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Make sure | have many puzzles available.

Rewrite or #i¥\fove the part about Gaussian elimination.

Fix left-right issues in handout and program.

Produce a program that will keep track of tricks and their lengths.
Find a very compact cube algorithm, put it on handout.

Bring the Seress book, extract a list of good problems fromit.
Find a philosophical explanation for "the twist".

[Dror Bar-Natan: Talks: Joint study with |
'Non-Commutative (Idll\\]d“ Elimination and Rubik’s Cube ‘et BorHatsn
[The Problem. Let G = (g1,...,9a) be a 3 The Generators

‘Fnbgr(mp of S,,. with n = O(100). Before In[1]:= gs = {

you die, understand G'; purple = P[18,27,36,4,5,6,7,8,9,3,11,12,13,14,15,16,17,
PR e £ 45,2,20,21,22,23,24,25,26,44,1,29,30,31,32,33,34, 35,43,
1. Compute |G]. 37,38,39,40,41,42,10,19,28,52,49,46,63,60,47,54,51,48] ,
2. Given o € S, decide if o € G. white = P1,2,3,4,5,6,16,25,34,10,11,9,15,24,33,39,17,

n Write s A 18,19,20,8,14,23,32,38,26,27,28,29,7,13,22,31,37,35,36,
fj’ Write a 0 € G in terms of g, ..., Ya- 12,21,30,40,41,42,43,44,45,46,47,48,49,50,51,52,53,54],
4. Produce random elements of G.

The Commutative Analog. Let V =

green = P[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,
|
span(v, ..., v,) be a subspace of R". Be-

19,20,21,22,23,24,25,26,27,31,32,33,34,35,36,48,47,46,
39,42,45,38,41,44,37,40,43,30,29,28,49,50,51,52,53,54],

‘ . . blue = P(3,6,9,2,5,8,1,4,7,54,53,52,10,11,12,13,14,15,
fore you die, understand V. ‘ | 19,20,21,22,23,24,26,26,27,28,29,30,31,32,33,34,35,36,
Solution: Gaussian Elimination. Pl‘(‘pﬂl‘(‘ Based on an algorithm by 37,38,39,40,41,42,43,44,45,46,47,48,49,50,51,18,17,16] ,
an empty table, red = P[13,2,3,22,5,6,31,8,9,12,21,30,37,14,15,16,17,

|

18,11,20,29,40,23,24,25,26,27,10,19,28,43,32,33,34,35,
36,46,38,39,49,41,42,52,44,45,1,47,48,4,50,51,7,53,54] ,
yellow = P[1,2,48,4,5,51,7,8,54,10,11,12,13,14,3,18,27,
< 36,19,20,21,22,23,6,17,26,35,28,29,30,31,32,9,16, 25,34,

Otto.Schreber Chartes Sims 37,38,15,40,41,24,43,44,33,46,47,39,49,50,42,52,53,45]

| (Space for a vector uy € V, of the fTorm ) | see also Permutation Group -
(& T s P o3

ug=(0,0,0,1,%,..., *); 1 :=%the pivo

21314 n—1[n

& - — Theorem. G = M,. G- is more fun!
[Feed vy, ..., v, in order. To feed a non-zero v, find its pivotal 2 s B e (5 S, 4 >0

Baattion & r=M1=191519252 " Onign iz i
position . i .

1. If box i is empty, put v there. Proof. The inclusions M; C G and {gy,..., ga} C M,

K . 1 N » POQ e i n ”
2. If box i is occupied, find a combination v’ of v and u; that are obvious. The rest follows from the following
eliminates the pivot, and feed ¢'. Lemma. M, is closed under multiplication.

Non-Commutative Gaussian Elimination Proof. By backwards induction. Let

Prepare a mostly-empty table, M= {0k, On;,: Vi 2 k,ji 2 i and 0;, € T}.
Clearly M, M, C M,. Now assume that MsM; C My
and show that MM, € M,. Start with o5 ; M, C M;:

Space for a a; ; € S, of the form

(3 I L i=2,0=1,5,%%..., *) A 2
fixes 1..... i—1 0s,j(04,,Ms) = (08,04, ) Ms C MyM;
sends “the pivot” i to j and 2 045, (M5 M5) é 04, M; C M,

goes wild afterwards, a W . L
= ild afterwards, and (1: associativity, 2: thank the twist, 3: associativity

U'_.jl “does sticker j”. and tracing i4. 4: induction). Now the general case
[Feed gy. . ... g, inorder. To feed a non-identity o, find its pivotal (94430554 -+ * N044 0535 * - )
position i and let j := o(i). falls like a chain of dominos.
1. 1f box (i, ) is empty, put o there. Problem Solved!
2. If box (i, j) contains 0, , feed o' := 0] }a. =
'I'lu Twist. When done, for every occupied (i, j) and (k, 1), feed A Demo Program o A
1 In[2]:= ($RecursionLimit = 2°16;
0 ;041- Repeat until the table stops changing. 2 p o4
( laim. The process stops in our lifetimes, after at most O(n®) ' 3 P /: p_P *+ Pla__] := p[[{a}]];
()p(‘l ations. Call the resulting table T". r', :_:‘.’jl:;"]“ :;a:;::n?;d?:i;ﬁ?;
(C'laim. Anything fed in 7" is a monotone product in 7" 6 Feed(p_P) := Module[{i, j).' g aanfupsiipnidey

The Results et %
In([3):= (Feed[#); Product(1 + Length[Select[Range[n], Head[s[i, #]] === P &]], {i, n}]) &
), 43252003274489856000, 43

hllp://\\'\\'\\'.umth.torollt&&1\1/~4li’7(;lr'rl;lilr/'ralﬂ'ﬂ UMC-0807Y and .math.toronto.edu/~drorbr Mise/Schreies rSluLsRublk/

f was fed = f € M,:={0,;,025, 0, Yi,ji 2i& 0;;, €T} 7 For(i = 1, pl(i)) == i, ++i); o @(
| 8 i = pllid); 4" i1
[Homework Problem 1. Homework Problem 2. 9 1f [Head[s[i, j1] === P, (2 )
Can you do cosets? Can you do categories (groupoids)? 10 Feed[Inv[s[i, j]] ** p], 12090
| pe 5 " 11 (* Else #) s[i, j] =p; www puwenirihe sctipuzzied

719(12]|5 12 Do[If [Head[s[k, 1]] == P,

11483 13 Feed(s[i, j] *+ s(k, 11];

14 Feed[s[k, 1] #*+ s[i, jl]

6 [10(11[12 15 1, {k, n}, {1, o})

- Rubik's 16 1

13]14/]15] Juent ..,¢
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The Hardest Math I've Ever Really Used

Drvor Bar-Natan, Kansas State April 7 2009, hupofwwwomath.torentocedu/ ~drorbnTalks/KSU-090407

BMona:  Leoneado;  Map 11 en.ulkipedia.org
gas; Smckestacks: .;wq»a crgfeomplaint.his; Ponguin
lrantpabet . ewbw'm’!,‘l?,’lﬁ.flanthuvul‘uil arpr; Map 2: flightpedin )
lrg: Sogway: colealeulstos. wordpress. cond2008/ 10}

Abstract., What's the hardest math I've ever used in real life? Ae,
nyself, directly — not by using a cellphone or a GPS device that
somebody else designed.  And in “real life” - not while studying or
teaching mathematics?

[ use addition and subtraction daily, adding up bills or caleulating
hange. I use pereentages often, though mostly it is just “add 15
ereents”, T seldom use multiplication and division: when I buy in
ulk, or when I need to know how many tiles I need to replace my
kitchen Hloor. ['ve used powers twice in my life, doing caleulations
related to mortgages. I've used a tiny bit of 2 % 2 linear algebra for
n tiny bit of non-math-related computer graphics I've played with.
And for a long time, that was all, In my talk I will tell yvou how
recently a math topic discovered only in the 1800s made a brief and
nodest appearance in my non-mathematical life.  There are many
hooks devoted to that topic and a lot of active research. Yet for all |
know, nobody ever needed the actual gory formulas for such a simple
reason before,
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soal. Find the least-blur path to go trom Mona's§The brachistochrone

the image plane:

eft eye to Mona's right eve in fixed time. Alterna-

tively, fix your blur-tolerance, and find the fastest| JVI;:g

sath to do the same. For fixed blur, our camera 30

noves at a speed proportional to its distance from| \/I!_g
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ParametricPlotdn|{ Tli!‘ H'('Il)l[\' bi‘g’\\'ﬂ.‘f
Fan[u] Coalvl, H H
sings) sta(v], Principle
cas[a] v Ge r
1. fu, 0, mh. 0¥, 0, 2al] A SEEWFL}’ 15 h.‘lpp_’y iff
both its wheels are
FParametricPlotio|{
sach(u] Gon[v], \
Sech[u] Sin[v],
et ety - Tanh[u] i
The Mona Plane Jolu toe}, (v, 0, 2xp — happy unhappy
Happy camera-carrying Segways above the Mona Plane]l The Lobachevsky Space T'he Actual Code
mo=pl.x-p2.x; ¥ = pl.y-p2.7;
Twa parallels g1 = pi.d; d2 = p2.d;
thorugh ROFE = Sqrtixex + yeyl;
. Bo= wfnorm; b = y/nerm;
Unlnl)l)& one point ip = asx + bey;

mO = {xip + {disdl-d2ed2}/x1p)/2;

[Parametrization
I
i
I
1
]
|
|

/)

= ggrt{{xlp-x0)* (x1p-x0)+d1=d1)
mipp = (xlp-xz0)/r; xdpp = -x0/r;

¢ - thetal = acos{xippl;
#'(t) = sinB(t) fthatal = ;:us(x?ﬁ);
m k1 = log{tan{thetal/2));
k2 = log{tan{thara2/2));
§ = P arctan et [£3 = el + se{r2-tl);

chetal = 2eatan(exp(td));
m3pp = eos(thatal);

ry also ocour

The Mona Plane

[Rotations,  translations
1.9y and some basic geome-

M3pp = ain(thetal);
m3p = x0 + rex3pp;
p3.d = red3pp;

arccos,

p3.x = p2.x + aex3p; ;rr.l:m. lag,
P37 = PZ.¥ + bex3pi oxp.

congils adding
W\ \A/of/\l'\ : R‘ R L€

p_;y e+ Pla__] := pllaM):  Miang flat "y m%li,ﬂr‘av’/m m/c

ro ke Cam,ooﬁ)fvl{on GF ﬁmc7l/on5.
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