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on a Lie group agree with convolutions of invariant functions
on its Lie algebra. More accurately, let G be a finite dimen-
sional Lie group and let g be its Lie algebra, let j : g —+ R
be the Jacobian of the exponential map exp : g — G, and let
b : Fun(G) — Fun(g) be given by ®(f)(z) := j'/%(z)f(exp z).
Then if f, g € Fun(G) are Ad-invariant and supported near the
dentity, then

P(f)*P(g) = P(f * q)
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Convolutions The Orbit

IFourier analysis, the chnmctom

Group-Ring statement. There exists w? € Fun(g)® so that
for every ¢,¢ € Fun(g)® (with small support), the following
holds in U(g): (shhh, w? = j1/2)

//é(r)k(y)«),w i */ o) (y)winwieel.

axg axg (shhh, this is Duflo) [

<=
bof (F""(g)(‘ ¥} correspond €4 sluu;nwul Method
coadjoint orbits in g*. By av+ '
eraging representation matricey Group-Ring Subject
and using Schur’s lemma to re -\'mh‘:nl’lll flow chart
place intertwiners by scalars, I
to every irreducible representa+ (-”i" e
tion of G we can assign a char{ 00000 )
acter of (Fun(G)%, %), A Free Lie
Y statement
a Kashiwara Algebraic
statement I
- Vergne A Alekseev

feasure theoretic statement . v 2 Ti S
Diagrammatic .— Torossian

Unitary statement. There exists w € Fun(g)® and a (infinite
prder) tangential differential operator V' defined on Fun(g, x
jg,) so that

1) Vertv = vV (allowing l](g)-m]ued functions)

)VVe =1 (3) Vwsyy = wawy

Tgnoring all w's, there exists a statement
imeasure preserving and orbit| Pe—

preserving transformation 1’ I
8- x g, — 8 x gy for which
etV o T = eTeV.

Knot-Theoretic
statement

True

ree Lie statement. There exist convergent Lie series F and

Algebraic statement. With /g := g* x g, with ¢ : U(lg) -
(4(1g)/U(g) = S(g*) the obvious projection, with S the an-
tipode of U(/g), with W the automorphism of ¢(/g) induced
by flipping the sign of g*, with r € g* ® g the identity element
hnd with R = " € U(Ig) ® U(g) there exist w € S(g*) and
V € U(1g)*? so that ) )

1) V(AR 1)(R) = RPBRBV inU((19)*? 2 U(g)

2)V.-SWV =1 (3) e(VAW)) =w®w

TG so that

z+y—logeve® = (1 —e ™7 4 (eMV - 1)@
tr(adz)d, F + tr(ad y)d,G =

[Diagrammatic statement. Let B = expH € A"(17). There

exist w € A(7) and V € A*(17) so that

1)

unzip
—_—

l"( adz ady _ adz —I)
2 endr _ esdy ] fud:_l
Alekseev-Torossian statement. There 1s an
element F € TAut, with

F(zx +y) = loge*e?

Torossian

and j(F) € imé C tra, where for a € try,
Alekseev §(a) 1= a(x) + a(y) — a(loge*e).

[Convolutions and Group Rings (ignoring all Jacobians). If
is finite, (Fun(G),*) = (RG,-) via T : f + ¥ f(a)7(a). For
[Lie g and G,

(g,+) >z —— €* € 8(g) ¢ € Fun(g) —— S(g)

lcxp 1\' S0 10 1 1\
(G,) 3 e* —— ¢ cU(g) Fun(G) ——— U(g)
with 7% = [v(z)e*dr € S(g) and 1d 'y = [¢(z)e* €
t(g). Given v, € Fun(g) compare & '(¢) » ® (1) and

P l(u’fl * %) in u(g): (shhh, T is a “Fouricr transform™)

b in G // Gi@a(y)e’e  wing: /f i@ eay)e™?

[Unitary => Group-Ring. //.‘,,” V() Y(y)

Cnot-Theoretic statement. There exists a homomorphic ex-
pansion Z for trivalent w-tangles. In particular, Z should
katisfy /24 and intertwine annulus and disk unzips:

&K
o AL ]

1)

- <“-.r +yr Wriy€ () (!l)) (V-"x ‘yr Ve Vo (x)y(y)ws +y
= (wrwy, € Te'Volx)P(y)ws §y> (wawy, € 'vo(-t)'v”"(y)-"'r*'v)

// 2ulet eV ol (y).

nitary <> Algebraic. The key is to interpret U(/g) as tan-
gential differential operators on Fun(g):

¢ € g* becomes a multiplication operator.

x € g becomes a tangential derivation, in the direction of
he action of adz: (z¢)(y) := ¢([x,y]).

¢ is now “the constant term”.
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trivalent w- ‘ w- l w-
generators

relations | operations >

{ w-tangles

Vhat are w-Trivalent Tangles” The w—generators. E oC E E o0 E
(e ~PA QA i 0D HNRXE) Sy DR F D
| | vl Xy AN ~F @ § AN\-X~§ 8§
{mml"“‘} PA<‘/(_.)\ R123, k1 : @ —A—K % §C> f E O &
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'he w-relations.
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T'he w—operations.
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wv-Jacobi diagrams and A, A"(Y T) 2 A"(T17) is

-1 HHE-HH - HH

IDiagrammatic to Algebraic. With (z;) and (') dual bases of
g and g* and with [.t,‘.:_,] Zbu.u we have A" — U via

bk

IC is knot theory or topology; grkC is finite combinatories:
ounded-complexity diagrams modulo simple relations.

vi Y=Y Y- 1oL/ 2" d v p
sToY <\ / N\ I i/ \j /H % g,
- Ji f X [ \ | X A ||II \
__T o *_I_ _4' ':|_ ,:t- a i gz
. ¥ * n m 1-
deg=#{vertices} =6 dim g
IA acts by double and sum, S by reverse and negate. - oo 1
= e B_ E , b kP P Inlm @ Gu(fg)
Trom wI'T to A™. gr,, wIT := {m—cubes}/{{m+1)—cubes}: o
i.j,kJmmn=1
[ves)
forget
tupu[(-gy [@
\/\
[ N
omomorphic expansions for a filtered algebraic structure K- |A concrete example. Tlu set of all
b/w 2D projee-
K = Ke 2 K) D> K D Kz DO... . tions of reality )
; ,//\N
grk = Ko/l & Ky K & Ko /Ky & KKy & ... K/K K/
IAn expansion is a filtration respecting Z : K —+ grX that| [ |I>|I - ST
“covers” the identity on grX. A homomorphic expansion is Hul 1t . . . . . .
i expansion that respects all relevant “extra™ operations. Ac Il i
ur casd. 5 given a “Lic” An expansion & |» a choice of a
. Z! high algebra A: algcbra g - “progressive scan” algorithm.
K' . B s ..u
solving finitely many brK low algebra: pie- (QJ /_H“‘
equations in finitely turcs  represent /O CTOD K, @Ko /K@ K fKa@ K K@ K /KB Ky /KsB -+
many unknowns formulas rotate
Y, adjoin

R ker(K /Ka—K [Ka)

Ve skipped... e The Alexander o v-Knots, quantum groups and
polynomial and Milnor numbers. Etingof-Kazhdan.
o u-Knots and Drinfel'd associa-  BF theory and the successful

tors. religion of path integrals.

Filtered algebraic structures are cheap and plenty! In any
W, allow formal linear combinations, let X; be the ideal
wenerated by differences (the “augmentation ideal™), and let
Ko == ((K1)™) (using all available “products™).
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