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Abstract. Twill describe, to the best of my understanding, thet-xample 1.
relationship between virtual knots and the Etingof-Kazhdan| 4
kjuantization of Lie bialgebras, and explain why, IMHO, both
opologists and algebraists should care. T am not happy yet
wbout the state of my understanding of the subject but I
1aven’t lost hope of achieving happiness, one day. (K/I"™*')* = (invariants of type m) =: V,

K=

T. Kohno

Abstract Generalities. (K, T): an algebra and an ("™ /T YY) = Vo[Vt C = (9|t = ¢y = < _.,,>

“augmentation ideal” in it. K := lim K/I™ the
“I-adic completion”. gr; K = él”'/l""H has ker puyy = (“”J“] =)= [lu-"k + I'Ikl) = (4T relations)

2 product ju, especially, pyy: (C = 1/1%)%? —
12/ 1%, The “quadratic approximation” A;(K) =
FC'/ (ker ju1) of K surjects using pt on gr K. Potor Loo
I'he Prized Object. A “homomorphic A-expansion™: a ho-
momorphic filterred Z: K — A for which grZ : gr K — AZ: universal finite type invariant, the Kontsevich integral.
nverts .

Dror's Dream. All interesting graded objects and equations

ar

= (hurizuulnl chord (lia-) =]

grams mod 47T

Why Prized? Sizes K and shows it “as big” as A: reduces
“topological” questions to quadratic algebra questions; give

specially those aronnd quantum groups, arise this way. A A % 5 s g
I 2 5 ! | ], ife and meaning to questions in graded algebra; universalizes

Example 2. For K = QPuB,, = hose more than “universal enveloping algebras™ and allows A—GIC{ e

“braids when you look™, |[Lee] 7 | for richer quotients. S l‘\ .
. —

khows that a non-homomorphic B oxample 5 - Knotted

7 exists. [BEER]: there is no {5 1) Irivalent Graphs.
homomorphic one. \ - L \
General Algebraic Snu«tuu-s L_ &_&‘-/) L ™
D. Thurston
Operations.
s or

Py

forger —rp
elements) _ U miles
{ul' kind 3} i e | } —— or V
e Has kinds, elements, operations, and maybe constants. All . = . _mm
o Must have “the free structure over some generators”. still Prm-mnnnn KTG is generated by ribbon twists and thd
o We always allow formal linear combinations. works! tetrahedron ., modulo the relation(s):

Fxample 3. Quandle: a set K with an op A s.t

' . ) ‘ | i N / B T = - i
lAz=1, zAl=z=2AZ, appetiz | / |

o NS (+morc)
Az= Az ¢ ,e P
(FAD) AZ=LE AR AL Claim.  With ® := Z(4), the
LA(K) is a graded Lie algebra: Roughly, set v := (r—l) (these : & = Al kR
1 x e above relation becomes equiva- \ R
generate I!), feed 1 + 2, 1 + 3, 1 + 2 in i), collect the S iEE e y W o
ais lent to the Drinfel'd’s pentagon of —deA
kurviving terms of lowest degree: 3 : € A(ls)
= . S " the theory of quasi-Hopf algebras.
@ AD)AZ ('TA")A” t 'TA(”A")' An Associator: ((AB)C)D —>= (AB)(CD)
(Aane
[Example 4. Parenthesized braids make a category with some (AB)C DeU(9)** A(BC) Vél (lm)q\
pxtra operations. An expansion ipthe same thing as an asso (ABCYD AB(CD))

iator. and the Grothendieck-

fichmuller story® arises natu-sat isfying the “pentagon”,
rally.
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Facts and Drcams About v—Knots and E&(gof-l(uhdan. 2 Introduce “Punctures”.

Fxample 6. R bbory 2 -kneTé “ x Q )*M et 0E) W O )

------------------ So @"I—’I where ~®" means O;) :
Punctures expand to R =
the nearest Y-vertex:
Note. \( = \f -—> X
EK U

K. Allow tubes and strands and tube-strand vertices
as above, yet allow only “compact” knots — nothing
runs to 5o,

NS

(A

WY K equivalence. K has a homomorphic ex-
pansion iffl K™ has a homomorphic expansion.

-
o
= Puncture A and Z: <
S-
<

N\ N \
)/—»/ and /—» 0.

- = makes sense,
gg E @ <und CA ops vuu)
g be emulated
2 £ how — K, “Cut and cap is well-defined on "~
: .
l,ighl: . _‘_') Better: :’,

IKnot-Theoretic statemeN There exists morphic expansior
7 for trivalent w-tangles, #“should respect 1 anc
ntertwine annulus and disk unzips:

X
X

I'heorem. The generators of KT can be written in
erms of the generators of K" (i.e., given &, can write

~
3/
A formula for V.
Sketch. {
e =t PN~ - L
50 enough to write any . Here go: <= <
N

Jiagrammatq\ statement. Ifet R = expH € 1). There exist] :
o€ A“(T)AnYl V € A*(11) so that 4 -
I a
By “the sled”
1) \
1) ‘(A®1
W [_‘ AN
hzip
2) W i

il 2) Vv* —Iin Av(11

Alek: r fossian st
l 1 m 1 Yhat
7 log e 8 m

lhmx- m 'I'hc Alekseev-Torossian stat

"God created the knots, all else in
pology is the work of mortals."
Leopold Kromocker (modified)
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Plan
1. (8 minutes) The Peter Lee setup for (K, 1), “all interesting graded equations arise in this way™.
. (3 minutes) Example: the pure braid group (mention Puf3, too).
. (3 minutes) Generalized algebraic structures.
. (1 minute) Example: quandles.
. (4 minute) Example: parenthesized braids and horizontal associators.

. (6 minute) Example: KTGs and non-horizontal associators. (“Bracket rise” arises here).

N = = W

. (5 minute) Example: wKO's and the Kashiwara-Vergne equations.

8. (15 minute) vKO's, bi-algebras, E-K. what would it mean to find an expansion, why I care (stronger invariant,
more interesting quotients).

9. (5 minute) wKO’s, uKO's, and Alekseev-Enriquez-Torrosian.
10. (1 minute) The third page.
Footnotes

1. I probably mean “a functor from some fixed “structure multi-category™ to the multi-category of sets, extended
to formal linear combinations™.

2. See my paper [BN1] and my talk/handout /video [BN2].

References

[BEER]| L. Bartholdi, B. Enriquez. P. Etingof, and E. Rains, Groups and Lie algebras corresponding to the Yang-
Barter equations, Jornal of Algebra 305-2 (2006) 742-764, arXiv:math.RA /0509661.

[BN1]  D. Bar-Natan, On Associators and the Grothendieck-Teichmuller Group I, Selecta Mathematica, New Se-
ries 4 (1998) 183-212.

[BN2] D. Bar-Natan, Braids and the Grothendieck-Teichmuller Group. talk given in Toronto on January 10,
2011, http://www.math.toronto.edu/ drorbn/Talks/Toronto-110110/.

[Lee]  P. Lee, The Pure Virtual Braid Group is Quadratic, in preparation.

2011-05 Page 5




