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Facts and Dreams About v—Knots and Etingof-Kazhdan, |

Example 1.

Abstract. I will describe, to the best of my understanding, the
relationship between virtual knots and the Etingof-Kazhdan|
[EK] quantization of Lie bialgebras, and explain why, IMHO
both topologists and algebraists should care. T am not happy
vet about the state of my understanding of the subject but I
waven’t lost hope of achieving happiness, one day. (K/I™*')* = (invariants of type m) =: V,,

Abstract Generalities. (K, T): an algebra and an ("IN = Vo [Vney € = (9|41 = iy = < >
“augmentation ideal” in it. K := lim K/I"™ the

“I-adic completion”. gr; K := él"’/l""l has ker puyy = ([tV, 6] = 0 = [tY,£% + %)) = (4T relations)
h product p, especially, ppy: (C = I/17)%? —
Ii/l"’. The “quadratic approximation” A;(K) := P (hurizumﬂl chord dia-\ _ [ -
°C'/ (ker j111) of K surjects using p on gr K. Potoy Lo T\ grams mod 4T ) ]
I'he Prized Object. A “homomorphic A-expansion™: a ho
momorphic filterred Z: K — A for which grZ : gr K — AZ: universal finite type invariant, the Kontsevich integral.
inverts ji.

Dror’'s Dream. All interesting graded objects and equations

Why Prized? Sizes K and shows it “as big” as A: reduceq
“topological” questions to quadratic algebra questions; give
ifeand meaning to questions in graded algebra: universalizes
w{):e more than “universal enveloping algebras™ and allows

7 specially those around quantum groups, arise this way.

_-,Ktmunplu 2. For K =QPB, =
A braids when you look™, [Leel f) ! 2 ~V/ ffor richer quotients.
. ﬁléows that a non-homomorphic B “xample 5 - Knotted g
% exists. [BEER]: there is no J\ [Trivalent Graphs. > / P
homomorphic one. \ : . /r N .
1 General Algebraic Structures’. Y &\Q/) o
_— iy Q g
L] D. Thurston [Th 1 N
= . K )perations.
i or

L2 g -s
elements) _ Uy miles
{uf kind 3} ' R away i =
e Has kinds, elements, operations, and maybe constants, All > voEp— N '(.m..
o Must have “the free structure over some generators”. still Presentation.  KTG is generated by ribbon twists and thd
e We always allow formal linear combinations. works! tetrahedron ., modulo the r(‘lm'i()ll(s)_:

[Example 3. Quandle: a set K with an op A s.t. y - . —cas _ - —i

INz=1, zAl=2=2A2, 1

- b & A 4 Jvi = - P (+morc)
s S ENIAE =R AE) AGAZ): - Claim.  With ® = Z(A), the
LA(K) is a graded Lie algebra: Roughly, set v := (¢—1) (these Eeva: felation ‘bea  aaiilos e o i
generate ['), feed 1+ 2, 1 + 9, 1 + 2z in (nain), collect R O A IReoTes. equtih. - I 1
o ! lent to the Drinfel'd’s pentagon of - - b eiA
surviving terms of lowest degree: : b = ¢ € Als)
EAGAE=(EAD)AG+EAGAZ). the theory of quasi-Hopf algebras. ) }
A U(g)-Associator: (4B)C )D(EQ_("‘BN( o
Fxample 4. Parenthesized braids make a category with some (AB)C beU(g)®? A(BC) /Ax (IIA)‘X\
pxtra operations. An expansion is the same thing as an A+ ’ ‘ ’ ’ (A(BC))D A(B(CD))
associator, and the GrothendieckLeichmiiller storys arisessatisfying the “pentagon”, ;xan)N i A
— raturally. ) b1 - (1IADND-1¢ = (A1)® - (11A)P A((BC)D)
2 o \
i:/’ > Sk _){\ Given a ®2
A(l2):= 8 ~N~_\ /_\ metrized g U(g)”
P IAS N 0 e
(deg = $# {trivalent vertices}) Ponrose
9 Critanovie
A_ A dim g -~
D[Ir)h:lﬁl:]d I!i‘? e Z fﬂ')l'jll('("\’ll‘ A’nh\’f X 4\'64\’[‘\’;.
1 abede, f=1
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Facts and Dreams About v—Knots and Etingof~Kazhdan, 2 I'he Polyak-Ohtsuki Description of A" [Po).
F\.nnpl( 6 - Ribbon 2-Knots.

Also, “movies of ll)mg rings" u:)"- D] _+_

% 3 3.2 ARV L

The w-relations include R234, VR1231, D, O\(r(r(m«mg\ (‘nmlnlm
OC) but not UC:

..... predioas b fock .
RN - ol A
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Trivalent w-Tangles. = = e .Aé!{/"n{ﬂ\‘j mMort tasl, wWAa J?Iq,é ﬁ\g
e CA<g(-m-rnmrs relations op(’m.liuns> ’ﬁ'@j s mq‘ ‘)Ah 7L wr” /r//("(%,fb?f

— - : 4 fehofidly AV heg L YuF ) e
I'heorem. There exists a homomorphic expansion Z for wT'T. I 7 "fLofL e ) J
particular, Z respects R4 and intertwines annulus and disk unzipsj /}“’V) (el gl af"‘df-r VA?L

T
JoN) oty o) A brATh. by
/ /2 . V-9 ufur [AT]. “cut and cap” is well-defined(!) on K"
/ o € [
3 d — —_—
V- (A®1)(R) = R®R®V in A%(13) VV* =Tin A%(12) Basic: Better:

* { [ *ﬂ ~ i ﬁ .Tnllmlnu' “Punctures”, b — V after ‘\F-['-.“
3, \ N
! T iyl < )= (0D awea(J9)

" AW) =wRwin AY(12) [Kashiwara-Vergne-Alcksecv-Enriquez-Torrosianl  INeans

~
\lckseev-Torossian [AT] (equivalent to Kashiwara-Vergne [KV]) @>I—> } Q/< —>/<
I'here are elements F' € TAut, and a € tr; such that
F(z +y) =loge*e? and jF = a(z) + aly) — a(loge*e¥). punctures expand to the nearest Y-vertex

I'heorem. That's equivalent to a homomorphic expansion for wT'T : : . Allow SuDES THRL FRLAue At
- \ - ube-strand vertices, yet allow onfly
The Main Course. __==d'compact” knots — no runs to
vIT? = (7\< ¥ ' Ve unur_\'. v > " equivalence k" has a hgmomorphic expansion iff &
generators | relations| operations as.a honmnmrphn(‘ o\pmmfn /ﬂ R

RN L andigh
. ( . nakes sense, and CA
.g — (—" Cnps can be emulated
[ e D
I'heorem. The generators of K™ can be written in terms of the

generators of K" (i.e., given &, can write a formula I\r/(‘)
Sketch.

/’[\\ C) and /—\_\ @ s0 enough
rnrl»irhh n Theorem. There exists a homomorphic oxp] 1sion Z forl to write any . Here go:

\:\/llj FGVG)JJM'?,

o Ainos S‘l'\’hﬂm (}MLC }v]B Le oA
o1 T wadlgdnd M pec Etingof
o Tl lgﬂ’/' 3 knit-Theodt Vit

oe fiy ﬂfobf- Dk e K n 'ﬂ\' n-Cngt

"God created the knots, all else in
topology is the work of mortals.”
Leopold Kronecker (modified)
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Footnotes

1. 1 probably mean “a functor from some fixed “structure multi-category”™ to the multi-category of sets, extended to
formal linear combinations”.

2. See my paper [BN1] and my talk/handout/video [BN2].
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Plan

. (8 minutes) The Peter Lee setup for (K. 1), “all interesting graded equations arise in this way”.

. (3 minutes) Example: the pure braid group (mention PeB3. too).

. (3 minutes) Generalized algebraic structures.

. (1 minute) Example: quandles.

. (4 minute) Example: parenthesized braids and horizontal associators.

. (6 minute) Example: KTGs and non-horizontal associators. (“Bracket rise” arises here).

. (5 minute) Example: wKO's and the Kashiwara-Vergne equations.

[+ I - R S

. (15 minute) vKO's, bi-algebras, E-K. what would it mean to find an expansion, why | care (stronger invariant, more
interesting quotients).

9. (5 minute) wKO's, uKO's, and Alekseev-Enriquez-Torrosian.
10. (1 minute) The third page.
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