
Pensieve Header: Switching to the Burau presentation; continues pensieve://2012-02/.

ΒSimplify = Simplify;

SetAttributes@ΒCollect, ListableD;

ΒCollect@B@Ω_, Μ_DD := B@
ΒSimplify@ΩD,

Collect@Μ, _h, Collect@ð, _t, ΒSimplifyD &D
D;

H* "L" for "Labels" *L
hL@Β_D := Union@Cases@Β, h@s_D ¦ s, InfinityDD;

tL@Β_D := UnionACasesAΒ, t@s_D Ts_ ¦ s, InfinityEE;

dL@Β_D := Union@hL@ΒD, tL@ΒDD;

ΒForm@B@Ω_, Μ_DD := Module@
8tails, heads, mat<,

tails = tL@B@Ω, ΜDD; heads = hL@B@Ω, ΜDD;

mat = Outer@ΒSimplify@Coefficient@Μ, h@ð1D t@ð2DDD &, heads, tailsD;

PrependTo@mat, t �� tailsD;

mat = Prepend@Transpose@matD, Prepend@h �� heads, ΩDD;

MatrixForm@matD
D;

ΒForm@else_D := else �. 8Β_B ¦ ΒForm@ΒD, Β_Bu ¦ ΒForm@ΒD<;

tm@x_, y_, z_D@Β_D := Β �. 9t@xD ® t@zD, t@yD ® t@zD, Tx ® Tz, Ty ® Tz=;

hm@x_, y_, z_D@B@Ω_, Μ_DD := Module@
8Γx = D@Μ, h@xDD, Γy = D@Μ, h@yDD, M = Μ �. h@xD h@yD ® 0<,

B@Ω, M + h@zD HΓx + Γy + HΓx �. t@i_D ¦ 1L ΓyLD �� ΒCollect

D;

thswap@y_, x_D@B@Ω_, Μ_DD := ModuleA
8Α, Β, Γ, ∆, Ε<,

Α = Coefficient@Μ, h@xD t@yDD;

Β = D@Μ, t@yDD �. h@xD ® 0;

Γ = D@Μ, h@xDD �. t@yD ® 0;

∆ = Μ �. h@xD t@yD ® 0;

Ε = 1 + Α;

BAΩ * Ε, PlusA
Α I1 + HΓ �. t@i_D ¦ 1L � ΕM h@xD t@yD,

Β I1 + HΓ �. t@i_D ¦ 1L � ΕM t@yD,

Γ � Ε h@xD,

∆ - 1 � Ε Γ * Β

EE �� ΒCollect

E;

dm@x_, y_, z_D@Β_D := Β �� thswap@x, yD �� hm@x, y, zD �� tm@x, y, zD;

B �: B@Ω1_, Μ1_D B@Ω2_, Μ2_D := B@Ω1 * Ω2, Μ1 + Μ2D;

R@x_, y_D := B@1, HTx - 1L * t@xD h@yDD;

Ri@x_, y_D := B@1, H1 � Tx - 1L * t@xD h@yDD;



Unprotect@NonCommutativeMultiplyD;

Β_ ** Ν_ := ModuleA
8Ρ, Σ, labels<,

Ρ = Β * IΝ �. 9h@s_D ¦ h@Σ@sDD, t@s_D ¦ t@Σ@sDD, Ts_ ¦ TΣ@sD=M;

labels = UnionACasesA8Β, Ν<, h@s_D t@s_D Ts_ ¦ s, InfinityEE;

Do@
Ρ = Ρ �� dm@s, Σ@sD, sD,

8s, labels<
D;

Ρ

E;

ΒCollect@Bu@Ω_, Λ_, Μ_DD := Bu@
ΒSimplify@ΩD,

Collect@Λ, _h, ΒSimplifyD,

Collect@Μ, _h, Collect@ð, _t, ΒSimplifyD &D
D;

ΒForm@Bu@Ω_, Λ_, Μ_DD := Module@
8tails, heads, mat<,

tails = tL@B@Ω, Λ, ΜDD;

heads = hL@B@Ω, Λ, ΜDD;

mat = Outer@ΒSimplify@Coefficient@Μ, h@ð1D t@ð2DDD &, heads, tailsD;

PrependTo@mat, t �� tailsD;

mat = Prepend@Transpose@matD, Prepend@Λ, ΩDD;

MatrixForm@matD
D;

Bu@n_Integer, Β_BD := Bu@h �� Range@nD, ΒD;

Bu@Ηs_List, B@Ω_, Μ_DD := Module@8Λ<,

Λ = H1 + Coefficient@Μ, ðD �. t@i_D ® 1L & �� Ηs;

Bu@Ω,

Thread@Ηs ® ΛD,

-Μ + HΗs �. h@j_D ¦ t@jD h@jDL.Λ

D �� ΒCollect

D;

B@Bu@Ω_, Λ_, Μ_DD := ΒCollect@B@Ω,

-Μ + Total@Λ �. Hh@j_D ® Λj_L ¦ t@jD h@jD ΛjD
DD;
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8R@1, 2D,

R@1, 2D �� ΒForm,

Bu@2, R@1, 2DD,

Bu@2, R@1, 2DD �� ΒForm,

B@Bu@2, R@1, 2DDD,

B@Bu@2, R@1, 2DDD �� ΒForm

< �� ColumnForm

B@1, h@2D H-1 + T1L t@1DD

K 1 h@2D
t@1D -1 + T1

O

Bu@1, 8h@1D ® 1, h@2D ® T1<, h@1D t@1D + h@2D HH1 - T1L t@1D + T1 t@2DLD
1 h@1D ® 1 h@2D ® T1

t@1D 1 1 - T1

t@2D 0 T1

B@1, h@2D H-1 + T1L t@1DD

K 1 h@2D
t@1D -1 + T1

O

n = 3;

9
Β1 = BA1, SumAΑ10 i+j t@iD h@jD, 8i, n<, 8j, n<EE, Bu@n, Β1D,

Β2 = BA1, SumAΒ10 i+j t@iD h@jD, 8i, n<, 8j, n<EE, Bu@n, Β2D,

Β1 ** Β2,

Bu@n, Β1 ** Β2D
= �� ΒForm �� ColumnForm

1 h@1D h@2D h@3D
t@1D Α11 Α12 Α13

t@2D Α21 Α22 Α23

t@3D Α31 Α32 Α33

1 h@1D ® 1 + Α11 + Α21 + Α31 h@2D ® 1 + Α12 + Α22 + Α32 h@3D ® 1 + Α13 + Α23 + Α33

t@1D 1 + Α21 + Α31 -Α12 -Α13

t@2D -Α21 1 + Α12 + Α32 -Α23

t@3D -Α31 -Α32 1 + Α13 + Α23

1 h@1D h@2D h@3D
t@1D Β11 Β12 Β13

t@2D Β21 Β22 Β23

t@3D Β31 Β32 Β33

1 h@1D ® 1 + Β11 + Β21 + Β31 h@2D ® 1 + Β12 + Β22 + Β32 h@3D ® 1 + Β13 + Β23 + Β33

t@1D 1 + Β21 + Β31 -Β12 -Β13

t@2D -Β21 1 + Β12 + Β32 -Β23

t@3D -Β31 -Β32 1 + Β13 + Β23

1 h@1D h@2D
t@1D H1 + Α21 + Α31L Β11 - Α21 Β12 - Α31 Β13 + Α11 H1 + Β11 + Β21 + Β31L H1 + Α32L Β12 - Α32 Β13 + Α12

t@2D H1 + Α31L Β21 - Α31 Β23 + Α21 H1 + Β12 + Β21 + Β32L H1 + Α32L Β22 + Α12 H-Β21 + Β22L - Α32

t@3D H1 + Α21L Β31 + Α31 H1 + Β13 + Β23 + Β31L - Α21 Β32 Β32 + Α32 H1 + Β13 + Β23 + Β32

1 h@1D ® H1 + Α11 + Α21 + Α31L H1 + Β11 + Β21 + Β31L h@2D ® H1 + Α12 + Α22 + Α32L
t@1D 1 + Β21 + Β31 + Α21 H1 + Β12 + Β21 + Β31L + Α31 H1 + Β13 + Β21 + Β31L -H1 + Α32L Β12 + Α32 Β13 - Α12

t@2D -H1 + Α31L Β21 + Α31 Β23 - Α21 H1 + Β12 + Β21 + Β32L 1 + Β12 + Β32 + Α12 H1 + Β12 + Β21 + Β32

t@3D -H1 + Α21L Β31 - Α31 H1 + Β13 + Β23 + Β31L + Α21 Β32 Α12 HΒ31 - Β32L - Β32 - Α32
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n = 3;

9
Β1 = BuAΩ1, TableAh@jD ® Λ1j, 8j, n<E, SumAΑ110 i+j t@iD h@jD, 8i, n<, 8j, n<EE, B@Β1D,

Β2 = BuAΩ2, TableAh@jD ® Λ2j, 8j, n<E, SumAΑ210 i+j t@iD h@jD, 8i, n<, 8j, n<EE, B@Β2D,

B@Β1D ** B@Β2D,

Bu@n, B@Β1D ** B@Β2DD
= �� ΒForm �� ColumnForm

Ω1 h@1D ® Λ11 h@2D ® Λ12 h@3D ® Λ13

t@1D Α111 Α112 Α113

t@2D Α121 Α122 Α123

t@3D Α131 Α132 Α133

Ω1 h@1D h@2D h@3D
t@1D -Α111 + Λ11 -Α112 -Α113

t@2D -Α121 -Α122 + Λ12 -Α123

t@3D -Α131 -Α132 -Α133 + Λ13

Ω2 h@1D ® Λ21 h@2D ® Λ22 h@3D ® Λ23

t@1D Α211 Α212 Α213

t@2D Α221 Α222 Α223

t@3D Α231 Α232 Α233

Ω2 h@1D h@2D h@3D
t@1D -Α211 + Λ21 -Α212 -Α213

t@2D -Α221 -Α222 + Λ22 -Α223

t@3D -Α231 -Α232 -Α233 + Λ23

Ω1 Ω2 h@1D
t@1D -Α121 Α212 - Α131 Α213 + H-1 + Α121 + Α131L HΑ211 - Λ21L + HΑ111 - Λ11L H-1 + Α211 + Α221 + Α231 - Λ21

t@2D H-1 + Α131L Α221 - Α131 Α223 + Α121 H-1 + Α212 + Α221 + Α232L
t@3D H-1 + Α121L Α231 + Α131 H-1 + Α213 + Α223 + Α231L - Α121 Α232

Ω1 Ω2 h@1D ® H-1 + Α111 + Α121 + Α131 - Λ11L H-1 + Α211 + Α221 + Α231 - Λ21L h@2D ® H-1 + Α112

t@1D 1 - Α221 - Α231 + Α121 H-1 + Α212 + Α221 + Α231L + Α131 H-1 + Α213 + Α221 + Α231L -H-1 + Α132

t@2D -H-1 + Α131L Α221 + Α131 Α223 - Α121 H-1 + Α212 + Α221 + Α232L 1 - Α212 - Α232 + Α112

t@3D -H-1 + Α121L Α231 - Α131 H-1 + Α213 + Α223 + Α231L + Α121 Α232 Α112 HΑ231

4   BurauCalculus.nb



n = 3;

9
Β1 = BuAΩ1, TableAh@jD ® Λ1j, 8j, n<E,

SumAΑ110 i+j t@iD h@jD + I1 � n - Α110 i+jM t@jD h@jD, 8i, n<, 8j, n<E
E, B@Β1D,

Β2 = BuAΩ2, TableAh@jD ® Λ2j, 8j, n<E,

SumAΑ210 i+j t@iD h@jD + I1 � n - Α210 i+jM t@jD h@jD, 8i, n<, 8j, n<E
E, B@Β2D,

B@Β1D ** B@Β2D,

Bu@n, B@Β1D ** B@Β2DD
= �� ΒForm �� ColumnForm

Ω1 h@1D ® Λ11 h@2D ® Λ12 h@3D ® Λ13

t@1D 1 - Α121 - Α131 Α112 Α113

t@2D Α121 1 - Α112 - Α132 Α123

t@3D Α131 Α132 1 - Α113 - Α123

Ω1 h@1D h@2D h@3D
t@1D -1 + Α121 + Α131 + Λ11 -Α112 -Α113

t@2D -Α121 -1 + Α112 + Α132 + Λ12 -Α123

t@3D -Α131 -Α132 -1 + Α113 + Α123 + Λ13

Ω2 h@1D ® Λ21 h@2D ® Λ22 h@3D ® Λ23

t@1D 1 - Α221 - Α231 Α212 Α213

t@2D Α221 1 - Α212 - Α232 Α223

t@3D Α231 Α232 1 - Α213 - Α223

Ω2 h@1D h@2D h@3D
t@1D -1 + Α221 + Α231 + Λ21 -Α212 -Α213

t@2D -Α221 -1 + Α212 + Α232 + Λ22 -Α223

t@3D -Α231 -Α232 -1 + Α213 + Α223 + Λ23

Ω1 Ω2 h@1D
t@1D -1 + Α221 + Α231 - Α121 H-1 + Α212 + Α221 + Α231L - Α131 H-1 + Α213 + Α221 + Α231L + Λ11 Λ21

t@2D H-1 + Α131L Α221 - Α131 Α223 + Α121 H-1 + Α212 + Α221 + Α232L -1 + Α212

t@3D H-1 + Α121L Α231 + Α131 H-1 + Α213 + Α223 + Α231L - Α121 Α232

Ω1 Ω2 h@1D ® Λ11 Λ21

t@1D 1 - Α221 - Α231 + Α121 H-1 + Α212 + Α221 + Α231L + Α131 H-1 + Α213 + Α221 + Α231L -H-1 + Α132

t@2D -H-1 + Α131L Α221 + Α131 Α223 - Α121 H-1 + Α212 + Α221 + Α232L 1 - Α212 - Α232 + Α112

t@3D -H-1 + Α121L Α231 - Α131 H-1 + Α213 + Α223 + Α231L + Α121 Α232 Α112 HΑ231
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n = 3;

9
Β1 = BuAΩ, TableAh@jD ® Λj, 8j, n<E,

SumAΑ10 i+j t@iD h@jD + I1 � n - Α10 i+jM t@jD h@jD, 8i, n<, 8j, n<E
E, B@Β1D,

B@Β1D �� dm@1, 2, 1D,

Bu@n, B@Β1D �� dm@1, 2, 1DD
= �� ΒForm �� ColumnForm

Ω h@1D ® Λ1 h@2D ® Λ2 h@3D ® Λ3

t@1D 1 - Α21 - Α31 Α12 Α13

t@2D Α21 1 - Α12 - Α32 Α23

t@3D Α31 Α32 1 - Α13 - Α23

Ω h@1D h@2D h@3D
t@1D -1 + Α21 + Α31 + Λ1 -Α12 -Α13

t@2D -Α21 -1 + Α12 + Α32 + Λ2 -Α23

t@3D -Α31 -Α32 -1 + Α13 + Α23 + Λ3

Ω - Ω Α12 h@1D h@3D
t@1D 1+Α31 H-1+Α32L-Α32+Α21 Α32-Λ1 Λ2+Α12 H-1+Α31+Λ1 Λ2L

-1+Α12
-

H-1+Α12L Α23+Α13 H-1+Α12+Α32L
-1+Α12

t@3D -
H-1+Α21L Α32+Α31 H-1+Α12+Α32L

-1+Α12
-1 + Α23 + Α13 J1 +

Α32

-1+Α12
N + Λ3

Ω - Ω Α12 h@1D ® Λ1 Λ2 h@2D ® 1 h@3D ® Λ3

t@1D 1 -
H-1+Α21L Α32+Α31 H-1+Α12+Α32L

-1+Α12
0

H-1+Α12L Α23+Α13 H-1+Α12+Α32L
-1+Α12

t@2D 0 1 0

t@3D H-1+Α21L Α32+Α31 H-1+Α12+Α32L
-1+Α12

0
-1+Α23-Α12 H-1+Α13+Α23L-Α13 H-1+Α32L

-1+Α12
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n = 4;

9
Β1 = BuAΩ, TableAh@jD ® Λj, 8j, n<E,

SumAΑ10 i+j t@iD h@jD + I1 � n - Α10 i+jM t@jD h@jD, 8i, n<, 8j, n<E
E, B@Β1D,

B@Β1D �� dm@1, 2, 1D,

Bu@n, B@Β1D �� dm@1, 2, 1DD
= �� ΒForm �� ColumnForm

Ω h@1D ® Λ1 h@2D ® Λ2 h@3D ® Λ3 h@4D ® Λ4

t@1D 1 - Α21 - Α31 - Α41 Α12 Α13 Α14

t@2D Α21 1 - Α12 - Α32 - Α42 Α23 Α24

t@3D Α31 Α32 1 - Α13 - Α23 - Α43 Α34

t@4D Α41 Α42 Α43 1 - Α14 - Α24 - Α34

Ω h@1D h@2D h@3D h@4D
t@1D -1 + Α21 + Α31 + Α41 + Λ1 -Α12 -Α13 -Α14

t@2D -Α21 -1 + Α12 + Α32 + Α42 + Λ2 -Α23 -Α24

t@3D -Α31 -Α32 -1 + Α13 + Α23 + Α43 + Λ3 -Α34

t@4D -Α41 -Α42 -Α43 -1 + Α14 + Α24 + Α34 + Λ4

Ω - Ω Α12 h@1D h@3D
t@1D 1-Α32+Α21 Α32-Α41+Α32 Α41-Α42+Α21 Α42+Α41 Α42+Α31 H-1+Α32+Α42L-Λ1 Λ2+Α12 H-1+Α31+Α41+Λ1 Λ2L

-1+Α12
-

H-1+Α12L Α23+Α13 H-1+Α12

-1+Α12

t@3D -
Α31 H-1+Α12+Α32L+Α32 H-1+Α21+Α41L

-1+Α12
-1 + Α23 + Α13 J1 +

Α32

-1+Α12

t@4D -
H-1+Α21+Α31L Α42+Α41 H-1+Α12+Α42L

-1+Α12

Α13 Α42

-1+Α12
- Α43

Ω - Ω Α12 h@1D ® Λ1 Λ2 h@2D ® 1 h@3D ® Λ3

t@1D 1 -
Α31 H-1+Α12+Α32L+Α32 H-1+Α21+Α41L

-1+Α12
-

H-1+Α21+Α31L Α42+Α41 H-1+Α12+Α42L
-1+Α12

0
H-1+Α12L Α23+Α13 H-1+Α12+

-1+Α12

t@2D 0 1 0

t@3D Α31 H-1+Α12+Α32L+Α32 H-1+Α21+Α41L
-1+Α12

0
-1+Α23-Α13 H-1+Α32L+Α43-Α12 H-1

-1+Α12

t@4D H-1+Α21+Α31L Α42+Α41 H-1+Α12+Α42L
-1+Α12

0 -
Α13 Α42

-1+Α12
+ Α43
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n = 5;

9
Β1 = BuAΩ, TableAh@jD ® Λj, 8j, n<E,

SumAΑ10 i+j t@iD h@jD + I1 � n - Α10 i+jM t@jD h@jD, 8i, n<, 8j, n<E
E,

B@Β1D,

HExpand �� Bu@n, B@Β1D �� dm@1, 2, 1DDL �. t@i_D h@i_D ® 0

= �� ΒForm �� ColumnForm

Ω h@1D ® Λ1 h@2D ® Λ2 h@3D ® Λ3 h@4D ® Λ4

t@1D 1 - Α21 - Α31 - Α41 - Α51 Α12 Α13 Α14

t@2D Α21 1 - Α12 - Α32 - Α42 - Α52 Α23 Α24

t@3D Α31 Α32 1 - Α13 - Α23 - Α43 - Α53 Α34

t@4D Α41 Α42 Α43 1 - Α14 - Α24 - Α34 - Α54

t@5D Α51 Α52 Α53 Α54 1 -

Ω h@1D h@2D h@3D
t@1D -1 + Α21 + Α31 + Α41 + Α51 + Λ1 -Α12 -Α13

t@2D -Α21 -1 + Α12 + Α32 + Α42 + Α52 + Λ2 -Α23

t@3D -Α31 -Α32 -1 + Α13 + Α23 + Α43 + Α53 + Λ3

t@4D -Α41 -Α42 -Α43 -1 + Α14 +

t@5D -Α51 -Α52 -Α53

Ω - Ω Α12 h@1D ® Λ1 Λ2 h@2D ® 1 h@3D ® Λ3 h@4D ® Λ4

t@1D 0 0
H-1+Α12L Α23+Α13 H-1+Α12+Α32+Α42+Α52L

-1+Α12

H-1+Α12L Α24+Α14 H-1+Α12+Α32+

-1+Α12

t@3D Α31 H-1+Α12+Α32L+Α32 H-1+Α21+Α41+Α51L
-1+Α12

0 0 -
Α14 Α32

-1+Α12
+ Α34

t@4D Α41 H-1+Α12+Α42L+Α42 H-1+Α21+Α31+Α51L
-1+Α12

0 -
Α13 Α42

-1+Α12
+ Α43 0

t@5D H-1+Α21+Α31+Α41L Α52+Α51 H-1+Α12+Α52L
-1+Α12

0 -
Α13 Α52

-1+Α12
+ Α53 -

Α14 Α52

-1+Α12
+ Α54
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