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Cosmic Coincidences and Several Other Stories, 1 IR .17 bbbt 4 o

Abstract. In the first halfl of my talk I will tell a cute and simq, K)y = (Thv signed Stunulwngv) . e % count (
vle story — how given a knot in R? one may count all possibld """ \pairing of D and K ’

“cosmic coincidences” associated with that knot, and how thig > signs
sount, appropriately packaged, becomes an invariant Z with valy 2= K= 3 W :
1es in some space A of linear combinations of certain trivalent U ¢

praphs.

In the second half of my talk T will describe (rather sketchily, I'nj The lk(@) = E (signs)
\fraid) a part of the story surrounding Z and A: How the samq Gaussian vertical
Z also comes from quantum field theory, Feynman diagrams, linking Spetics 2

/ \
hnd v()nﬁgur'fxl ion space inu-g_mls. How A L\ a space of universal number = { O—O CD)E
formulas which make sense in every metrized Lie algebra anc I
wow specific choices for that Lie algebra correspond to various 7
famed knot invariants. How Z solves a universal topological ., - ; (D,K)D g .

bl 11 Iving for Z i Ivi y I Li l(l\)::\!nn z e Tk dependent | € A(
rob t’ll'l. and how solving for l.s' s0 ving some universal Lied Nesoo, £ b 2 () coantar b
hlgebraic problem. All together, this is the u-story.

o . % g Ty .| N :=#of stars Al iented verti
In the remaining time I will ypention several other Z's and A'Y # of chopsticks (©) oricnted vertices (
. . . . o ., . TN
and the parallel (yet sometinfes interwoven) stories surrounding Ps =Span AS: 1 =0

~ o with

CF. Gauss

he generating function of all cosmic coincidences:

D Thurston
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hem — the v-story, and wfstory, and perhaps also the p-story #.kakedgmal I & more relations (
Each of these stories is clegrly still missing some chapters. When deforming, catastrophes oceur when: (
Creation of Adam | A plane moves over an : An intersection line cuts : The Gauss curve slides
L Y * ntersection point = | through the knot = | over a star = (
Disclaimer Solution: Impose THX, | Solution: Impose STU, | Solution: Multiply by
We'll concentrate on the beauty ™ _ = 22 '\ =\ |-\ |afaming-dependent (
and ignore the cracks. | 1 AL U X i comeriem. (
(see below) : (similar argument) : (not shown here) (
Michelangelo Theorem. Modulo Relations, Z(K) is a knot invariant! (
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j Ixyl = xy = wyx  [(Ixylzl=Ixlyz]-ly(xz
More precisely, let ¢ = (X,) be a Lie algebra W n

) orthonormal basis, and let R = (v,) be a representation.
Set

) Sobe := ([a,b],¢) Xavy = ZT}:«'H

) and then s

Low Algebra" and universal formulae in Lie algebras
.,\;.\.v».\an!)!J
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D: Feynman
diagram

Chern-Simons-Witten theory and Feynman diagrams.
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Definition.

Won:

V is finite type (Vassiliev, Goussarov) if it vanishes on

sufficiently large alternations as on the right

b/ ]
Z Iuhrr:,‘-y 1';,, res Theorem.  All knot polynomials (Conway, Jones, etc.)
abeady are of finite type.
« Conj e. (Taylor's th ) Finite type invariants

WaroZ is often interesting:

Theorem.
a=sl(2) u The Jones polynomial
a=sl(N) . The HOMFLYPT polynomial
¢ N Przytycki
a=so(N)

- m The Kauffman polynomial

The Miller Institute knot

separate knots,
Z(K) is a universal finite type invariant!

(sketch: to dance in many parties, you need many feet).

Vassiliev
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Knots are the wrong objects to study in knot theory!
They are not finitely generated and they carry no
interesting operations.
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u-Knots v-Knots W W
,

Ordinary (usual) knot- | Virtual knotted objects | Ribbo knotted  ob-
~ | ted objects in 3D — | — “algebraic” knotted | jects 4D;  “flying
_ét braids, knots, links, tan- | objects, or “not specifi- | rings". Like v, but
2 | gles, knotted graphs, ete. | cally embedded” knotted | also with “overcrossings |-
= objects: knots drawn on | commute”.

a surface, modulo stabi-

lization.
m
‘Z | Chord diagrams and Ja- | Arrow diagrams and | Like v, but also with
= | cobi diagrams, modulo | v-Jacobi diagrams, | “tails commute”. Only
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Topology

u-Knots —— o v-Knots — o  w-Kg
yA
Ordinary (usual) knot- | Virtual knotted objects | Ribbo knotted  ob-
ted objects in 3D — | — “algebraic” knotted | jects n 4D; “flving
braids, knots, links, tan- | objects, or “not specifi- | rings”. Like v, but

gles, knotted graphs, etc.

cally embedded” knotted
objects; knots drawn on
a surface, modulo stabi-
lization.

also with “overcrossings
commute”,

Chord diagrams and Ja-
cobi diagrams, modulo
AT, STU. THX, etc.

Arrow  diagrams and
v-Jacobi diagrams,
modulo 67 and various
“directed” STUs and
THXs, ete.

Like v, but also with
“tails commute”™., Only
“two in one out” internal
vertices.

Finite dimensional
metrized Lie algebras,
representations, and

associated spaces.

Finite dimensional Lie

bi-algebras, represen-
tations, and associated
spaces.

dimensional
Lie

Finite
co-commutative

representations,
associated spaces,

bi-algebras (i.e., g g°), ||
and |

High Algebra| Low Algebra Combinatories

The Drinfel’d theory of
associators,

Likely, quantum groups

and the Etingof-
Kazhdan  theory  of
quantization of  Lie

bi-algebras.

The Kashiwara-Vergne-

ory of convolutions on
Lie groups and Lie alge-
bras.

Alekseev-Torossian the- |
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