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Essence: Bonn reduced.

Homomorphic Expansions and w—Knots

Dror Bar-Natan, UWO February 2010, http://www.math.toronto.edu/~drorbn/Talks/UWO- 100225/

"God created the knots, all else in
topology is the work of mortals.”
Id Kronecker (modified

What are w-Trivalent Tangles” (P:\ :=Planar Algebra)
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Tomomorphic expansions for a filtered algebraic structure K:

opsK = Ko D Ky DO K D K3 D...

¥ lz
ops T grk = Ky/Ky @ Ky /Ky @ Ky /Ky @ Kg/Ky @ ...
IAn expansion is a filtration respecting Z : K — grK that

b expansion that respects all relevant “extra” operations.

“covers™ the identity on grK. A homomorphic expansion is

A Ribbon 2-Knol is a surface S embedded in &Y that boundw
an immersed handlebody B, with only “ribbon singularities™;
a ribbon singularity is a disk ) of trasverse double points,
whose preimages in b' are a disk Dy in lhe imeriur of B and

i
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“tered algebraic structures are cheap and plenty. In any
IC, allow formal linear combinations, let K; be the ideal
Eenerated by differences (the “augmentation ideal”), and let
I == ((Ky)™) (using all available “products™).

he w-relations include R234, VR1234, M, Overcrossings
Commute (OC) but not UC, W? = 1, and funny interactions
etween the wen and the cap and over- and under- (rm\inp

"An Algebraic Structure”
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o Has kinds, objects, operations, and maybe constants.
e Perhaps subject to some axioms.
o We always allow formal linear combinations.
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Unzip along an annulus Unzip along a disk

w-operations

Example: Pure Braids. PB, is generated by x;;, “strand 7
goes around strand j once”, modulo “Reidemeister moves”
A, := gr PB, is generated by 1;; := x;; — 1, modulo the 47
relations (£, 4ix + tjx] = 0 (and some lesser ones too). Much
happens in A,,, including the Drinfel’d theory of associators.

. Pust for fun.
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IC is knot theory or topology:

low algebra: pic-
tures represent
formulas

grK is finite combinatories:

1] hup:/glink.queensu.ca/~41b1 | /interesting html
J\lso see hup://www.math.toronto.edw/~drorbn/papers WK O/
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bounded-complexity diagrams modulo simple relations.
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An expansion Z ls a choice of &

‘progressive scan” algorithm.
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Knot-Theoretic statement. There exists a homomorphic ex-
pansion Z for trivalent w-tangles. In particular, Z should
respect R4 and intertwine annulus and disk unzips:
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romw T to A", gr, wI'T := {m—cubes}/{(m+1)—cubes}:
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w-Jacobi diagrams and A. A*(Y 1) = AY(111) is
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Let R = expH € A*(]1). There

Diagrammatic statement.
pxist w € A“( 1) and V € A*(11) so that
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Dm;,mlunmll( to Algebraic. With (z;) and (¢’) dual bases of
i and g* and with [z;, ;] = ¥ b¥z, we have A% — U via
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Unitary <= Algebraic. The key is to interpret l](lg) as tan-

Algebraic statement. With /g := g* » g, with ¢ : U(/g) —
{(1g)/U(g) = S(g*) the obvions projection. with S the an-
ipode of U(1g), with W the automorphism of 4(/g) induced
oy flipping the sign of g*. with r € g* © g the identity element
and with R = ¢” € U(1g) ® U(g) there exist w & S(g") and
V € U(1g)?? so that X )

1) V(A@1)(R) = RPR®V inU(1g)*? 2 U(g)
)V -SWV=1 3) (c@e)(VA(w)) =w

W

gential differential operators on Fun(g):

e v € g* becomes a multiplication operator.

e x € g becomes a tangential derivation, in the direction of
the action of adz: (x¢)(y) := ¢([x,3]).

o c:U(Ig) — U(Ig)/U(g) = S(g*) is “the constant term”.

Unitary == Group-Algebra. //...;’ L () (y)
= ey wni € VSR (Y) )=V iy Ve S(x)(y)wr 1)

Unitary statement. There exists w £ Fun(g)® and an (infinite
prder) tangential differential operator V' defined on Fun(g, x
) so that

1) Verti = &auy (allowing ¢(g)-valued functions)

) VvV =i (3) Viwryy = watwy

= (waiy, €V SN (Y e 14) = (caipr € HDI(y e iy)
[ o).

Convolutions and Group Algebras (ignoring all Jacobians). If
G is finite, A is an algebra, 7 : G — A is multiplicative then

sroup-Algebra statement. There exists w € Fun(g)® so that
for every o, :p € Fun(g)® (with small support), the full(mmg
wlds in U(g :

[[ e = [[ stappmaioiee. |

axg 8xg (shhh, this is Duflo)

(shhh, &~

Fun(G),») = (A,-) via L: f — Y f(a)7(a). For Lie (G, g),

Th=eXPg

(g.+) 20 —¢" ¢ S(g) Fun(g) —— Lo, S(g)
|exvc& 1\' S0 L X
(G.) 38 ——=¢* e l(g) Fun(G) = 11(g)

‘onvolutions statement (Kashiwara-Vergne). Convolutions of
nvariant functions on a Lie group agree with convolutions
pf invariant functions on its Lie algebra. More accurately, b
et G be a finite dimensional Lie group and let g be its Lie
hlgebra, let j : ¢ — R be the Jacobian of the exponential
nap exp ;g — G, and let & : Fun(G) — Fun(g) be given
by ®(f)(z) := j'/?(r)f(expz). Then if f,g € Fun(G) are
IAd-invariant and supported near the identity, then

O(f) > (g) = B(f * g).

with Lot = [¢(z)e*dr € S(g) and Lid 'y = [¢(x)e* €
!1(9) Given ¢; € Fun(g) compare ®~'(¢y) » &~ () and
l(lyl * wg) m ll g) (shhh, Ly, are “Laplace transforms”)

e inG: /j w@nmee  vings [[o@rame

Ve skipped... e The Alexander e v-Kunots, quantum groups and
polynomial and Milnor numbers. Etingof-Kazhdan.

o u-Knots, Alekseev-Torossian, ® BF theory and the successful
and Drinfel'd associators. religion of path integrals.

e The simplest problem hyperbolic geometry solves.
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