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“God created the knots, all else in
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“God created the knots, all else in
topology is the work of mortals.”
Le Kronecker (modified
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on its Lie algebra. More accurately, let & be a finite dimen-
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se the Jacobian of the exponential map exp : g — G, and let
: Fun(G) — Fun(g) be given by &(f)(z) := j'/*(x) f(expx).
Then if f, ¢ € Fun(G) are Ad-invariant and supported near the
dentity, then

b(f) » B(g) = D(f * g).

e Orbit  Method. By
Fourier analysis, the charctery
of (Fun(g)®, ) correspond tc
coadjoint orbits in g*. By av4
eraging representation matrices
und using Schur’s lemma to red
place intertwiners by scalars,
to every irreducible representad
tion of G' we can assign a char4

sroup-Ring statement. There exists w? € Fun(g)® so that
Y O, € Fun(g)® (with small support), the fullumng
(shhh, w? = j'/?)

ncter of (Fun(G)¢, *).

' Vergne |

Kashiwarn

or eve
Ids in U(g):
ooy <@uv 5 / o{:)w(v."\/

Teasure theoretic statement)
gnoring all w's, there exists o

There exists « € Fun(g)” and a (infinite
order) tangential differential operator V defined on Fun/g, x

Tnitary statement,

measure preserving and orbit]
preserving transformation 1
g, X8, — @8 % g, for whicl
¥tV o l' = e*eV,

Convolutions I'he Orbit
-
statement Method
.
'
v
Group-Ring Subject
statement flow chart
)
'
'
Unitary
statement .
A Free Lie
3 statement
Algebraie
statement I
! Alekseev
= \f . Torossian
Diagrammatic .—
statement
stutement
Knot-Theoretic e

statement

B,) so lhnl
v (‘llUl
Az +y) 3 r)o(y)

Free Lie statement.

1) Verth = &ay (all

2)Vve=|} 3)Vv

Algebraic statement. With1g := g* » g, with ¢ : U(lg) —
J(lg)/u(g) S(g*) the obvious projection, with S the an-
Fipode ufu(lg) with W the automorphism of 2(/g) induced
by flipping the sign of g*, with r € g* @ g the identity element
hnd with R = " € U(lg) @ U(g) there exist w € S(g ) and

"€ U(1g)®? so that

(7 so that
r+y—logeYe” =(1—e
tr(ad x)d, ¥ + tr(ad y)d,G =

There exist convergent Lie series " and

—ade) g g (MY - )G

ady adz

l(ndr

P =

Y e

€ ady 1 rul

Hvae
2 V-SWV =1

u(s)

J1)(R) = RPBR*V in U(1g)92 ¢
(3) e(VA(w)) =w B w

ATekseev-Torosstan statement
' € TAut, with

Let R = expH € A“(1]). There
A“(T1) so that

A

Dingrammatic statement .
pxist w € A(T)and V €

unzip
—_—

Flr+y) =

1(x) + aly) = a(loge®e¥).

/fm—' RV/Anﬂe

loge®e¥
und j(F) € imé C try. where for a € tr

There Is an element

Sp«(@

Torcusian

AN

\'/gjo/p!l//‘

_laets

not-Theorelic statement. There exists a homomorphic ex-
pansion Z for w-tangled trivalent graphs. In particular, Z
khould satisfy #4 and intertwine annulus and disk unzips:

LR
X+ AT

1)

4 I

Dqgc/lw:)l(o\f\ of-
élmh anWj

it

N~ _nd(

2009-05 Page 4



Convolutions on Lic Groups and Lie Algebras and Ribbon 2—Knots, Page 2

Initary == Group-Ring //4:3,,/1'"0(.1’)1‘(!/)
(

=W iy wWripe VA 2)(Y)) = (Ve sy, VEVS(2)P(Y)wr sy )
= {wewy, € VO(2)(y)wesy) = (wewy, € O x)Y(y)wrwy)

—//..:Exir’«"o(r)n'(yl.

Q&

o
>

Foulo— Loyal; _
*Car\\/JWfr w5 and gy 1Y

FDEE op and Aﬂgrlly/mb
‘ﬁAﬂch/N/C MJ /.9)2“7 4\,.7,..4,7212,
* &r/;/‘

¥ Homazmor fbiC ésc/mq Siong

* Drl\ﬁ /AMM?tIZ wd AT

Version of April 27, 2009

2009-05 Page 5




Convolutions on Lie Groups and Lie Algebras and Ribbon 2—Knots
Dror Bar-Natan, Trieste May 2009, http://www.math toronto.edu/~drorbn/Talks/ Trieste -0905

“God created the knots, all else n
topology is the wark of mortals.”
L Kronecker (modified

onvolutions statement. Convolutions of invariant Tunctions
bn a Lie group agree with convolutions of invariant functions
bn its Lie algebra. More accurately, let & be a finite dimen-
kional Lie group and let g be its Lie algebra, let j : g = R
be the Jacobian of the exponential map exp : g — G, and let
I : Fun(G) — Fun(g) be given by &(f)(x) := j'/*(x) f(expz).
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