Dror Bar-Natan: Academic Pensieve: 2005-02: Fastkh.nb

2013-06-23 13:27:24

Pensieve header: My first “FastkKh” Khovanov homology program, retrieved from KnotTheory'.

<< Knot Theory"

Loadi ng Knot Theory™ version of February 5, 2013, 3:48:46.4762.
Read nore at http: //katlas.org/w ki /Knot Theory.

bdot [_1~_ "=0; tdot[_]1"_ "~=0;

Equi val enceCl asses [l List] := Mdul e[{pos}, Fold[

Dot Rul e[top , bot ] := DotRule[top, bot] = Mddule[{z}, Flatten[Cases[

(pos = First /e Position[#l, #2];
Append[Del ete[#1, List /@ pos], Unionee (#1[[pos]])]) &
|, Union ee |
11

Del et eCases [

Equi val enceCl asses[Joi n[
Cases[{top}, P[i , ] _1[m] =» {zei, zej, tdotem}, o],
Cases[{bot}, P[I _, | _1[m] =» {zei, zej, bdot em}, o]
11,

| List =» ((# » First[l]) &/el)
115

HCLaw[

(*

Cobor di sm[t opl_Snoot hi ng, bot1 Snoothingl,
Cobor di sm[t op2_Snoot hi ng, bot 2_Snoot hi ng]

1 /; MenberQ[{topl, botl, top2, bot2}, Q Infinity] := MapAt [

(Q* Exponent [Ti mes ee bot 1, Q] * Q*Exponent [Ti nes eebot 2, Q]) &,
MapAt [

(Q* Exponent [Ti mres eet opl, Q] * Q"Exponent [Timeseetop2, Q]) &,
HCLaw[Cobor di sm[t opl, botl] /. Q->1,

Cobordi sm[t op2, bot2] /. Q->11,

{1, 1, 1}
]1

{1, 2, 13
1;

Note: G uing d disks along z zippers, the result has b boundaries and

genus g with 2g=2+z-d-b.
*)
HCLaw[
Cobor di sm[t opl_Snpot hi ng, bot1l Snoothing],
Cobor di sm[t op2_Sroot hi ng, bot2_Snoot hi ng]
1 /; FreeQ[{topl, botl, top2, bot2}, Q] := HCLaw]
Cobor di sm[t opl, bot1], Cobordi sm[top2, bot2]
1] = Modul e[
{dr, top, bot, dots, handles =1, h, g2, decors, law, to, cob},
dr = DotRul e[topltop2, botlbot2];
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top = Snoot hing[
FirstetoplxFirstetop2 //. P[i_, J_1[MmI1P[_, k_1[n_1 :> (
Pli, kKI[Mn[m n]]

) /. |
Pli ., j_1[m]1”2 :> (handles /= (tdot[m] /. dr /. bdot -> h); Loop[m]),
Pli , i_1[m] :> (handles /= (tdot [m] /. dr /. bdot -> h); Loop[m])

}

1

bot = Snoot hi ng[

Firstebotl«Firstebot2 //. P[i_, | _1[m]1P[_, k_1[n_T :> (
handl es %= (bdot [m] /. dr /. bdot -> h);

PLli, kI[Mn[m n]]

) /.o A
Pli , j_1Im]1”2 :> (handles %= (bdot [m] /. dr /. bdot -> h); Loop[m]),
Pli , i _1[m] :> Loop[m]

}

1
dots = Union[
Last /e Dot Rul e[t op, bot],
Cases[{top}, Loop[m] :> tdot[m], Infinity],
Cases[{bot}, Loop[m.] :»> bdot [m], Infinity]
1
handl es %= Tinmes e@ (Union[Last /e dr] /. bdot -> h)~2;
handl es /= Tinmes ee (
Join[
Uni on[Last /@ Dot Rul e[topl, bot1]],
Uni on[Last /@ Dot Rul e[top2, bot2]],
Uni on[Last /@ Dot Rul e[top, bot]]
1 /. dr /. bdot -> h
)s
decors = Expand[(handles /. h[m ]7g2_ :> (2bdot [m])" (g2/2)) =
Ti mes @@ MapThread[
I f [#] ===#2, 1, #1+#2] &,
{dots, dots /. dr}
1
1
law = Union[
Last /e Dot Rul e[topl, botl1l], Last /e DotRul e[top2, bot2]
1
| aw = Del et eCases [
Thread[to[law, |aw /. dr]],
to[m, m]
1 /. to -> Rule;
{Cobor di sm[t op, bot, decors], |aw}

I
HC[O, _1 = HC[_, 0] = O;

HC[Snoot hing[sl ], Smoothing[s2 ]]:= Snoothing[
sls2 //. PLi_, j_1[mI1P[_, k 1[n_1:> P[i, kI[Mn[m n]]
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/. {P[i _, J_1[m]1”2 :> Loop[m], P[i_, i _1[m] :> Loop[m]}
1;

HCInl . xe[tl_ ] sl _Snmoothing, n2_. xe[t2__]=*s2_Snmoothing] :=
nin2eftl, t2] HC[s1, s2];

HC[
Cobor di sm[t opl_Snoot hi ng, bot1 Snoot hi ng, dsl 1],
Cobor di sm[t op2_Snpot hi ng, bot 2_Snmoot hi ng, ds2 ]
] := Module[
{cob, | aw},
{cob, | aw} = HCLaw[
Cobor di sm[t opl, bot1], Cobordi sm[top2, bot2]
1
cob = MapAt [Expand[(dsl1ds2 /. law) *#] & cob, 31;
cob
1

HC[a Plus, b 7 :
HCla_, b_Plus] :

HC[#, b] & /@ a;
HC[a, #] & /e b;

HC[Mor phi sm[top_, bot , a +b ], s 1 := Plus|[
HC[Mor phi sm[t op, bot, al, s,
HC[Mor phi sm[t op, bot, bl, s]
1
HC[Mor phi sm[top_, bot_, MM[e[i__ 1, e[j__ 1, mat 1], e[k 1 % s _Snmoothing] :=
Modul e [
{cob, |aw},
{cob, law} = HCLaw[
Cobor di sm[Coef ficient [top, e[i]], Coefficient[bot, e[j]11],
Cobor di sm[s, s]
1
MM[e[i, k], e[}, k], Expand[Last [cob] = (mat /. law)]]
1

HC[s_, Morphism[top_, bot , a Plus]] := HC[s, Morphism[top, bot, #]] & /@ a

HC[e[k 1 % s_Snoot hing, Morphism[top_, bot , MM[e[i__ 1, e[j__ 1, mat _11] : =
Modul e [
{cob, |aw},
{cob, law} = HCLaw[
Cobordi sm[s, s],
Cobor di sm[Coef ficient [top, e[i]], Coefficient[bot, e[j]1]]
IN
MM[e [k, i1, e[k, j1, Expand[Last [cob] = (mat /. law)]]
1

HC[
Kom[f1l , obsl , nosl_],
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Kom[f2 , obs2 , nps2 ]
1] := Modul e[
{1 12, k, j1, j2, obs, norph, nos, rule},
|1 =Length[obs1] -1; |2 =Length[obs2] -1;
obs = Obj ects ee Tabl e[
Pl us ee Tabl e[
j2=k-]1
HC[obs1[[1+])1]], obs2[[1+]2]]11 /.
eft__1 :>e[t, j11,
{1, Max[0, k-12], Mn[l1, k1}
1,
{k, 0, 11+12}
1
nos = Morphisns ee Tabl e[
Pl us ee Tabl e[
j2=k-j1
Pl us [
[f[1+j1 > 11 || nosl[[l+]1]] === 0 || obs2[[1+]2]] ===0,
0,
HC[
Mor phi sm[obs1[[1+]1]1], obs1[[2+])1]], mosl[[1+])11]1],
obs2[[1+]2]]
1 7.
MM[e[tl 1, e[t2 ], mm] :>
MM[e[tl, j1], e[t2, j1+1], nmm]
1,
|f[1+j2 > 12 1] ObSl[[1+jl]] === 0 || rmsZ[[1+j2]] === 0,
0,
HCI
obs1[[1+]1]],
Mor phi sm[obs2[[1+] 2]1], obs2[[2+]2]], nmDsS2[[1+]2]1]]
1 7.
MM[e[tl 1, e[t2 1, mm] :>
MM[e[tl, j1], e[t2, j1], Expand[(-1)"] 1 %nmm]]

]
]l
{1, Max[0, k-12], Mn[l1, ki1}
]1
{k, 0, I1+12-1}
IN
ReTag [Kom[f1 +f2, obs, nos]]

1
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ReTag[kom Kom] : =

{f, obs, nos, |},
Li st ee kom
| =Length[obs] -1;

{f, obs, nps} =

Do[

Modul e[

rule = Union[Cases[{obs[[1+k]]}, _e, Infinity]l];
rule = Thread[Rul e[rul e, e /@ Range[Length[rule]]l]];
obs[[1+k]] = obs[[1+k]] /. rule;

Ifrk<lI,
nos[[1+k]] =
nmos[[1+kl] /.
MM[el , e2 ,
1

I f k>0,
nmos[[k1] =

mm.] :> MM[el /. rule, e2, mm]

nos[[k1] /. MM[el , e2 , nmm] :> MM[el, e2 /. rule, nmm]

1,

{k, 0, |}

1
Kom[f, obs, nos]
1
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VCLaw[Cobor di sm[t op_Snoot hi ng, m d_Snoot hing],
Cobor di sm[m d_Snoot hi ng, bot _Snoothingl] : =
VCLaw[Cobor di sm[t op, mi d], Cobordism[ni d, bot]] = Mdul e[
{decors, lawl = {}, law2 = {}, dots, dotsl, dots2, drl, dr2, dr, to, h, g2},
decors = Tinmes ee Cases[{ni d},
Loop[m ] :> (AppendTo[l awl, bdot [m] -> ndot [m]];
AppendTo[l aw2, tdot [m] - ndot [m]]; ndot [m]),
Infinityl;
dots = Union[Last /@ DotRul e[top, bot]];
dotsl = Union[Last /e (drl = DotRule[top, md] /. bdot - ndot)];
dots2 = Union[Last /@ (dr2 = DotRule[m d, bot] /. tdot - ndot)];
dr = Flatten[Cases[Equi val enceCl asses[Join[List eee dr1l, List eee dr2]],
| _List = ((# »> First[l]) & /@ Rest[l]) 11;
decors %= Tinmes ee@ (Union[Last /@ dr] /. bdot - h)"2;
decors ==
Tinmes ee (Cases[mid, P[__1[m] = ndot [m], Infinity] /. dr /. bdot - h);
decors /= Tinmes ee (Joi n[dotsl, dots2, dots] /. dr /. bdot - h);
decors = decors /. h[m.]17g2_ = (2bdot [m])” (g2/2);
decors *= Expand[Ti mes ee MapThread[lf [#1 ===#2, 1, #1 +#2] &,
{dots, dots /. dr}1l;
[awl = Join[l awl,
Del et eCases [
Thread[to[dotsl, dotsl /. dr]] /. ndot -> bdot,
to[m, m]
1 /. to -> Rulel;
law2 = Join[l aw2,
Del et eCases [
Thread[to[dots2, dots2 /. dr]],
to[m, m]
1 /. to -> Rulel;
{l awl, |aw2, decors}
1

VC[a_, b, ¢ 1 := VC[a, VC[b, c11;
VC[Cobor di sm[t op_Snoot hi ng, m d_Snoot hi ng, dsl_7],
Cobor di sm[m d_Snoot hi ng, bot _Snoot hing, ds2 1] := Mdul e[
{l awd, | aw2, decor},
{l awl, | aw2, decor} = VCLaw[Cobordi sm[top, nid], Cobordi sm[n d, bot]];
Cobor di sm[t op, bot,

Expand[decor = (dsl1 /. lawl) % (ds2 /. law2)] /. (_nmdot)”"2 -» 1 /. (_ndot -> 0)]
I
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DeLoop[kom Kom] : = Modul e[
{f, obs, nos, |, dot},
{f, obs, npbs} = List ee kom
| =Length[obs] -1;
Dol
obs[[1+Kk]] =
obs[[1+k]] //. e[i___] Snmoothing[Loop[j_]1=*rest_.]1 :> (
I f [k >0,
nmos [[k]1 =
nmos[[k11 /7. MM[e[l 1, e[i], mat_] :> Plus]
Mef[l 1, e[i, -11],
Expand[dot [[ ]*mat] /. bdot[j]dot[j] -> 1 /.
dot[j] -> 0
1,
MV[e[l ], e[i, 1],
mat /. bdot[j] -> O
1
11;
Ifrk<lI,
nos[[1+Kk]] =
nmos[[1+k]] /.
MM[e[i ], e[l ], mat ] :> Plus]
MWreli, -11, e[l1],
mat /. tdot[j] -> O
1.
MMe[i, 1], e[l],
Expand[dot [[ ]*mat] /. tdot[jldot[j] -> 1 /.

dot[j] -> 0
]
11
e[i, -1] Smoot hing[rest /Q] + e[i, 1] Snoot hi ng[rest * Q]
)1
{k, 0, |}
IN
ReTag [Kom[f, obs, nmos] /. MM[_, _, {{0}}]1 -> 0]
IN
Contract [kom Kom] : = Mdul e[
{f, obs, nos, |, k, e2s0, e2s1,

s2b, b, e2b0, e2bl, killed0O, killedl, done, nok},

{f, obs, nos} = List ee kom

| =Length[obs] -1;

Do[ (» {k,O,1 -1} =)
e2s0 = Cases[{obs[[1+k]]1}, | _e=xs Snoothing :> (i -> s), Infinity];
e2sl = Cases[{obs[[1l+k+1]]1}, I _exs Smoothing :> (I ->s), Infinity];
s2b = Uni on[Union[Last /e e2s0, Last /e e2s1] /. P[j__1[m] :> P[j1];
s2b = Thread[Rul e[s2b, b /@ Range[Length[s2b]]11];
e2b0 = e2s0 /. P[J__1[m1]1 :> P[J]1 /. s2b;
e2bl = e2sl /. P[J_1[m]1 :> P[j]1 /. s2b;
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e2bl)) =» (

MLL[S, 1, 1111,

M3, 1, 1111

Infinityl],

killed0o = killedl = {}; done = Fal se;
Wil e[! done,
done = True;
mok = nmos[[1+Kk]1;
Cases [{npk},
MM[i _e, j_e, {{r_?NunberQ}}1 /; (( /. e2b0) === (] /.
nmok = Plus]|
mok /. {MM[i, _, 1 ->0, M[_, j, _]1 -> 03,
Expand[-Plus ee Fl atten[Quter [
Function[{ML,, M},
MMIML[[1]], M2[[2]], Last [VC[
Cobordi sm[ML[[1]] /. e2s0, | /. e2sl,
Cobordism[j /. e2sl, i /. e2s0, {{1/r1}}1,
Cobordi sm[i /. e2s0, M2[[2]] /. e2s1,
11
1
1.
Cases[{nmok}, MM[il e, j, mml_] /; il=t=1i,
Cases[{nok}, MM[i, j1l e, mR2_] /; jl=t=], Infinity]
111
1;
nmos[[1+k]] =
(((mok //. a_«MJ[I1 , j1 , nm] :> MM[i 1, |1, Expand[axnmm]]) //.
MMEEL , J1 ., il ] + MM[I1 , jJ1 , mm2_71 :>
MM[i 1, j1, mil+mR2]) /.
MMI_, _, {{0}}]1 -> 0);
done = Fal se;
AppendTo[ki || edO, i1; AppendTofkilledl, j]
),
Infinity, 1]

1
obs[[1+k]] = obs[[1+k]] /. ((# ->0) & /@ killed0);
obs[[1+k+1]] = obs[[1+k+1]] /.
If[k>0, nos[[1l+k-1]] =
nms[[1+k-111 /. MM[i _e, | _e,
If[k<l -1, nos[[1l+k+1]] =

mm.] /;
nms[[l+k+1]] /.

MM[i e, j_e, mm]1 /; MenmberQ[killedl, i] :> 01,
{k, 0, I -1}
1
Tag[Kom[f, obs, nos]]
1
KhCompl ex [X[i , J , k ,1_11/; ( -1 ==21]1 -] >1) :=Kom[O,
oj ects|

e[1] Snmoot hi ng[QP[i, j1P[k, I11,
e[1l] Smoot hi ng[Q*2 P[i, | 1P[j, k11
1/. Plm, n_1:>P[m n][Mn[m n]],
Mor phi sns [MM[e[1], e[1], {{1}}]]
1
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KhConmplex [X[i , j , k , 1 117/; (I -] ==111]) -1 >1) :=Kom[-1,
oj ects|
e[1] Snmoot hi ng[Q" (-2) P[i, j]1P[k, 111,
e[1l] Smoot hi ng[Q* (-1) P[i, | 1 P[}, k]1
1/. Plm, n_1:>P[m n][Mn[m n]],
Mor phi sms [M[e [1], e[1], {{1}}]]

1
KhConpl ex [pd_PD] /; (Length[pd] > 1) : = Modul e[
{komy,
kom = KhConpl ex [First epd];
Do[
kom = HC[kom KhConplex[pd[[i11]1];
kom = DeLoop[kony;
kom = Contract [kom],

{i, 2, Length[pd]}
1;
kom

1

KhPol y [kom Kom] : = Modul e[

{f, obs, nps},

{f, obs, nos} = List ee kom

I f [Union[List ee nos] =!= {0}, Error,

Pl us ee Expand[t * (f -1) % t “Range[Length[obs]] * (
Li st ee obs /. e[i _]1Smoothing[s 1 :>s /. Q->(
)1

1

1

FastKh[L , opts_ 1 := FastKh[L, opts] = Modul e[
{
L1, pos, inside, L2, f, cl,
eo = (ExpansionOrder /. {opts} /. Options[Kh])
3
L1 = PD[L];
| f [eo === Autonati c,
L2 = List e L1; L1 = PD[]; inside = {};
Wi | e[Lengt h[L2] > O,
pos = Last [Ordering[(Length[lntersection[List ee #, inside]]) & /@ L2]1;
AppendTo[L1l, L2[[pos]]];
inside = Union[inside, List ee L2[[pos]]];
L2 = Delete[lL2, pos]
1
1
Functi on ee {KhPoly[KhConpl ex[L1]] /. {q -> #1, t -> #2}}
1
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Tabul ar Kh[kh_] : = Tabul ar Kh[kh, {}]
Tabul ar Kh[khG_, highlight List]:=
Modul e[ {kh, out, width, mi nr, maxr, mnj, maxj, j, r, ¢, critical, chi},
kh = khG /. {Gobalt ->t, Gobal g -> q};
m nr = Exponent [kh, t, M nJ;
maxr = Exponent [kh, t, Max];
m nj = Exponent [kh, g, M n];
max] = Exponent [kh, g, Max];
wi dt h = N[100 / (mexr -mi nr +5)1;
out = StringJoin["<tabl e border=1>\n", "<tr align=center>\n",
"<td width="<>ToString[2w dth] <>
"%><t abl e cel | paddi ng=0 cel | spaci ng=0>\n",
"o<tr><td>\\ </td><td>&ibsp; </td><td>r</td></tr>\n",
"<tr><td>&nbsp; </t d><t d>&nbsp; \\ &bsp; </t d><t d>&nbsp; </t d></tr >\ n",
"<tr><td>j </td><td>&bsp; </td><td>\\ </td></tr>\n", "</table></td>\n"1;
Do[out =out <>"<td width="<>ToString[wi dth] <>"%>" <>ToString[r]<>"</td>",
{r, mnr, maxr}l;
out =out <>"<td width=" <>ToString[2w dth] <>"%>&chi ; </td></tr>\n";
Do[out =out <>"<tr align=center><td>" <>ToString[j]<>"</td>";
chi = 0;
Dol
c = Coefficient][
Expand[kh st~ (L-minr) *g*(L-mnj)], t* (@ +1l-mnr)y*=q™( +1-mnj)l;
chi += (-1)"r %c;
critical =MenberQrhighlight, j -2r7;
out =
out <>Wichfcritical &c =0,
"<td bgcol or=yel | ow>" <>ToString[c] <>"</td>",
critical &c ==0,
"<td bgcol or =yel | ow>&nbsp; </td>", tcritical &.c =0,
"<td bgcol or=red>" <>ToString[c] <>"</td>", tcritical &c ==0,
"<td>&nbsp; </td>"1, {r, mnr, maxr}i;
out =out <>"<td>" <>ToString[chi]<>"</td></tr>\n", {j, maxj, mnj, -2}1;
out =out <>"</table>"]

Fast Kh[Knot [8, 17]111[q, t]

KnotTheory:loading : Loading precomputed data in PD4Knots'.
4 1 2 1 3 2

—+4q+ + + +

+ +
q q9t4 q7t3 q5t3 q5t2 q3t2

3 3
+—+309t+3g°t +20g°t2+30°t2+q°t%+2q"t3+qg%t*
g*t qt
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Kh[Knot [8, 17111[q, t]

KnotTheory:loading : Loading precomputed data in Kh4Knots'.
4 1 2 1 3 2

—+4q+ + + + + +
q q9t4 q7t3 q5t3 q5t2 q3t2
3

3
+—+3qt +3g3t +29°t2+3q°t?2+q°td+2q"t3+q°t?
g3t gt

Fast Kh[TorusKnot [6, 511[qg, t]1 // Timng
{64.366013,

q19+q21+q23t2+q27t3+q25t4+q27t4+q29t5+q31t5+q27t6+q29t6+q31t7+q33t7+q29t8+
2q31t8+q33t9+2q35t9+q33t10+2q37tll+q35t12+q37t12+q41t12+q39tl3+q4lt13}

Kh[PD[TorusKnot [6, 5]], Program - "FastKh"][q, t] // Tinmng

KnotTheory::credits : The Khovanov homology program FastKh was written by Dror Bar—Natan.

{71. 089656,
q19+q21+q23t2+q27t3+q25t4+q27t4+q29t5+q31t5+q27t6+q29t6+q3lt7+q33t7+q29t8+
2q31t8+q33t9+2q35t9+q33t10+2q37t11+q35t12+q37t12+q41t12+q39t13+q41t13}

Fast Kh[TorusKnot [9, 511[qg, t1 // Timng

{785777037’ q31+q33+q35t2+q39t3+q37t4+q39t4+q4lt5+q43t5+q39t6+q41t6+q43t7+
q45t7+q41t8+2q43t8+q45t9+2q47t9+2q45t10+3q49t11+2q47t12+2q49t12+q53t12+
3q51tl3+2q53t13+q49t14+2q51t14+q55t14+2q53t15+3q55t15+2q53t16+q57t16+
q59t16+3q57t17+q55t18+q57t18+q61t18+2q59t19+q61t19+q59t20+q63t20+q63t21}

Kh[PD[TorusKnot [9, 5]], Program - "FastKh"][q, t] // Tining

{722.768233, qal+c‘33+q35t2Jrq39t3Jrqs7»[4+qa9t4Jrq41t5Jrqzlsts+q39t6JrquteJrq43t7Jr
q45t7+q41t8+2q43t8+q45t9+2q47t9+2q45t10+3q49t11+2q47t12+2q49t12+q53t12+
3q51t13+2q53t13+q49t14+2q51t14+q55t14+2q53t15+3q55tl5+2q53t16+q57t16+
q59t16+3q57t17+q55t18+q57t18+q61t18+2q59t19+q61t19+q59t20+q63t20+q63t21}

Fast Kh[TorusKnot [7, 611[qg, t]1 // Timng

Kh[PD[TorusKnot [7, 6]], Program - "FastKh"][q, t] // Tining
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