx+yL x Sinh@xD

Sinh@x + yD
x + y

� 2 I-1 + ã
2 Hx+yLM Hx + yL

Sinh@yD
y

unknowns = 8Α@c1, c2D, Β@c1, c2D, Γ@c1, c2D, ∆@c1, c2D, Ω@c1, c2D, Κ@c1D<;

sol = Thread@unknowns ® FullSimplify@
unknowns �. rule0 �. rule1 �. rule2 �. rule5 �. rule4 �. rule6

DD
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:Α@c1, c2D ® - 2 ã
c1+

c2

2 c2 -2 SinhB
c1

2
F SinhB

1

2
Hc1 + c2LF +

2
SinhA c1

2
E

c1

c1

SinhA c2

2
E

c2

SinhA 1

2
Hc1 + c2LE

c1 + c2

Hc1 + c2L �

HH-1 + ã
c1L H-1 + ã

c1+c2L c1 Hc1 + c2LL, Β@c1, c2D ®

ã

c1

2
+c2 H-1 + ã

c1L c2

SinhA 1

2
Hc1 + c2LE

c1 + c2

+ c1 - 2 H-1 + ã
c1+c2L

SinhA c1

2
E

c1

SinhA c2

2
E

c2

+

2 ã
c1+c2 SinhB

c1

2
F

SinhA 1

2
Hc1 + c2LE

c1 + c2

�

2 H-1 + ã
c1+c2L

SinhA c1

2
E

c1

c1

SinhA c2

2
E

c2

Hc1 + c2L , Γ@c1, c2D ®

2 ã
c1+

c2

2 -2 SinhB
c1

2
F SinhB

1

2
Hc1 + c2LF + 2

SinhA c1

2
E

c1

c1

SinhA c2

2
E

c2

SinhA 1

2
Hc1 + c2LE

c1 + c2

Hc1 + c2L � HH-1 + ã
c1L H-1 + ã

c1+c2L Hc1 + c2LL,

∆@c1, c2D ®
ã

c1

2

c2

-

2 ãc1+c2
SinhA c1

2
E

c1
c1

SinhB 1

2
Hc1+c2LF

c1+c2

H-1 + ãc1+c2L SinhA c2

2
E

c2
c2

-
1

c1 + c2

,

Ω@c1, c2D ®

21�4
SinhA c1

2
E

c1

1�4 SinhA c2

2
E

c2

1�4

SinhB 1

2
Hc1+c2LF

c1+c2

1�4
,

Κ@c1D ®
1

21�4
SinhA c1

2
E

c1

1�4
>

Dror Bar-Natan: Academic Pensieve: 2012-05: beta5.1: betaExact.nb 2014-05-07 15:20:13

http://drorbn.net/AcademicPensieve/2012-05/beta5.1/#MathematicaNotebooks



V = V0 �. Ñ ® 1 �. sol

21�4
SinhB

c1

2
F

c1

1�4
SinhB

c2

2
F

c2

1�4

SinhB
1

2
Hc1+c2LF

c1+c2

1�4 h@1D

t@1D
4 ã

c1+

c2

2 SinhA c1

2
E SinhB 1

2
Hc1+c2LF c2-2 2 ã

c1+

c2

2

SinhB
c1

2
F

c1

c1
2

SinhB
c2

2
F

c2

c2

SinhB
1

2
Hc1+c2LF

c1+c2

-2 2

c1
2-ãc1 c1

2-ãc1+c2 c1
2+ã2 c1+c2 c1

2+c1 c2-ãc1 c1 c2-ãc1+c2 c1 c2+ã2 c1

t@2D
-4 ã

c1+

c2

2 SinhA c1

2
E SinhB 1

2
Hc1+c2LF+2 2 ã

c1+

c2

2

SinhB
c1

2
F

c1

c1
2

SinhB
c2

2
F

c2

SinhB
1

2
Hc1+c2LF

c1+c2

+2 2 ã
c1

c1-ãc1 c1-ãc1+c2 c1+ã2 c1+c2 c1+c2-ãc1 c2-ãc1+c2 c2+ã2 c1+c2

Unprotect@CD;

C = C0 �. Ñ ® 1 �. sol

1

21�4
SinhB

c1

2
F

c1

1�4

t@1D

False && Put@8V, C, sol<, "ExactSolution-120528.m"D
False

FullSimplify@R@2, 3D ** R@1, 3D ** V � V ** HR@1, 3D �� dD@1, 1, 2DL �. Ñ ® 1 D
True

FullSimplify@V ** Q@1, 2D == R@1, 2D ** HV �� dP@2, 1DL �. Ñ ® 1 D
True

FullSimplify@V ** HV �� dA@1D �� dA@2DL � B@1, 0D �. Ñ ® 1 D

FullSimplify@V ** HV �� dS@1D �� dS@2DL � R@1, 2D �. Ñ ® 1 D

FullSimplify@HV ** HC �� dP@12DL �� dcap@1D �� dcap@2DL �

HC * HC �� dP@2DL �� dcap@1D �� dcap@2DL �. Ñ ® 1 D
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