
Pensieve Header: The Β invariants of braids.

Utilities
In[1]:= ΒSimplify = Factor;

SetAttributes@ΒCollect, ListableD;

ΒCollect@B@Ω_, Μ_DD := B@
ΒSimplify@ΩD,

Collect@Μ, _h, Collect@ð, _t, ΒSimplifyD &D
D;

H* "L" for "Labels" *L
hL@Β_D := Union@Cases@Β, h@s_D ¦ s, InfinityDD;

tL@Β_D := UnionACasesAΒ, t@s_D cs_ ¦ s, InfinityEE;

dL@Β_D := Union@hL@ΒD, tL@ΒDD;

ΒForm@B@Ω_, Μ_DD := Module@
8tails, heads, mat<,

tails = tL@B@Ω, ΜDD; heads = hL@B@Ω, ΜDD;

mat = Outer@ΒSimplify@Coefficient@Μ, h@ð1D t@ð2DDD &, heads, tailsD;

PrependTo@mat, t �� tailsD;

mat = Prepend@Transpose@matD, Prepend@h �� heads, ΩDD;

MatrixForm@matD
D;

ΒForm@else_D := else �. Β_B ¦ ΒForm@ΒD;

B �: B@Ω1_, Β1_D � B@Ω2_, Β2_D := HΩ1 � Ω2L && HΒ1 � Β2L;

The Meta-Cross-Product
The “Tails” meta-group

In[10]:= tm@x_, y_, z_D@Β_D := Β �. 9t@xD ® t@zD, t@yD ® t@zD, cx ® cz, cy ® cz=;

tD@z_, x_, y_D@Β_D := ΒCollectAΒ �. 9t@zD ® t@xD + t@yD, cz ® cx + cy=E;

tΗ@x_D@Β_D := ΒCollect@HΒ �. t@xD ® 0L �. cx ® 0D;

tS@x_D@Β_D := ΒCollect@Β �. 8t@xD ® -t@xD, cx ® -cx<D;

tA@_D@Β_D := ΒCollect@ΒD;

tP@rules___RuleD@Β_D := ΒCollectA
Β �. 9t@x_D ¦ t@x �. 8rules<D, cx_ ¦ cx �. 8rules<=

E;



The “Heads” meta-group

In[16]:= hm@x_, y_, z_D@B@Ω_, Μ_DD := Module@
8Γx = D@Μ, h@xDD, Γy = D@Μ, h@yDD, M = Μ �. h@xD h@yD ® 0<,

B@Ω, M + h@zD HΓx + Γy + HΓx �. t@i_D ¦ ciL ΓyLD �� ΒCollect

D;

hD@z_, x_, y_D@Β_D := ΒCollect@Β �. h@zD ® h@xD + h@yDD;

hΗ@x_D@Β_D := ΒCollect@Β �. h@xD ® 0D;

hS@x_D@B@Ω_, Μ_DD := Module@8Γ<,

Γ = 1 + D@Μ, h@xDD �. t@s_D ¦ cs;

ΒCollect@B@Ω, Μ �. h@xD ® -h@xD � ΓDD
D;

hA@x_D@Β_D := hS@xD@ΒD;

hP@rules___RuleD@Β_D := ΒCollect@Β �. h@x_D ¦ h@x �. 8rules<DD;

The TH ® HT Swap

In[22]:= thswap@x_, y_D@B@Ω_, Μ_DD := ModuleA
8Α, Β, Γ, ∆, Ε<,

Α = Coefficient@Μ, h@xD t@yDD;

Β = D@Μ, t@yDD �. h@xD ® 0;

Γ = D@Μ, h@xDD �. t@yD ® 0;

∆ = Μ �. h@xD t@yD ® 0;

Ε = 1 + cy Α;

BAΩ * Ε, PlusA
Α I1 + HΓ �. t@i_D ¦ ciL � ΕM h@xD t@yD,

Β I1 + HΓ �. t@i_D ¦ ciL � ΕM t@yD,

Γ � Ε h@xD,

∆ - cy � Ε Γ * Β

EE �� ΒCollect

E;

The “double” meta-group

In[23]:= dm@x_, y_, z_D@Β_D := Β �� thswap@y, xD �� hm@x, y, zD �� tm@x, y, zD;

The “external” product

In[24]:= B �: B@Ω1_, Μ1_D B@Ω2_, Μ2_D := B@Ω1 * Ω2, Μ1 + Μ2D;

The R-Matrix

In[25]:= R@x_, y_D := B@1, HE^cx - 1L � cx * t@xD h@yDD;

Rinv@x_, y_D := B@1, HE^H-cxL - 1L � cx * t@xD h@yDD;

The Group An

In[27]:= ar@i_, j_D := t@iD h@jD;

htswap@y_, x_D@Β_D := Β �� hS@xD �� thswap@y, xD �� hS@xD;

dA@x_D@Β_D := Β �� tA@xD �� htswap@x, xD �� hA@xD;

dS@x_D@Β_D := Β �� tS@xD �� htswap@x, xD �� hS@xD;
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In[31]:= Unprotect@NonCommutativeMultiplyD;

Β_ ** Ν_ := ModuleA
8Ρ, Σ, labels<,

Ρ = Β * IΝ �. 9h@s_D ¦ h@Σ@sDD, t@s_D ¦ t@Σ@sDD, cs_ ¦ cΣ@sD=M;

labels = UnionACasesA8Β, Ν<, h@s_D t@s_D cs_ ¦ s, InfinityEE;

Do@
Ρ = Ρ �� dm@s, Σ@sD, sD,

8s, labels<
D;

Ρ

E;

B �: Inverse@B@Ω_, Μ_DD := Module@
8Ρ = B@1, ΜD<,

Do@Ρ = Ρ �� dA@sD, 8s, Union@hL@ΡD, tL@ΡDD<D;

ReplacePart@Ρ, 1 ® 1 � ΩD �� ΒCollect

D;

In[44]:= 8
R@1, 2D,

R@1, 2D ** R@2, 1D,

R@1, 2D ** R@2, 3D,

R@2, 3D ** R@1, 2D,

R@1, 2D ** R@2, 3D ** R@1, 2D,

R@1, 2D ** R@2, 3D ** R@1, 2D ** R@2, 1D
< �� ΒForm �� ColumnForm

Out[44]=
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In[42]:=
-1 + ãc2

c2

+ -
H-1 + ãc1L H-1 + ãc2L

c2

�� Simplify

Out[42]= -

H-2 + ãc1L H-1 + ãc2L
c2

In[43]:= ãc2 H-1 + ãc1L H1 + ãc1L - H-1 + ãc1L H1 + ãc1L H-1 + ãc2L �� Simplify

Out[43]= -1 + ã
2 c1
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